
CHAPTER 1. 

NERAL PRINCIPLES. THEORY OP FREE ELECTRO] 

rhe theory of electrons, on which I shall have the hon( 
re before you^ already forms so vast a subject, that it wi 
ssible for me to treat it quite completely. Even if I cc 
If to a general review of this youngest brnnch of the sc 
ectricity, to its more important applications in the dc 
^ht and radiant heat, and to the discussion of some oi 
alties that still remain, I shall have to express myself as 
as possible, and to use to the best advantage the time ai 
sal. 

In this, as in every other chapter of mathematical physics 
distinguish on the one hand the general ideas and hypot 
physical nature involved, and on the other the arrfi 
ematieal formulae and developments by which these ideas 
bheses are expressed, and worked out. I shall try to thr 
light on the former part of the subject, leaving the latter 
what in the background and omitting all lengthy calcula 
b. indeed may better be presented in a book than in a lect 

1. As to its physical basis, the theory of electrons is ai 
g of the great theory of electricity to which the nam< 
i,day and Maxwell will be for ever attached. 


2 


L GENERAL PRINCIPLES. THEORY OF FREJ5 


medium surrounding an electrified body or a ma 
think of electricity as of some substance or flui 
a conductor and bound to positions of equilibri 
and that we may also conceive a magnetic fi( 
certain invisible motions, rotations for example 
force. All this has been done by many physi< 
himself has set the example. Yet, it must nc 
really necessary; we can develop the theory to 
elucidate a great number of phenomena, with 
speculations of this kind. Indeed, on account of 
which they lead us, there has of late years been i 
them altogether and to establish the theory on 
of a more general nature. 

The first of these is, that in an electric fielc 
state of things which gives rise to a force actir 
body and which may therefore be symbolically 
force acting on such a body per unit of charge 
call the dectric force ^ the symbol for a state in 
whose nature we shall not venture any further sta 
assumption relates to a magnetic field. Withom 
hidden rotations of which I have just spoken, we 
the so called magnetic force, i. e. the force acting 
strength. 

After having introduced these two fundame 
try to express their mutual connexions by a set 
are. then to be applied to a large variety of pheu 
matical relations have thus come to take a vei 
so that Hertz even went so far as to say that, 
of Maxwell is best defined as the system of M; 

We shall not use these formulae in the. rath 
in which they can be found in Maxwell’s treatis 
and more condensed form that has been given tl 
and Hertz. In order to simnlifv matters as mud 
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This choice having been made^ we have at the sam 
every case the number by which the electric force is t' 
As to the magnetic force, we continue to understand 
acting on a north pole of unit strength; the latter ] 
wise 1/4 3r times smaller than the unit commonly us€ 

. 2 . Before passing on to the electromagnetic equj 
necessary to say a few words about the choice of ti 
dihates and about our mathematical notation. In th< 
shall always represent a line by s, a surface by 6 an 
and we shall widte ds, d6, dS respectively for an eh 
a surface, or a space. In the case of a surface, we i 
to consider the normal to it; this will be denoted by 
to be drawn towards a definite side and we shall a| 
towards the outside,, if we have to do with a closed 

The normal may be used for indicating the 
rotation in the surface. We shall say that the directi- 
in a plane and that of a normal to the plane eorr 
other, if an ordinary or right-handed screw turned i 
of the rotation adyances in that of the normal. Thi 
upon, we may add that the axes of coordinates wi 
such la manner that OZ corresponds to a rotation ol 
towards OF. 

We shall further find it convenient to use a i 
vector analysis and to distinguish vectors and sealai 
different sorts of letters. Conforming to general usage 
scalars by ordinary Latin or Greek letters. As to the 
in some former publications, represented them by ( 
On the present occasion however, it seems to me tha 
either capital or small ones, of the so called Claren 
A, P, C etc, are to be preferred, I shah, denote by 
of a vector A in the direction h, by A^, A^, A, its comi 
to the axes of coordinates, by A^ the component in t 

« 1-* ^ 2 I A j.i_ . j. . 1 . iT 1 . 
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The Tec tor product, for which we shall write 

[A-B], 

is a vector perpendicular to the plane throug] 
direction corresponds to a rotation by less than j 
tion of A towards that of B, and whose inagnit 
area of the parallelogram described with A an 
components are 

[A = [A.B], = AJ 

[A B1 = A,B^-A,B,. 

In many cases we have to consider a seal 
vector A which is given at every point of a certa 
continuous function of the coordinates, we can i 
having for its components 

dq> dep d(p 
dx^ dy^ dz 

This can easily be shown to be perpendicular to 

tp = const. 

and we may call it the gradient of which, ii 
shall shorten to „grad 

A space at every point of which a vecto 
direction and a definite magnitude may be called 
the lines which at every point indicate the dir 
spoken of as vector- or direction-hnes. In sue! 
A^, Ay, A, are continuous functions of the coord 
duce for every point a certain scalar quantity 
vector, both depending on the way in which A 
to point, and both having the property of being 
choice of the axes of coordinates. The scalar qi 
divergence of A and defined l)y the formula 
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n order to complete our list of notations^ I Imve only i 
the symbol A is an abbreviation for 

K iiill 

hat not only scalars but also vectors may be differentiate{ 

dA 

jt to the coordinates or the time. For example, ^ 

• whose components are 

dA^ dAj, dA, 
dx ’ dx ' dx ^ 

^ has a similar meaning. A differentiation with respect 

't 

5 will be often represented by a dot, a repeated differeni 
5 same kind by two dots, etc. 

L We are now prepared to write down the fundamental 
for the electromagnetic field in the form which they tal 
her. We shall denote by d the electric force, the same s; 
g for the dielectric displacement, because in the ether th 
me direction and, on account of the choice of our unit 
numerical magnitude as the electric force. We shall f 
ent by h the magnetic force and by c a constant dependi 
roperties of the ether. A thii-d vector is the current C, 
jonsists only of the displacement current of Maxwell. It 
ver the dielectric displacement d is a function of the tinn 
en by the formula 

c =« d. 

a the form of differential equations, the formulae of the el 
)iiQ field may now be written as follows: 

div d 0, 
div h 0, 
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TRus (1) is equivalent to 


and (4) to 


^ c r 

dt ^ S dt’ dt 


i!k 

dy 


^hy 1 

dz ”” c Tf^ 


etc. 


The state of things that is represented b 
equations consists, generally speaking, in a propai 
city c: Indeed, of the six quantities d^, d,, I 
be eliminated^), and we then find for the remainiiif 
of the form 


Axlf 


Ji 

c- 


«0. 


This is the typical differential equation for a 
state of equilibrium, travelling onwards with the 
Though all the solutions of our equations 
character, yet there are a very large variety of t 
corresponds to a system of polarized plane waves, 
kind, we may have for example 

dy = a cos — h, = a cos n{t 

all other components of d and h being 0. 

I need not point out to you that really, in t 
by these formulae, the values of dy and h^, which 
of t exist at a point with the coordinate x, wi 
time df be found in a point whose coordinate 
constant a is the amplitude and n is the frequeni 
of vibrations in a time 2st, If n is high enoug 
with a beam of plane polarized light, in which, as 
the electric and the magnetic vibrations are perp( 
as well as to each other. 

TkArliQ-nc: nriTi/>la tviAvci nrkinvkliA 


GENERAL EQUATIONS OF THE ELECTROMAGNET] 

"hardly conceivable that the equations themselves" w 
altered. It is only when we come to consider the 
ponderable bodies, that we are led into uncertainties 

4 . There is one way of treating these phenomena 
ratively safe and, for many purposes, very satisfactory 
itj we simply start from certain relations that may b 
expressing, in a condensed form, the more important re 
magnetic experiments. We have now to fix our att 
vectors, the electric force E, the magnetic force H, 
electricity C and the magnetic induction B. These ar 
the following fundamental equations: 

div C = 0, 
div B 0, 

rot H =» — C, 
e 

rot E ~ B, 

c ’ 

presenting the same form as the formulae we have use 

In the present case however, we have to add the n 
E and C on the one hand, and that between H and E 
Confining ourselves to isotropic bodies, we can ofte 
phenomena with sufficient accuracy by writing for th< 
placement 

D - f E, 

a vector equation which expresses that the displacemen 
direction as the electric force and is proportional to ii 
in this case is again Max we IPs displacement current 

In conducting bodies on the other hand, we have 
current of conduction, fifiveii by 
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Finally^ the simplest assnmptioB we can mak 
between the magnetic force and the magnetic ind 
by the formula 

in which jit is a new constant. 


S.. Though the equations (12), (14j) and (16 
treatment of many problems, they cannot be said 
all cases. Moreover, even if they were so, this 
which we expvress the peculiar properties of c 
bodies by simply ascribing to each of them parti 
dielectric constant e, the conductivity 6 and the 
lity fc, can no longer be considered as satisfactor;^ 
obtain a deeper insight into the nature of the 
want to understand the way in which electric and 
depend on the temperature, the density, the cherr 
the crystalline state of substances, we cannot be s 
introducing for each substance these coefficients 
to be determined by experiment; we shall be obli^ 
to some hypothesis about the mechanism that is 
the phenomena. 

It is by this necessity, that one has been le( 
of electrons, i. e. of extremely small particles, char| 
which are present in immense numbers in all po] 
by whose distribution and motions we endeavor to 
and optical phenomena that are not confined to 
task will be to treat some of these phenomena i 
at once say that, according to our modem vievs 
a conducting body, or at least a certain part of 
to be in a free state, so that they can obey a 
which the positive particles are driven in one 
electrons in the opposite direction. In the case 
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electrons. Indeed, thougli we shall think of each of 
a definite position of equilibrium, we shall not sup] 
wholly immovable. They can be displaced by an elect 
by the ether, which we Qonceive to penetrate all po 
a point to which we shall soon have to revert. JTo 
displacement will immediately give rise to a new foi 
particle is pulled back towards its original position, an 
therefore appropriately distinguish by the^name of ei 
motion of the electrons in non-conducting bodies, si 
sulphur, kept by the elastic force within certain 1 
with the change of the dielectric displacement in 
now constitutes what Maxwell called the disph 
A substance in which the electrons are shifted to i 
said to be electrically polarized. 

Again, under the influence of the elastic forces, i 
vibrate about their positions of equilibrium. In doing 
also on account of other more irregular motions, i 
centres of waves that travel outwards in the surrou 
can be observed as light if the frequency is high i 
manner we can account for the emission of light a 
the opposite phenomenon, that of absorption, this 
considering the vibrations that are communicated ' 
by the periodic forces existing in an incident beam 
motion of the electrons thus set vibrating does not gc 
but is converted in one way or another into the ir 
which we call heat, it is clear that part of the inci 
be stored up in the body, in other terms that there 
sorption. Nor is it the absorption alone that can 1 
by a communication of motion to the electrons. This < 
as it may in many cases be termed, can likewise 
even if there is no resistance at all, so that the I 
transparent. In this case also, the electrons conts 
molecules will be set in motion, and though no vib 
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been reached by Riecke^ Drude and J. J. T 
mental idea of the modern theory of the th< 
perties of metals is, that the free electrons i 
of the heat-motion of the molecules of ordina: 
all directions with such velocities that the r 
each of them is equal to that of a gaseou.^ 
temperature. If we further suppose the electr 
over again against metallic atoms, so that t 
zigzag-lines, we can make clear to ourst^ 
metals are at the same time good conductors 
city, and that, as a general rule, in the series 
conductivities change in nearly the same n 
number of free electrons, and the longer the tin 
two successive encounters, the greater will 
heat as well as that for electricity. 

6. This rapid review will suftiee to shuv 
of electrons is to be regarded as an extensi 
electricity of the molecular and atomistic then 
of so much use in many brunches of physics 
these, it is apt to be viewed unfavourably by 
prefer to push their way into new and unexplo 
ing those great highways of science which w 
of thermodynamics, or who arrive at importan 
simply by describing the phenomena and thei 
means of a system of suitable ecjuationa. N< 
these methods have a charm of their own, ii 
them, we have the feeling of treading on fin 
the molecular theories the too adventurous pli 
risk of losing his way and of being deluded b 
of success. We must not forget, however, that 
theses can boast of some results that could iie’ 
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1 solutions^ of electrolysis^ and of tlie genesis of electric cu 
te motion of ions, NTor can the fruitfulness of these hypo 
mied by those who haTe followed the splendid researches < 
Lction of electricity through gases of X. X Thomson^) ai 
T workers. 

7 . I have now to make you acquainted with the equ 
ng the foundation of the mathematical theory of elec 
it me to introduce them by some preliminary remarks, 
n the first place^ we shall ascribe to each electron certain 
Lsioiis, howerer small they may be, and we shall filt our att( 
►nly on the exterior field, but also on the interior spac 
i there is room for many elements of volume and in whic 
of things may vary from one point to another. As tc 
we shall suppose it to be of the same kind as at outside j: 
i, one of the most important of our fundamental assum] 
he that the ether not only occupies all space between mole 
or electrons, but that it pervades aU these particles. We 
he hypothesis that, though the particles may move, the 
s remains at rest We can reconcile ourselves with th 
sight, somewhat startling idea, by thinking of the particl 
r as of some local modifications in the state of the ether. ' 
[cations may of course very well travel onward while the ro 
iits of the medfum in which they exist remain at rest. 
Tow, if within an electron there is ether, there can also 1 
^magnetic field, and all we have got to do is to establ 
1 of equations that may be applied as well to the parts c 
where there is an electric charge, i. e. to the electrons, 
where there is none. As to the distribution of the charg 
ee to make any assumption we like. For the sake of conver 
all suppose it to be distributed over a certain space, say 
hole volume occupied by the electron, and we shall ooi 
)lume-density as a continuous function of the coordinab 


12 I. GENERAL PRINCIPLES. THEORY OF FR: 

far as we are concerned with, it, only by the ex 
density in the interior, the equations for the e; 
got from those for the internal one by simply j 
we have only to write down one system of difi 
Of course, these must be obtained by a sn 
which the influence of the charge is express 
— (5) which we have established for the free, 
ether. It has been found that we can attai 
slightest modification imaginable, and that we cai 
system 

div A ^ Qy 
div h = 0, 

rot h = r c = 1 (d + (IV^ 
rot d == — ^ h , 

in which the first and the third fomiula are th 
been altered. 

In order to justify these modifications, I n 
recall to your minds the general relation exi 
theory between the dielectric displacement aci 
and the amount of charge e contained within ii 
the equation 



in which the integral relates to the closed surf 
of it being multiplied hy the component of d 
which, as we have already said, is drawn towar 
a well known form of speech and comparing th( 
one in which there wmuld he no dielectric dis 
may say that the total quantity of electricity tl 
across the surface (a quantity that has been s 
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shown by Rowland's celebrated and well known experi] 
> if Y is the velocity of the charge, it is natural to write q 
convection current; indeed, the three components 
isent the amounts of charge, reckoned per unit of area and 
me, which are carried across elements of surface perpendieul 
ixes of coordinates. On the other hand, if in the interior ( 
ron there is an electi omagnetic field, there will also 
acement current d. We are therefore led to assume as 
3Ssion for the total current 

c = d + 4>v, 


to use the equation (19) in order to determine the mag 
Of course, this is again a vector equation. In applying 
al problems, it is often found convenient to replace it b; 
> scalar differential equations 


dh^ dhy 1 

dy dz ^ 0 


dx 




ahx 

dz 

dt 



You see that by putting p ~ 0, in the formulae (17) and 
re led back to our former equations (2) and (^4). 


8. There is one more equation to be added, in fact one 
equal importance with (17) — (20). It will have been n( 
I have carefully abstained from saying anything aboui 
:e of the electric charge represented by p. Speculations oi: 

or attempts to reduce the idea of a charge to others 
•ent kind, are entirely without the scope of the present th 
io not pretend to say more than this, that p is a qua 
iging to a certain point in the ether and connected wit! 
ibution of the dielectric disjdacement in the neighbourho( 
point by the equation (17). We mav say that the ethei 
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Yet, in order to explain electromagnet: 
obliged to go* somewhat further. It is not i 
sider p as merely the symbol for a certain s 
the contrary, we must invest the charges wi 
substantiality, so far at least that we recog 
forces acting on them and producing or modif 
word „force^^ is here taken in the ordinary se 
and we should easily become accustomed to tl 
on the charges, if we conceived these latter ai 
accustomed to call matter, or as being a pr 
This is the idea underlying the name of „cl 
we have already used and shall occasionally us 
We shall see later on that, in some cases at 1 
name is somewhat questionable. 

However this may be, we must certainly 
as the forces acting on a charge, or on an 
matter, whichever appellation you prefer. No 
the general principles of MaxwelFs theor 
this force as caused by the state of the e 
this medium pervades the electrons, as eiertec 
internal points of these particles where ther 
divide the whole electron into elements of Vo' 
force actings on each element and determined 
ether existing within it. We shall suppose t 
portional to the charge of the element, so t 
know the force acting per unit charge. This 
properly call the electric force. We shall re] 
formula by which it is determined, and whi( 
have to add to (17) — (20), is as follows: 

f=.d +4[v.h]. 

Like our former equations, it is firot bv firenei 
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where i is the intensity of the current considered as 
the length of the element. According to the thet 
F is made up of all the forces with which the fiek 
separate electrons moving in the wire. Now, .simplify 
by the assumption of only one kind of moving elcei 
charges e and a common velocity -V, we >uay write 

•s-i New, 

if N is the whole number of these particles in the e 

80 that, dividing by Ne, we fiiul for the force per v 

- | v ■ h i. 

As an interesting and simple applieation of thin raHiill 
the explanation it affords of tht* induetion nirrent t 
in a wire moving across the magnetic linen of ffiree. 
of electrons having the valoeitj V of the wirt% are in 
in opposite directions bj forces which are deteriiiiiied 

9. After having beeti led in one particitlar emm 
of the force d, and in another to that of the force - 

r if 

combine the two in the way ahowii in the #<|iint; 
beyond the direct result of experimeiite by tlie mm 
general the two forces exist at the siitiie time. If, 
electron were moving in a space* travcriii*cl by Ilrrt: 
could calc.uiate the ac’fcion of the iield oii it li| itiimi 
of d and h, such ui they arc iit the point of lln^ H 
the particle. 

Of course, in cases like ilitSp in wlitrli wi^ wm 
force exerted bv an external nwtil tittl 
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10. While I am speaking so boldly of 

interior of an electron, as if I had been able t 
particles, I fear one will feel inclined to thin 
to enter into all these details. My excuse 
scarcely refrain from doing so, it one wistn 
definite system of equations; moreover, as 
experiments can really teach us something al 
the electrons. In the second place, it nmy be 
cases in which the internal state of the eit^< 
felt, speculations like those we have now en 
events interesting, be they right or wrong, w 
less as soon as we may consider the inirnui 
little importance. 

It must also be noticed that our as.su i 
exclude the possibility of certain disiribuiituit 
have not at first mentioned. Hy indelinitely dii 
of the transition layer in which p passers fro] 
we can get as a limiting (*as(‘ that of an 
boundary. We can also tnmeeive the charg 
throughout the whole extent ot the particle, 
layer at its surface, whose thickness may he 
like, so that after all we can speak of a surfa 
some of our formulae we sliall have in view i 

11 , Since our equations form tlie real fo 
structure we are going to build, it wdll be 
somewhat more closely, so that we may be m 
sistent with each other. They an‘ easily sliov 
only the charge of an element of volume remi 
motion.^) If we regard the electrons an rigu 
almost always do, thivS of (‘ours<^ meaun that ^ 
point of a particle. However, v^e might also m 
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replace tte terms p and pv in (IT) and (19) by (i 
Pj Vj + ‘ 'y vectors ¥j, ... being the 

separate charges. An assumption of this kind, ar 
may seem, will be found of use in one of the p 
have to examine. 

12. I have now to call your attention to sc 
beautiful results that may be derived from our funda 
in the first place to the way in which the electro 
determined by the formulae (17) — (20), if the dist 
motion of the charges are supposed to be given. 1 
this determination is due to the fact that we can 
the six quantities d^, d„ h^., h,, exactly as w 

we treated the equations for the free ether, and tc 
form in which the final equation presents itself.^) 
example, three equations for the components of d, 
combine into the vector formula 


A d — i d = grad p -I- 1 1 (p V ), 
and the similar condition for the magnetic force 
Ah - ih = - -[-rot(0V). 


It will not be necesisary to write down the six soa 
the separate components; we can confine ourselves 
for d, and h^, viz. 


Ad --^d^ 

X c* * 


Ah 


X 



^ ?? I 1 

0a; ' c* dt ^ 

c \ dy dz I 


In order to express myself more clearly, it w 
introduce a name for the left-hand aides of these 
result of the operation A, applied to a quantity p tl 
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speak of the Dalenibertian of a vector as of 
tity. Accordingly; since, for a given dietribut 
charges, the right-hand members of our las 
functions of x, y, jSj we see that the vector 
each of their components, are determined h; 
Dalembertians. We have therefore to look i 
will be the value of a quantity whose 1 
given value co. This is a problem which adj 
In the ordinary theory of the potential it is pr 
whose Laplacian has a given value <o, n 
fonnula 



where r is the distance from an element of voli 
for which we want to calculate 0 tlie val 
in this element, and where we have to integ 
space in which a> is different from 0. 

Now, it is very remarkable that a fum 
equation 

may be found by a calculation very like that in 
only difference is that, if -we are asked t<» deb 
at the point P for the instant t, we must tali 

this function existing in the element dS at 
shall henceforth include in scjuare lurackets (ji 
must be taken, not for the time t, but for the 
Using this notation, we may say that the func 
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13 , The above method of calculation might 
equations (24) and (25) or (26) and (27). Since, 1 
members of these formulae are somewhat complic 
directly to determine d and h, but to calculate 
certain auxiliai*y functions on which the electric a 
may be made to depend, and which are called jUi 
is a scalai* quantity, which I shall denote by g?, t 
for which I shall write a. 

If the potentials are subjected! to the relation 

^9> — ji<P = - (> 

and 

Aa s a =- pv, 

one can show^), by means of (17) — (20), that the die 
is given by 

d «* — ^ ^ ~ grad (p 
and the magnetic force by 

h =« rot a. 


You see that the equations (31) and (32) are agai] 
so that the two potentials are determined by the < 

Dalembertians must have the simple values 
Therefore, on account of (30), we may write 

and 

By these equations, combined with (33) and 
solved Thev show that, in order to ealenlate fVio 
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by ^ the density existing in dS at the parti 

and by the product of this density and the \ 
within dS at that same instant. These values [i 
multiplied by dS and divided by r. Finally, 
elements what we have done for the one (/aS 
results. Of course there may be many elements 
tribute anything to the integrals, viz. all thosi* 

f — ^ did not contain any charge. 

14 s. Wliat has been said calls forth some 
the first place, you see that the factor wide 

anxious to get rid of, has again appeared. W 
from doing so, but fortunately it Ls now eontin 
equations. In tho second place, it is especially i 
that the values of p and pv existing at a <*ert 

time — do not make themselves felt at the i 
e ^ 

moment i- -, but at the later time t. We t 

speak of a propagation taking place with tlie vf 
of tp and a which are due to the several alemen 
states existing in these elements at times whieli i 
the farther these elements are situated from tlm 
On account of this special feature of our m 
and a, given by (35) and (36), are often called 
I must add that the function ( 30 ) is not 
solution of (29), and that for this reason the vab 
derived from (35) and (36) are nrd the only 
fundamental equations. We need not however 
if we assume that an electromi^etic field in thi 
duced by any other causes than the presence and n 

IK ^ L I*. • I 
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We shall next eonsider an electron having (fi 
^ « -f <x>) a translation with constant velocity i 
line. Let P and P' be two points in such posi 
PP' is in the direction of the motion of the pa 
seen that, if we wish to calculate 9 , a, d and h, f 

and the time i, and then for the point P' and 

we shall have to repeat exactly the same calculatio] 
dS is an element of space contributing a part to 
and (36") in the first problem, the correspondinj 
second will contain equal parts due to an elemei 
be got by shifting dS in the direction of translat 
equal to PP'. 

It appears from this that the electron is con 
by the same field, which it may therefore be si 
with it. As to the nature of this field, one can 
(33) — (36) that, in the case of a spherical elect 
symmetrically distributed around the centre, if s 
centre, the electric lines of force are curves 
passing through s, and the magnetic lines circles 
The field is distinguished from that of an electron ’ 
not only by the presence of the magnetic force 
alteration in the distribution of the dielectric disp 

We shall finally take a somewhat less sin 
aiippose that, from t — 00 until a certain insta 
IS at rest in a position A, and that, in a shoi 
heginhing at 3 ^^, it acquires a velocity , w; which r 
magnitude and direction until after some time, i 
ending at the instant the motion is stopped, 
position in which the electron remains for ever ai 

If P is any point in the surrounding ether, v 
distances and Zj, the first of which is the short 
drawn from P to the poiaits of the electron in tl 
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to the immovable electron. A similar field will 
time every influence that has been em 

while moving, having already, in its outward { 
the point considered. 

Between and -f the field at f 

moving electron. If we suppose the dimensions 
very small in comparison with the distances I 
to be acquired and lost in intervals of time mud 
we may be sure that during the larger part of 

^ i and the field at P will be what 

had a constant velocity w existed for ever. Of 
after L + — and shortly before 4- \ ft will 

there will be a gradual transition from one sfe 
other. It is clear also that these |)eriods of i 
different points P, will not be found to coincid 
parts of space at different distances from the lit 
most remote and the nearest, it may Yery wi 
particular instant, 5, is occupied by the field bi 
tron while at rest in the position ^4 , 8^ by the 
electron, and 8^ by the final field, 

16 . Thus far we have only used the e 
Adding to these the formula (23) for the electric 
the forces of any other nature which may act on 
given, we have the means of detennining, not 
also the motion of the charges, B^or our purpoi 
necessary to enter here into special prohlemi of 
concentrate our attention on one or two geneml i 
any system of moving electrons. 

In the first place, suitable transformations 


SLECTRJC AND MAGNETIC ENERGY. ELOW OF ENERGY. 


c per unit of time. The first integral in (37) is thus 
«ent the work done by the ether on the electrons per 
Combined with the work of other forces to which 
s may be subjected, this term will therefore enable ni 
3 the change of the kinetic energy of the electrons, 
course, if the ether does work on the electrons^ it must 
talent amount of energy, a loss for which a supply of en< 
e part of the system outside the surface 6 may make uj 
nay be accompanied by a transfer of energy to that ] 
st therefore consider 

i(A^ + h^)dS 

expression for the energy contained within an elemeni 
of the ether, and 

cf[d-h\d0 

for an amount of energy that is lost by the system wi 
ace and gained by the surrounding ether. 

3 two parts into which (38) can be divided may properl] 
bie electric and the magnetic energy of the ether. Reck( 
; of volume the former is seen to be 

w =» 

latter 

alues are equivalent to those that were given long ago 
11. That the coefficients are ^ and not 2x or somethini 
I, is due to the choice of our new units and will certa 
recommend them. 

to the transfer of energy represented by (39), it r 
ily take place at the points of the surface €f itself, bee: 
>ry leaves no room for any action at a distance. Puri 
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the meafling being that, for anj element de, the 
by which it is traversed, is given for unit of tim 
by the component S, of the vector 8 along tl 

element. 


1.7. It is interesting to apply the above resu 
polarized light represented by our equations (7). 
energy which it contains per unit of space 

i (d^ + h^) =* ~ 

and for the flow of energy across a plane perpeii' 
of X 

cA^h^ ca^ cos^ n(t — 

The mean values of these expressions for a fi 
and 

\caK 

indeed, by a well known theorem, the mean valu< 

IS 

It is easily seen that the expression ma; 
calculating the flow of energy during any lapse oi 
long compared with a period. 

If the beam of light is laterally limited by a 
whose generating lines are parallel to OX, as 
neglect diffi^ction phenomena, and if a normal secti 
the flow of energy across a section is given by -l 
for any two sections and must indeed be bo, hecai 
energy in the part of the beam between them reir 
The case of a single electron having a unifor 
wise affords a good illustration of what has bee 


FLOW OF ENERGY. 


Other examples might likewise show us how Poynting’s t 
V8 a clear light on many questions. Indeed, its importar 
y be overestimated, and it is now difficult to recall th 
Bctromagnetic theory of some thirty years ago, when we 
ithout this beautiful theorem. 

18. Before leaving this subject I will, with your pern 
attention to the question, as to how far we can attach a \ 
ing to a flow of energy. It must, I believe, be admitted 
on as we know the mutual action between two particles 
5 of volume, we shall be able to make a definite stateni 
e energy given by one of them to the other. Hence, a 
i explains things by making definite assumptions as 
al action of the parts of a system, must at the same time 
isfer of energy, concerning whose intensity there can be no 
even if this be granted, we can easily see that in gen 
ttot be possible to trace the paths of parts or elements of 
e same sense in which we can follow in their course the u 
des of which matter is made up. 

[ii order to show thi.s, I shall rmderstand by P a particle 
nt of volume and by A, B, C\ . , A\ B'y (7', ... a certain i 
her pai*ticles or elements, between which and P there is 
i resulting in a transfer of energy and, in accordance witl 
ast been said, I shall suppose these actions to be so far 
we can distinctly state what amount of enei^y is iiitercl 
Jen any two particles. Let, for example, P receive from A, h 
uantities a, c, . . . of energy, and let it give to A\ B\ 
uan titles a\ h\ c\ . . . , gaining for itself a c^ertain amc 
we shall have the equation 

u. ’4“ ^ ^ ‘ P “f ■ u- “h ^ 6* 4-“ ' ’ ' 

though in our imaginary case each term in this equation 
town, we should have no means for determ in imr in wbn 
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which, by our imagination at least, we car 
other and follow in their motion. It niig 
whether, in electromagnetic phenomena, tlu‘ t 
takes place in the way indicated by Poyntii 
example, the heat developed in the wire of ii 
really due to energy which it receives from tl 
as the theorem teaches us, and not to a 
wire itself. In fact, all depends upon the hy{ 
concerning the internal forces in the system, a 
that a change in these hypotheses would mi 
about the path along which the energy is ca 
the system to another. It must be obsarvei] 
no longer room for any doubt, so soon as wu' 
mena going on in some part of the ether art^ 
the electric and magnetic force existing in tl 
deny that there is a flow of energy in a bei 
if all depends on the electric and magnetic fo 
one near the surface of a wire carrying a eu 
well as in the beam of light, the two forces 
and are perpendicular to each other. 

19 . Results hardly less important than i 
and of the same general character, are obtai 
the resultant of all the forces exerted by the 
of a system. For this system we mm take a 
is in a peculiar electromagnetic .state or in 
phenomena are going on. In our theory th 
exerted on a charged conductor, a magnet 
current, is made up of aU the forces with w 
the electrons of the body. 

Tiet (f again be a closed surface, and F 
all the electrons contained within it. Then, c 

wrifA 


STBESSES IN THE ETHER 


= - t** COS («; V ) 

+ if (2h,h„-h» ftos (n, x)} def etc. 

F» = - ii /srf'S. 

The first part of the force s represented by an integn 
urface its components, of which only one is giren here^ 
mined by the -values of etc. at the surface 

d pai*t of the force, on the contrary, presents itself as an i; 
the space S, not only over those parts of it where ther€ 
ic charge, but also over those where there is none; 

SO. In discussing the above result we must distinguish i 

i) In all phenomena in which the system is in a stai 
the force Fg, for which we may write 

jears, and the whole force F is reduced to an integral 
;e 0, In other terms, the ponderomotive action can be re 
3 sum of certain infinitely small parts, each of which t 
e of the surface-elements rfcr and depends on the state e 
at element. A very natural way of interpreting this 
of each of these parts as of a stress in the ether, act 
iement considered. 

fhe stress depends on the orientation of the element. If 
ained by the normal w, and if, using a common notatic 
X^j Y^, for the components of the force per uni 
d by the part of the medium on the positive side of th 
m the part lying on the negative side, we shall have 
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This method of calcul^tiEg the reml 

coBvenient, the more so because we can 
surroundiBg the bod for which we have tc 
b) We are led to similar coBcliisioos 
that is the seat of periodical pheuoBicna, cc 
mean value of the force taken for a comph 
value being given by 

T 

0 

the last term in (44) disappears. Indeed, b 
of Fj is equal to the difference of the value 

" ' !/■.,<« 

for t ^0 and t 1\ and these vaJueH are < 
periodicity of the changes. 

Hence, in this case also, the resultant fo 
integrals, or, as we may nay, td strenses in 
It can easily be shown that the me 
periodically changing <|uantities in general) 
that is very much longer than a period f. 
value during a period, even though the ir 
exactly a multiple of 7\ 

21. An interesting example is furniil 
radiation. Let (Pig. 1) AB be a plane cli«l 

direction a Imiiiii €>l 
OX in the direetio 
we (»n reprwnt Ir 

11 tulrfk fnr fli** i 



RADIATION PRESSURE, 


;s mean value by 




aring this with the value of the energy and attending i 
Lon of the force, we conclude that the beam of light pr( 
nal pressure on the absorbing body^ the intensity of the pr- 
nit of surface being numerically equal to the electroma 
j which the beam contains per unit of volume, 

'he same method can be applied to a body which fcrai 
eflects a certain amount of light, and to a disk on wl 
of light falls in an oblique direction. In all cases in 
is no light behind the disk^ the force in the direction < 
1 will be a pressure — - on the illuminated side, if th< 

s directed as stated above. 

Ve shall apply this to a homogeneous and isotropic sh 
Lon, existing in a certain space that is enclosed by pei 
ing walls. By homogeneous and isotropic we mean tha 
is traversed by rays of light or heat of various directio 
a, manner that the radiation is of equal intensity in dil 
of the space and in all directions, and that all directions 
are equally represented in it. It can easily be shown tl 
Else there is no tangential stress on an element <f<r of the 
the normal pressure, which is represented hv — i 
f 0 ? is made to coincide with the normal, we may write 

p =» i(d7 + d7 - a;*) -[- ^(¥7 + S/ - v), 

tke liorizontal bars are intended to indicate the mean 
he space considered, of the seTeral terms.*) But, on ac 
assumptions regarding the state of radiation, 

d? - a;* - 1 \ 

of these quantities is therefore equal to one third of their 
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22 . Thus far we have simplified the e([ 
the last term to vanish. In general, howev. 
omitted, and the force F cannot be a(‘cou) 
stresses acting on the surface 6. 

This conclusion takes a remarkiil»U‘ fi 
supposed to enclose no electrons at all. Of 
must be 0 in this case, as may he seen from tL 
Nevertheless, the force due to the stresses i 
the value ^ 

F,*-e Ijid. 

It is worthy of notice that this last e{|uatio 
the theory of electrons^ being a couHtMiut 
equations for the case » 0, i. e. of tlu^ otj 
It has indeed been known, for a long tinio.^ 

In the mind of Maxwell and of nim 
there seems to have been no doubt whaUwt 
of the ether stresses determined by the 
Considered from this point of view, the ec| 
in general the resultant force Fj of all tlu‘ 
of the ether will not be 0. This was first 
holtz.^) He inferred from it that the etle 
and established a system of equations by i 
determined. I shall not enter \ipon thvm\ b 
ever shown us any trace of a motion of 
magnetic field. 

We may sum up by saying that a I 
existence of MaxweU\s stresses lefids to tl 

1, A portion of the ether is not in eqiiil 
acting on its surface. 

2. The stresses acting on the elairiei 
surrounds a ponderable body will, in gtirii 


IMMOBJLirr OF THE ETHEB. 


has neither velocity nor acceleration, so that we ha 
i to speak of its mass or of forces that are applied 
this point of view, the action on an electron must 
i as primarily determined by the state of the ether i 
)r of each of its elements of volume, and the equation Q 
irect and immediate expression for it. There is no real 
ly the force should be due to pressures or stresses in th 
medium. If we exclude the idea of forces acting on the 
miot even speak of these stresses, because they would be 
d by one part of the ether on the other, 
should add that, while thus denying the real existes 
stresses, we can stiU avail ourselves of all the mathen 
ormations by which the application of the formula (43^ 
ide easier. We need not refrain from reducing the forci 
e-integral, and for convenience's sake we may continue to 
e quantities occurring in this integral the name of st 
we must he aware that they are only imaginary ones, n< 
ban auxiliary mathematical quantities. 

^erhaps all this that has now been said about the at 
bility of the ether and the non-existence of the stresses 
somewhat startling. If it is thought too much so, cm 
recourse to the other conception to which I have allude 
ng this, we recognize the real existence of Maxwell's ix 
, and we regard the ether as only approximately immova 
/et us admit that between adjacent parts of the ether tl 
don determined by the equations (48), so that an elem- 
e of the free ether experiences a force 

it us suppose the medium to move in such a way that 
nentum 
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the ether contained in a fixed element of volume 
equal to the rate of change of the momentum th 

tkat element.^) 

On the other hand, in the case of an elemei 
a charge, the formula 

maj be interpreted as follows. The ether with 
subject to a force Fj, due to the stresses on thi 
force, the part 

--AdS 

goes to produce the change of momentum of the ei 
part F being transferred to the charge. 

You will readily perceive that, after all, the 
the two Inodes of view consists mainly in the diffei 
given to the same equations. 

24 . Whatever may be our opinion about the 
now touched upon, our discussion shows the impor 



which has a definite direction and magnitude for 
volume, and of the vector 

that may be derived from it by integration. Abral 
has applied to these quantities the name of electron 
We may term them so, even if we do not wish t 
that they represent a real momentum, as they ^ 
the second of the two lines of thought we have j 
The way in which the conception of electrom 


EADIATION PRESSURE. 


. words: the force exerted by the ether on a system of eh 
s we may say, on the ponderable matter containing thes 
, is equal and opposite to the change per uHit of time 
•omagnetic momentum. Now, since the action tends to p 
inge equal to the force itself in the momentum (in the oi 
of the word) of the ponderable matter, we see that tl 
is momentum and the electromagnetic one will not be ; 
le actions exerted by the ether. 

Before passing on to one or two applications, I must cal 
non to the intimate connexion between the momentum ai 
of energy 8. The equation (53) at once shows us that 
of space in which there is a flow of energy contributes ii 
e rector G; hence, in order to form an idea of this vect( 
changes, we hare in the first place to fix our attention ' 
;ion existing in different parts of space. If, in course of 
low of energy reaches new parts of space or leares pa 
L it was at first found, this will cause the rector G to c 
one moment to another. 

t must ‘also be kept in mind that (53) is a rector equatic 
(54) may be decomposed into three formulae giring u 
)nents F^, F^, F^ of the resultant force. 

l&. Very interesting illustrations of the preceding theory 
s:&n from the phenomena of radiation pressure, to which 1 
ore return for a moment. Let us consider, for example, a i 
it sending out its rays in a single direction, which may be hi 
by suitable arrangements, and let us suppose this radiati 
begun at a certain instant, so that we can speak of th< 
or of the front of the train of wares that have been en 
front is a plane at right angles to the beam and adr£ 
bhe velocity c. Hence, if H is the normal section of the 
)lume occupied by the radiation increases by cE per ui 
As we hare seen, the flow of energy has the direction i 
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a diwtion opposite to that in which the rays are 
force of recoil, which, however, is extremely small, ma^ 
with the reaction that would exist if the rays of ligJ 
a stream of material particles. By similar reasoning 
mine the pressure on the black disk we have forme: 
But. in this case, it is best to imagine the radiation 
to have been stopped at a certain moment, so that th 
which we may call the rear of the progression of waves, 
the black disk with the velocity c, and if 2 and 1 8 1 ^ 
meaning as just now, the magnitude of the electromagne 
will diminish by 

per unit of time. Consequently, there will be a norm 
this intensity acting on the disk. The result agrees 
have deduced from the value of the stress in the ether 
jil being related to the amplitude cu by the equation 

It is easy to extend these results to a more genera] 
plane disk recejve, from any direction we like, a beam oi 
and let one part of these be reflected, another absc 
remaining part transmitted. Let the vectors 8, s' a 
flows of enei^ per unit of area in the incident, refleci 
mitted beams, 8, 8, s" the mean flows taken for j 
Z, Z', Z" the normal sections of the beams. Then, i 
the space occupied by the light to be limited by two 
the reflected and one in the transmitted beam, and by 
in the incident one, all these planes travelling onw 
velocity c, the change of electromagnetic momentum ^ 
by the vector expression 

^ r'l" - £1), 


FIELD OF MOYINO ELECTBON 


26 . The theory of electromagnetic moment 
found of so much use in the case of beams of li 
reflected or absorbed by a body, is also appl 
different case of a moving electron. We may f 
abrupt a transition, turn once more to some qi 
what we can call the dynamics of an electron, i 
concerned with the field the particle produces a: 
on it by the ether. We shall in this way be 1 
subject of the electromagnetic mass of the electro 
To begin with, I shall say some words ^ 
system of electrons or of charges distributed in 
constant velocity of translation say in the < 
of X, smaller than the speed of light c. We shi 
coordinates moving with the system, and we sh 
mulae by putting 



Now, we have already seen that the field is < 
system. The same may be said of the potenti 
serve to determine it, and it may easily be infer 

the values of ^ and ^ in a fixed point of spa 


Similarly 




d^(p 

-W 




s 












Thus the equation (31) takes the form 
wliereas (32) may be replaced by the formula 






9‘a, 
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(56) l>6com^ ^ ^ 

liaving the well known fonn of Poisson^s eq 
^nation occurs in the determination of the fiel< 
are at r^t, the problem is hereby reduced to an 
of electrostatics. Only, the value of (p in our m 
eonnwsted with the potential, not of the same sy 
but of a system in which all the coordinates pa 
been changed in the ratio determined by (58).^) 
The result may be expressed as follows. L( 
having no translation, and which we obtain by en 
sions of S' in the direction of OX in the ratio oi 
Then, if a point with the coordinates x, y, z m S 
the coordinates x, y, z m S' are said to corresp 
if the charges of corresponding elements of volum 
be equal, and if 9 ' is the potential in S', the seal 
moving qrstem is given by 

Let us now take for the moving system a single 
we shall ascribe the form of a sphere with radius 
distributed surface- charge e. The corresponding 
elong^jed ellipsoid of revolution, and its charge ha 
buted according to the law that holds for a condi 
form- Therefore, the field of the moving spherica 
the quantities belonging to it, can be found by mes 
theory of a chaiged ellipsoid that is given in mam 
only mention the results obtained for the more im 
The total electric energy is given by 


and iiie magnetic energy by 





FORCE ON AN ELECTRON^ DUE TO ITS 0 W 

All these values T, | G j increase when the velocif 
They become infinite fox /3=« 1, i. e. when the ele 
velocity equal to that of light. 


27 . According to our fundamental assumptions, 
Yohime of an electron experiences a force due to th 
by the particle itself, and the question now arises w] 
be any resultant force acting on the electron as a 
sideration of the electromagnetic momentuna will ena 
this question. 

If the velocity w is constant in magnitude and 
has been supposed to be in what precedes, the vectoi 
be constant and there wiU be no resultant force. 1 
portant; it shows that, if free from all external for< 
just like a material point, will move with constant v 
standing the presence of the surrounding ether. In 
however there is an action of the medium. 

It must be observed that, in the case of a varia 
above formulae for U, T and | G | do not, strictly 
However, if the variation of the state of motion is « 

jR 

change taking place in a time — may be neglected, oi 

formula (63) for every moment, and use it to determi 
of the momentum per unit of time.^ As the result 
acceleration of the electron, the force exerted by tl 
wise determined by the acceleration. 

Let us first take the case of a rectilinear i 
variable velocity w. The vector 6 is directed ale 
motion, and its magnitude is given by 


d|C | ^ d_| ej 
dt dw 


w * 


c dp 


w. 


Puttinir 
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let us take into account that in this c^e there i 
between iS, and iw', for which I shall wiite 


We haye also 

aed tbe force exerted hj 


MG 
* w 


|G| 

L-.' = m . 


Q « 

the ether is given by 


— . fi ^ W. 


It is opposite in direction to the normal accelerati 
intensity equal to the product of this acceleratioj 

eient ni\ . . 

In fhe most general case the acceleration j 
neither along the path nor normally to it. If we 
two components, the one j in the line of motion 
at right angles to it, we shall have, for the fore 
due to its own electromagnetic field, in vector not 

- m'j' - m'\". 


28 . The way in which these formulae ^are i 
will become clear to us, if we suppose the electroi 
mass in the ordinary sense of the word, and t( 
only by the force that is due to its own field, but 
of any other kind. The total force being 

K f if ff if/ 

— m \ — m j , 

the equation of motion, expressed in the language 
will be 

K — »i'j' — m'"f = W(,(j' + j")- 
Instead of this we can write 

K = (Wo + «'')]' + (wo + »*") j"; 


ELECTROMAaNETIC MASS OF AN ELECTl 


that of fmnsvet'se electromagaetic mass to the 
coefficients.^) 

From what has been said one finds the folio wi 
ni and m : 

L 1 — 1 _ «J 5 




“ 16»2?^>c^ L + ( 1+ log 
or, expanded in series, 

- iis? (s + + f ^ + ■ ■ ■)> 

+ -r) + (s-+ i)l>’ + ('■ + t) 


8:r J^cM 


For small velocities the two masses have the same 


whereas for larger velocities the longitudinal mass 
the transverse one. Both increase with /eJ, until for 
a velocity equal to the speed of light, they become 

If, for a moment, we confine ourselves to a r 
of an electron, the notion of electromagnetic mass 
from that of electromagnetic energy. Indeed, this la 
a moving electron than for one that is at rest. The 
to put the particle in motion by an external force 
only produce the ordinary kinetic ertergy bu 

this, the part of the electromagnetic energy that is 
city. The effect of the field will therefore be that 
of work is required than if we Had to do with aii 
particle it will be just the same as if the n 
than 

By reasoning of this kind we can also easilj 
mula (68). If the velocity is changing very slowly, 
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dectromagnetic field. Consequently, dividing (73) I 

intensity of this part, and if next we divide hyw, 

the result must be the longitudind electromagnet 

calculates „ 

1 rf(Y4- TJ) 1 d{T+ U), 


■m 


cw 


d§ 


dp 


by means of tbe formulae (61) and (62); one really 
Talue (68). 


A close analogy to this question of elec 
is furnished by a simple hydrodynamical problem 
festly smooth sphere, moving with the velocity 
pressible perfect fluid which extends on all sides to 
produces in this fluid a state of motion characteri 
energy for which we may write 


if « is a constant, depending on the radius of the 
density of the fluid. Under the influence of an exter 
to the ball in the direction of the translation, its vel 
as if it had, not only its true mass Wq, but besides 
mass m\ whose value is given by 


a formula con-esponding to the last equation of § 2 
We could have obtained the same result if we h? 
the momentum of the fluid. We should have founc 


G = aW, 

an expression from which we can also infer tha 
apparent mass has the same value a as the longituc 
This is shown by the equation 


?I0 or THE CHARGE TO TEE MASS OP AN ELECTRON. 


L 


ose we can make experiments for two different kno'w 
of an electron, and that by this means we can find tl 
itween the effective transverse masses which come into ph 
0 cases. Let % be the ratio between the electromagnet 
masses, calculated, as can really be done, by the formula (6i 
tinguishing by tbe indices J and 11 the quantities relatii 
0 cases, we shall have the formulae 

^0 + _ X. ^ 

f, fL, ff 

»»o + mil mji 

ratio between tbe true mass and the electromagnet 
will be given by 

Wy x(A:— 1) 

niQ X k 

>erimental ratio k differed very little from the ratio x th 
t>y the formula (69), would come out much small 
ind we should even have to put 0, if /c were exact 

t. 

e spoken here of the transverse electromagnetic mass, becau 
3 one with which we are concerned in the experiments 
have to mention. 

You all know that the cathode rays and the /J-rays 
e bodies are streams of negative electrons, and that Gol 
anal rays and the a -rays consist of similar streams 
charged particles. In all these cases it has been foui 
> determine the ratio between the numerical values of t' 
a particle and its transverse effective mass. The chi 
f which this has been achieved is based on the measui 
the same kind of rays, of the deflections from their rec 
irse that are produced by known external electric m 
forces. 
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Let us consider in the second place an electro 
field h, and let us suppose the velocity tv to 

magnetic force. Then, the field will exert on th 

as is seen from the last term of (2d). This f< 
to the velocity, we shall have, writing / for 
of the path. 

If* f I h 1 

r ^ cm 

The determinatioii of ] h | and / can thorofor 
of the expression 

e 

mw^ 

and, by combining this with (74), we shall be 
and 

m 

32 . I shall not speak of the large numb 
this kind that have been made by several physi 
a few words I'elative to the important work of 
rays of radium. Thestj rays appear to contain 
widely different velocities, so that it is possible 

whether ^ is a function of the velocity (>r a c 

experiments were arranged in such a maimer 
the magnetic deflection, belonging to the mm 

measured, so that the values both of w and < 
from them. Now, it was found that, wliilt^ th<i 
about 0,5 to more than 0,9 of the velocity of 
diminishes considerably. If we suppose tlie c 
all the negative electrons constituting the rayi* 
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course, we are free to believe, if we like, that there is 
material mass attached to the electron, say equal t 
redth pai’t of the electromagnetic one, but with a vi 
icity, it win be best to admit Kaufman n’s conclusion, or 
, if we prefer so to call it, that the negative electrons h; 
ial mass at all. 

rhis is certainly one of the most important results of ii 
cs, and I may therefore be allowed to dwell upon it for f 
and to mention two other ways in which it can be exp 
nay say that, in the case of a moving negative electron, 
energy of the ordinary form ^ but merely the e 

Stic energy T U, which may be calculated by mean.s 
lae (61) and (62). For high velocities this energy is a 
icated function of the velocity, and it is only for vel 
small compared with that of light, that the part of it 
ds on the motion, can be represented by tbe expi-ession 1 
ni has the value given by (72). This is found by expi 
7 in a series similar to (70) and C?!). 

Ve obtain another remarkable form of our result, if i 
on of motion (67), which for = 0 become.s 

K - m'\ - jH"j" - 0, 

taoh to the two last terms their original metming of 
d by the ether. The equation telle us that the total 
on the particle is always 0. An electron, for example, 
1 initial velocity in an external eleotromagnotio field, will 
sh a manner that the force due to the external field is c 
irhalanced by the force that is called forth by the eld 
ield, or, what amounts to the same thing, that the force e 
3 resulting field is 0. 

.fter all, by our negation of the existence (jf material mtu 
ve electron has lost niiieb nf if.s W,. 
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As is well known, Faraday’s law of electro! 
monovalent electrolytic ions have exactly equal 
if this is denoted by e, the charges of bivalent, 
are 2c, 3e etc. Thus the conception has arisen tl 
charge of an ion of hydrogen, is the smallest qua 
that ever occurs in physical phenomena, an atom 
we may call it, which can only present itself i: 
Experimentiil determinations by J. J. Thomson 
carried by the ions in conducting gases, and certain 
the electrons which are vibrating in a body trave: 
light, have made it highly probable that this same 
occurs in these cases, that it is, so to say, a re 
electricity, and that all charged particles, all electr 
one such unit or a multiple of it. The negati^ 
constitute the j3-rays and the cathode rays an 
simplest of all these charged particles, and there ar 
supposing their charge to be equal to one unit of 
the charge of an ion of hydrogen.^; 

Leaving aside the case of multiple charges, a 
electrons or ions, whether they be positive or negativ 
of electricity, we can say that the masses m of di: 

inversely proportional to the values that have been 

Now, for the negative electrons of the cathoi 
^rays, this latter value is, for small velocities near! 

1.77 . 10"cyT;r. 

For an ion of hydrogen, the corresponding number 
the electrochemical equivalent of the gas. It is fc 

9650 -cYT^t, 

nearly 1800 times smaller than the number for 
electrons. Hence, the mass of a negative electron i 

Tiart nf tbah nf an af.Am nf livdrnorAn 


BLECTROMAONETIC THEORY OF MATTER. 


must be noticed especially that the values of ~ obtain 

snt negative electrons are approximately equal This It 
r support to the view that all negative electrons are eq' 
other. On the contrary, there are great differences betwei 
ve electrons, such as we find in the canal rays , and the i 

lio-active substances. The values of ^ belonging to thes' 

ridely divergent. They are however all of the same on 
itude as the values holding for electrolytic ions. Conseqi 
asses of the positive electrons must be comparable with th 
cal atoms. We can therefore imagine the free electrons 
'oduct of a disintegration of atoms, of a division into a pos 
negatively charged particle, the first having nearly the 
of the atom, and the second only a very small part of ii 


Mh Of late the question has been much discussed, as to w! 
ea that there is no material but only electromagnetic mass, ' 
t case of negative electrons, is so strongly supported by ] 
's results, may not be extended to positive electrons i 
- in general On this subject of an electromagnetic the^ 
■ we might observe that, if we suppose atoms to contain n« 
)ns, of which one or more may be given off under < 
istances, as they undoubtedly are, and if the part that n 
the loss of a negative particle is called a positive electron 
ily all matter may be said to be made up of electrons, 
vould be mere words. What we really want to kn 
er the mass of the- positive electron can be calculated fro 
mtion of its charge in the same way as we <mn determi 
of a negative particle. This remains, I believe, an open qu 
which we shall do well to speak with some reserve. 


n a more general sense, I for one should be quite will 

^ ^ xi A. 1 
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ether between the molecules. Therefore, since we can 
tbat one and the same medium is capable of transmi 
more actions by wholly different mechanisms, all forcet 
garded as connected more or less intimately with tho 
study in eloctromagnetism. 

For the present, however, the nature of this connexi 
unknown to us and we must continue to speak of m 
forces without in the least being able to account for 
We shall even be obliged to subject the negative electrc 
forces, about whose mode of action we are in the dark, 
example, the forces by which the electrons in a ponders 
are driven hack to their positions of equilibrium, and th 
come into play when an electron moving in a piece - 
its course changed by an impact against a metallic ator 

35 . The uniYcrsal unit of electricity of whicu we^ 
can he evaluated as soon as we have formed an esti 
mass of the chemical atoms. This has been done fi 
different ways, and we shall not be far from the truth 

1,5 gramm 

for the mass of an atom, of hydrogen. Combining t] 
electrochemical equivalent of this element, which in 

we find for the charge of an ion of hydrogen 

cy4:it 

1,5 • 

This number must also represent the charge of a nega 
Therefore, the value of ~ (for small velocities) being 

1,77 

we find* 

m 7 . 10“^® gramm. 


ELECTROMAGNETIC MASS OP A SYSTEM OF ELECTRONS. 

see that, compared with these lengths, the electron is 
►scopical Probably it is even much smaller than a single 
at, if this contains a certain number of negative electrons, 
be hkened to spheres placed at distances from each othe 
igh multiples of their diameters. 

i6. Before closing our discussion on the subject of e 
etic mass, I must call your attention to the question as to wl 
system composed of a certain number of electrons, the e 
etic mass is the sum of the electromagnetic masses c 
ite particles, or, aa I shall rather put it, whether, if the 6 
3 with a common velocity of translation, the electroma 
y, in so far as it depends on the motion, can be made up of 
belonging to one electron, so that for small velocities, 
presented by 

will, of course, be the case, if the electrons are so far apar 
fields may be said not to overlap. If, however, two ele 
brought into immediate contact, the total energy coul 
und by an addition, for the simple reason, that, be 
atic function of d and h, the energy due to the superpc 
0 fields is not equal to the sum of the energies which 
esent in each of the two, if it existed by itself. 

Ne have now to bethink ourselves of the extreme smalln 
[ectrons. It is clear that the larger part of the electroma^ 
Y belonging to a particle will be found in a very small p 
eld lying quite near it, within a distance from the centra 
loderate multiple of the radius. Therefore, it may very w 
, number of electrons are so widely dispersed that the efi 
of their fields lie completely outside each other. In st 
he system may be said to have an electromagnetic mass 
} sum of the masses of the individual electrons. 

^'et there are important cases in which we are not warran 
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the dielecti-ic displacements or the magnetic forces 
vidual electrons hare directions making rather smali 
other, all the fields F^, feeble though they are, m 
duce a resulting field of appreciable energy. We hi 
this in the electric field of a charged conductor, an 
field aroimd a wire carrying a current. The energy 
field may be shown to be, in very common cases, c 
than the sum of all the amounts of energy which 
at least in as much as these depend on the motion 
The possibility of this will bo readily understood, 
the extreme case that, at a })oint of the space S, all 
a magnetic force in exactly the same direction. Thej 
forces has the magnitude | h |, the resultant mugnt 
magnitude .N^|h|, so that the magnetic energy pe 
becomes This is proportional to the stjuare 

w'hich we shall suppose to be very large. On the 
sum of the quantities may be reckoned to be pr 
first power of N. 

This digression was necessary in order to point « 
between the electromagnetic mass of electrons and t 
self-induction. In these latter it is the magnetic ei 
overlapping of the feeble fields thiit makes itself 
with effects of induction we can very well BjMmk 
magnetic inertia of the current, or of the electromagi 
electrons moving in it, but we must keep in mind I 
very much larger than the sum of those we shoul 
the separate particles. This large value is brought i 
effects of the current) by the cooperation of an inu 
electrons of the same kind moving in the same dire 

37 . In our treatment of the electromagnetic r, 
we have started from the expression ((5(>) for the ft 
electron is subjected on account of its own field. I; 


RESISTANCE TO THE MOTION. 


In reality, the force (66) is only the first tern 
which, compared with the preceding one, each term 
of magnitude (Jo)- 

In some phenomena the next term of the series ] 
it is therefore necessary to indicate its value. By 
borious calculation it is found to be 



where the vector V is twice differentiated with resp< 
I may mention by the way that this formula holds 
bution of the electric charge 

In many cases the new force represented by (76^ 
a resistance to the motion. This is seen, if we calcu 
the force during an interval of time extending from 
The result is 

^/(y-v)*-5^|(y-v) 

Here the first term disappears if, in the case of a 
the integration is extended to a full period; also, if s 
and either the velocity or the acceleration is 0 
example of the latter case in those phenomena in w' 
strikes against a ponderable body and is thrown bac 
Whenever the above formula reduces to the last 
of the force is seen to be negative, so that the name 
then justly applied. This is also confirmed by tlie f 
takes for an electron having a simple harmonic motic 
being given by 

Y =* bcosw^, 

where n is a constant, we may write Y Y, and, 
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the action of some other cause) must diminish, and 
must increase. This means that there is a contmt 
the particle outwards, -such as cannot he said to ex 
city is constant and the electron simply carries its l 
For the purpose of getting a clear idea of tl 
well to consider the field at a very large distance 
We shall see that, if the distance is large enough, 
gets, so to say, disentangled from the field we ha' 
dered, wWch is carried along by the moving parti- 
In order to determine the field at a large di.st: 
ourselves of the following formulae for the scahi 
potential, which hold for all points whose distance 
is very large compared with its dimeiisioiisi 

« a ''1''! 

4^[r(l-V)i 4»c[r(l 

Here, the square brackets have a meaning similar 
gave them in the general equations (35) and {35). 
determine the potentials at a point P for the time 
seek the position M of the electron, which satif 
that, if it is reached at the time previous to t, 

The distance JfP is denoted by r, and [vj means ( 
position M, V,. its component in the direction MI 
The formulae have been deduced from (35) an 

1 — — in the denominators shows, however, that t 

quite so simple as might be expected at first sight 
arises from the circumstance that we must not i 
space occupied by the electron at the jHtriicular 
have denoted hy t^. On the contrary, according 

of 


RADIATION PROM AN ELECTRON. 


39 . Leaying aside tliese rather complicated a 
ceed to the determination of the field at very larg 
formulae (33) and (34) which we must use for thii 
us to differentiate cp and a. In doing so I shall c 
which the square and the higher powers of the disi 
the denominator. I shall therefore treat as a consta 
the denominators of (79), so that only has to he di 
expression for (p and, if we also neglect terms in w 
'of the velocity is multiplied by one of the accelera 
the second formula. Performing all operations and d 
the coordinates of P with respect to the point M ai 
the acceleration of the electron in the position Jf, 

d -= — j + ], etc. 

*** = 4»W T " f 1 ' 

The three formulae for d can be interpreted as foil' 
leration j is decomposed into in the direction of 
pendicular to it, the dielectric displacement in P is 
its magnitude is given by 

A.... I 

47rc*r 

In order to see the meaning of the equations for h, 
a vector k of unit length in the direction from M 

components of this vector being we hi 

The magnitude of h is therefore 
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The result may be applied to any point of 
described around the centre M with r as radius 
flow of energy across this sphere is given by 








The reason for my former assertion that, ai 
from the electron, the radiation field predominate 
sidered in § 26, lies in the. fact that, in the latt 

as and in the radiation field only as * 
r* ... 

We can sum up the preceding consideratioi 

electron does not emit energy so long as it has 
motion, hut that it does as soon as its vehx^ 
magnitude or in direction. 


40 . The theory of the production of It on 
posed hy Wiechert and Stokes, and worko<l out 
ajBfords a very interesting application of our 
these rays consist of a rapid and irregular sutu^cs^ 
magnetic impulses, each of which is due to ih 
which an electron of the cathode rays undergo 
against the anti-cathode. 1 cannot however dwi 
having too much to say about the emissiori of 
which we shall be often (mncerned. 

If an electron has a Hiniple harmonic mo 
continually changing, and, by what has been hi 
continous emission of energy. It will also he cle 
of the surrounding field, the state is periodical! 
time with the electron itself, so that wa Hhall 
homogeneous light. Before going into some fii 
first consider the total amount of energy emitted 

Let us choose the position of equilibrium m 


FIELD OF A YIBRATINO ELECTRO; 


If the amplitude a is very small, the sphere of wh; 
in the preceding paragraph may he considered as 
not in one of the positions of the electron, b 
and we may understand by j the acceleration of 

time t — r being the distance from 0. The 
of (82), the flow of energy across the sphere will 

Integrating this over a* full period T we get 


123rc* 




Now, if the amplitude is to remain constant, th< 
acted on by an external force equal and opposite to 
The work of this force is given by (78) with 
Since the amplitude of the velocity is equal to t 
the elongation, multiplied by n, the work of the 
exactly to the amount of energy (83) that is emit 


41. For the sake of further examining t 
loy an electron having a simple harmonic motion, 
to the formulae (79). Let us first only suppose 
of the electron is confined to a certain very sr 
point of which is chosen as origin of eoordina 
be the coordinates of the electron, x, y, z its veh 
the components of its acceleration. We shall consi( 
titles as infinitely small of the first order^ and 
oontaining the product of any two of them. Wes 
Vy ^ coordinates of the point P for ^ 
determine the field, and by its distance from 
if -M is the position of the electron of which we ! 
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because, as is easily seen, the change in the disfcanc 
due to a shifting of the first point towards M, is 
that would take place, if 0 remained where it was 
a displacement —x, — y, — z. The square brackc 

dicate the values at the time f — — ; they will h; 
all formulae that are now to be developed. 
Substituting the above value of , and 


M 

c 


1 


[Vj 


where may be considered as the component 
for the scalar potential 


A. 

dx 




a 

Ti 


d 

dz 


Having got thus far, we can omit the index o, so 
the distance from the origin 0 to a point with the 
As regards the last term, we can use the t^Tinsfori 


gw ^ g[y] ^ g[« 


dx 


dy 


j , m\ 

" i- , 


the last step in which will be clear, if we attei 

«tc. The symbol [xj represents the value of ; 

which we shall, for a moment, denote by f. This 
its turn on the distance r, which again is a funct 
nates x, y, g of the external point. Hence 

gw 

dx 


SW g*' gr 
"TT-W^ 


'[i] 


t X 


€ r 


Finally, the scalar notential becfiTYiM 


FIELD OF A POLAKIZED PARTICLE. 


yS. By a slight change in the circumstances of the case 
o away with the electrostatic field altogether. Let us su 
[ectron to perform its vibrations in the interior of an aton 
lule of matter, to which we shall now give the name of jp< 
vhich occupies the small space S. If the particle as a 
t charged, it must contain, besides our movable electr 
e — e, either in the form of one or more electrons, or < 

in any other manner. We shall suppose that this eomplem^ 
e — e remains at rest, and that, if the electron e did so lik 
leterminate position, which we shall take as origin of coordi 
would be no external field at all, at least not at a distance 
re in comparison with the dimensions of S. This being adn 
nmovable charge — e must produce a scalar potential eqm 
ite to the first term in (84), so that, if we consider th€ 

0 whole particle, this term will be cancelled. Our assun 
[its to this, that the charge — -e is equivalent to a single electre 

1 pomt 0 , so that, if the electron + e has the coordinates x 
i will be as if we had two equal and opposite charges 

distance from each other. We express this by saying ths 
le is electrically polarized, and we define its electric mome 
juation 

p-^r, 


r is the vector drawn from 0 towards tbe position o 
fie electron. The components of p are 

p^ - ex, Py « ey, p^ « ez, 

rom (84) and f85) we find the following expressions fo 
bials in the field surrounding the polarized particle 


y - 


4 , 71 : \ dx r ^ dy r 
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or its components by 

P. = p,, = Zej, p, - 2 ;c2 

It is eyen unnecessary that the charges should be 
separate electrons. We can as well suppose them to 
distributedj but of course capable of moving or fl 
way or another. Then the sums in the last formulae' 
by integrals. We shall have 

J QdS^O 

and for the components of the moment 

Px =./ pj, =f oydS, p, =y (> 

the integration being extended over the space S c 
particle. It must be noticed that on account of (9( 
vectors 91) and (94) are independent of the choice 

4 : 3 . The formulae (88) and (89) show that tl 
centre of radiation whenever the moment p is chang 
euiits regular vibrations if p is a periodic function o; 
We shall suppose for example that 

p, = 0, p^=0 

b, n and being constants. Then we have 

■¥ = 7°os(«(^-7)+J>), 
and the field is easily determined by means of (88) a 
I shall not write down the general formulae 1 
which hold for values of f that are very large com 
wave-length, and which are obtained by the omission 

the order —■ They are as follows: 



_ n*b t‘ — x‘ ( / r\ 


FUNDAMENTAL EQUATIONS FOR A MOVING 


I must add tliat our formulae for the field 
whose state of polarization is periodically chan 
those hy which Hertz represented the state of th 
vibrator.^) 

44 . We shall now pass on to certain eq 
be of. use to us when we come to speak of the 
Earth s translation on optical phenomena. They re] 
magnetic phenomena in a system of bodies having s 
translation, whose velocity we shall denote by W. 
from our original equations by a change of variab] 
very natural to refer the phenomena in a moving 
system of axes of coordinates that is at rest, but b 
to the system and shares its translation; these ne^ 
be represented by They are given by 

if --- yNyt, z 

It will also be found useful to fix our attention ^ 
of the charges relatively to the moving axes, so t 
mental equations we have to put 

V = w + u. 

Now it has been found that in those cases in whi( 
translation W is so small that its square W^, or rathe; 

may be neglected, the differential equations referre 
axes take almost the same form as the original for 
of f, we introduce a new independent variable t' , an 
time, the dielectric displacement and the magnetic j 
by certain other vectors which we shall call d' and 
The variable H is defined by the equation 
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which changes from one point to the other. This y 
fore properly called the heal time, in order to dis< 
the universal time t. 

As to the vectors d' and h', the difference betw. 
h is but smail, since the fraction is so. Even i 

with the translation of the Earth, the value of | W [ i 
one ten-thousandth part of the velocity of light. 

j w ^ 

Jfeglecting terms with the square of , as he 
said, one finds the following system of transformed e 

div h' = 0, 

rot h' = -i((i' + pu), 

rotd' = --h'. 

C 

The dot means a differentiation with respect 
symbols div and rot (and, in the next paragraph, grad) s 
differentiations with respect to x'^ y, z in exactly th( 
as they formerly indicated differentiations with respt 
Rot h', for example, now means a vector whose comp 

dy' dz ’ dz' dx ’ dy' 

You see that the formulae have nearly, but not quite, 

m (17) — (20), the difference consisting in the term — 
equation,^) 

4B. Starting from the new system of equations 
rep^t much of what has been said in connexion wil 
one. • For a given distribution and motion of the cha 


RADIATION FROM A MOVING PARTICLE, 


1 the local time cf this point has a definite value f, we 
ach element dS situated at a distance r from take the 
and pU such as they are at the instant at which the locJ 
e element is 

c 


^'inallj, we have the following formulae for the determi 
e field by means of the potentials^): 

d' = - J a' — grad (p' + ^grad (w • a'), 


h' = rot a'. 


again^ if we compare with (33) and (34), we notice a 
mce. In ("33) there is no term corresponding to the lai 

’Notwithstanding the two differences I have pointed out, 
large variety of cases, in which a state of things in a s 
;t has its exact analogue in the same system with a transi 
LI give two examples that are of interest, 
n the first place, the values of d' and h' produced by a p£ 
ig with the velocity W, and having a variable electric mo 
iven by formulae similar to those we formerly found fo 
ion from a particle without a translation, und which I the] 
not even write down. 

f the moment of a particle placed at the origin of coord] 
resented by 

p^ = 6 coa(«if' +1>), Py = 0, P, = 0, 
have to do is to replace, in (95), d, h, x, tj, z, t by d', h', x, y \ ; 
n order to show the meaning of this result, I shall consid( 
it a point situated on the positive axis of y'. It is determin( 




cos 




nn 


hftr nnirmnnAnfs bpinor 0 


cos(»(«'-^). 


^TTC'r 
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By Bubstitution of the value of the local time and 
for y, this becomes 

dx == a cob{«(i + v) (^- t) +i’)- 

Tims we see that, at a fixed point of space, i. e. for 
of the frequency of the vibrations is given by 



If the radiating particle has a positive velocity 
directed towards the point considered, this frequency 
that of the particle itself, which, as is shown by (10 
value n. This is the well known change of frequency ^ 
to Doppler^s principle, is caused by a motion of the 

46. Our second example relates to the reflexio 
light by a perfectly reflecting mirror, for instance b; 
sists of a perfectly conducting substance. We sh« 
incidence to be normal, and begin with the case of g 
no translation, so that we have to use the original 
the beam of light be represented by (7) and let the 
mirror coincide with the plane YOZ. Then, the 
which we shall distinguish by the suffix (r), is given 

« cos n(t + = a cos n^t - 

Indeed, these values satisfy the condition that, at th 
be no dielectric displacement along its surface. If 
we really find 

+ dy(r) = 0. 

The case of reflexion by a mirror moving with t 
in the direction of the axis of x, i. e. in the direction 
can he treated bv the same formnlae ■nmiriAoA 


REFLEXION BY A MOVING MIRROR. 

t the incident rays are given by 

d,-a(l + ^) eo8n(r-^), 

h, = a(l + cos n(t'— j), 

e reflected rays by 

= cosn(r+^). 

5e formulae we shall now express t' and oc' in terms of t 
ae value of the local time is 


X ^ X — W^.^. 

mulae are simplified if we put 


w • 

ing to neglect the square of we infer from this 


62 I. GENERAL PRINCIPLES. THEORY OF 


frequency is now n^l — smaller than 

I’rom the source. These changes might hav 
ground of Doppler’s principle. As to the 
in exactly the same ratio as the fre(iueiicy, 
tensity is diminished by a motion in one di 
a motion in the other direction. 

It is interesting to verify these results 1 
of the system. This may easily be iloue, 
not on the Huctuations of the electromagi 
mean value; so that, at every point of the 
are considered as constants. Let the rays < 
generating lines are parallel to OX and wl 
Let P be a plane perpendicular to OA at 
mirror and having a fixed position in the 
so that the mirror recedes, the space betv^ 
plane P increases by per unit of ti 

contained in that space increases by 

Again, if jt) is the pressure on the mirror 
field will be 

Consequently, if S is the current of cncrg'^ 
unit of area of the plane P, we must have 

SZ‘^{w,+ wJw^Z + j 

We can easily calculate the quantiti(‘H occ, 
In the incident beam there is a flow of ene 

towards the mirror, and in the reflected lig! 


MOTION or ELECTEICITY IN METALS 


Finally^ by what has been said in § 25, 

P tsa a*. 

The values (110), (111) and (112) really satisfy th< 

47 . I shall close this chapter by a short accot 
cation of the theory of electrons to the motion 
metallic bodies. In my iutrodnctory remarks, I hav 
to the researches of Riecke, Drnde and J.. J. T1 
wish especially to call your attention to the viewg 
put forward by the second of these physicists. 

In his theory, every metal is supposed to contai 
of free electrons, which are conceived to partake of 
of the ordinary atoms and molecules. Further, a wel 
of the kinetic theory of matter, according to which, 
peratnre, the mean kinetic energy is the same for i 
tides, leads to the assumption that the mean kinei 
electron is equal to that of a molecule of a gas tal 
temperature. Though the velocity required for this 
rable, yet the electrons are not free to move away 
to a large distance from , their original positions. Th 
from doing so by their impacts against the atoi 
itself. 

For the sake of simplicity we shall assume o 
free electrons, the opposite kind being supposed to 
ponderable matter. Now, if the metal is not subjec 
force, the particles are moving indiscriminately t< 
tliere is no transfer of electricity in a definite directic 
however as soon as an electric force is applied. The 
electrons towards one side arc increased, those towar 
diminished, so that an electric current is set up, 
which can be calculated bv theoretical consideratioi 
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force produces a certain velocity which we eai 
at the next collision. 

These considerations will suffice for tl 
formula 

e^Nl 

0 sms 

2fnu^ 

which Drude has established for the el(‘cirj 
metal, and in which we must imderstand by i 
the electrons in their irregular heat-inotioiK 
length of free path. NTow, as I said already, t 
of an electron, for which we may write 
equal to the mean kinetic energy of a gaseous 
is proportional to the absolute tem{>erature 7\ 
represented by 

where a is a universal constant. If we use thii 
the form 

^ e»,iY/a 
0 

4aT 

48 . In order to show you all the Iwaui 
I must also say a few words about the eoudu 
can he calculated in a manner much roseinblin 
determined in the kinetic theory of ^asos. li 
whose ends are maintained at different tempon 
to a colum of a gas, placed, for example, in a 
having a higher temperature at its top than at 
by which the gas conducts heat consists, as yc 
diffusion between the upper part of the colui 
larger, and the lower one in which there are 
cities; the amount of this diffusion, and the in 

I..,.,! XTL^J. Tri iv •. 


CONDUCTIVITY FOR HEAT AND FOR IBLECTRICITY. 

48 . It is higlily interesting to compare the two conduei 
for heat and that for electricity. Dividing (115) by 

;et 



b shows that the ratio must be equal for all metals. As a 
oximation this is actually the case. 

We see therefore that Drude has been able to account f 
rtant fact that^ as a general rule, the metals which prese 
conduetiTity for . heat are also the best conductors oi 
f- 

Groing somewhat deeper into details^ I can point out to yo 
rtant verifications of the equation (116). 

[n the first place, measurements by Jaeger and Di’<( 

t^) have shown that the ratio between the two conduct 

3 approximately as the absolute temperature, the ratio be 

alues of for 100® and 18® ranging, for the different r 

den 1,25 and 1,12, whereas the ratio between the ab 
eratures is 1,28. 

[n the second place, the right-hand nieniber of (116) c 
lated hy means of data taken from other phenomena.^) In 
e this, we shall consider an amount of hydrogen, equal 
■ochemical equivalent of this substance, and we shall sn 
quantity to occupy, at the temperature T, a volume of one 
netre. It will then exeit a- pressure that can easily be calci 
vhich I shall denote by p. 

We have already seen that the charge e which occurs i 
fia (116), may he reckoned to be equal to the charge 
of hydrogen in an electrolytic solution. Therefore, the m 

oms in one electrochemical equivalent of hydrogen is T1 
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pressure per unit area is numerically equal i 

so that _ 

aT 

JP = Ti- 

The equation (116) therefore takes the form 



This relation between the conductivities 
quantities derived from phenomena which, at f 
nexion at all, neither with the conduction of 
electricity, has been verified in a very satisfaci 
The electrochemical equivalent of hydroge 

0,000104 

cTi7i« 

in our units, and the mass of a cubic centiii 
and under a pressure of 76 cm of mercury be 
one finds for the temperature of 18® (T “ 27; 

12,6x10“ 

On the other hand, expressing tf in the ordinar 
Jaeger and Diesselhorst have found for sil 

- 686 X 10«. 

In our units this becomes 


h 688x10* 
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cities, and assuming Maxwell's law for the die 
among the particles, I find, instead of (114) and ( 


and 


a 


-i/j eHNu 

V ¥« ^ af ■ ’ 


k - 


In these equation^ u is a Telocity of such a magnifr 
is equal to the mean square of the Telocities w] 
have in their heat-motioBy and I represents a certa 
free path. 

The ratio of the two conductmtiea now becoi 



it is stiU proportional to the absolute temperatui 
two thirds of the vidue given by Drude. On a< 
nmst replace (117) by the equation 



whose right hand side, in the example chosen in § 

trN8:xlO«^ 
c I Jk 

Thii i« rather diiiereitt from (IlH), 

If we prefer the formulae (119) and (120) to 
as 1 think we are entitled t<» do, the agreement fo 
ding paragraph must be couHidered as produced by 
cidince. Nev«rtheleH*s, even the agreement we hav^ 
tainly wiirimiiis tlie roncluiiion that, in Drude » t 


CHAPTER II. 

EMISSION AND ABSORPTION i 

ftl. The subject of this and my next lec 
tion and absorption of heat, especially the radi 
a perfectly black body, considered with regard 
these phenomena depend on the temperature 
I shall first recall to your minds the important 
Kirchhoff, Boltzmann and Wien have foi 
of thermodynamic principles. After that, we 
how far the theory of electrons can give us a 
of the phenomena. 

We must begin by clearly defining what i 
ing power and the emissivity of a body. Le 
finitely small planes perpendicular to the line 
and let Af be a body of the temperature 7', 
receive a beam of rays going through i»' and 
this beam to consist of homogeneous rays w 
and to be plane-polarized, the electrical vibra 
direction h, perpendicular to the line r. Par 
will be reflected at the front surface of the b< 
penetrate into its interior, and of these somi 
body, either directly or after one or more int* 
ever this may be, the body M, if it be not 
will retain a certain amount of energy, an air 
into heat, because we shall exclude from oiu c 
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ponent along tlie line h of wliicli I have just spoker 
component perpendicular hoth to it and to the directi 
itself. It can easily be shown that the amount of 
by the body per unit of time through the two elem< 
so far as it belongs to rays of the wave-lengths 1 
specified, and to vibrations of the direction hy is 
(Oy to', dXy and inversely proportional to the square of ^ 
fore be represented by 

E(o<x>'dl 

__ 

The coefficient E is called the emissivity of the bo 
quantity depending on the nature of M, its position 
the line r, the wave-length X, the temperature T and 
which we have chosen for the vibrations. 

Starting from the thermodynamic principle that 
bodies having all the same temperature, the equilibri 
turbed by their mutual radiation, and using a trai 
which I shaU not repeat, Kirchhoff^) finds that the 

E 

A ^ 

between the emissivity and the absorbing power is in( 
of the direction we have chosen for A, and of the p( 
peculiar properties of the body M, It will not be 
change the position of M, or replace it by an alto 
body of the same temperature. The ratio between the 
the coefficient of absorption is a function of the temf 
wave^lengiih alone. 

52 . I shall now point out to you two other mea: 
he attached to this function. In the first place, followi 
of Kirchhoff, we can conceive a ^perfectly hlacl: body, 
flimulv sav- a MaAk bodv. ft. onft tbat bafl tbft. 
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The equation (122) expresses one of the 

to which I have alluded. The other will hecoi 
our attention on the state existing in the etliar 
of radiating bodies. 

We shall consider a space void of all p< 
surrounded on all sides by a perfectly blac^k eii 
at a fixed temperature T. The ether within tl 
in all directions by rays of heat Let ct) he a 
situated at any point F of the space ^ and hav 
like. We shall consider tine quantity of energ 
ment is traversed par unit of time in the direc 
or rather in directions lying within an infinitel; 
solid angle we shall denote by and whost^ 
the normal % always confining ouraelves to wi 
and X + dX^ and to a particular direction h of th 
By this I mean that all vibmtiona of the rayi 
decomposed along lines h and k that are per} 
each other as to the axis of the cone, and tiui 
sider the components having the first named tii 
Let P' be a point on the normal n, at n 
point P, and let us place at F an element cd’ 
to Tf and whose magnitude is given by 

ft)' f*!. 

It is clear that, instead of speaking of the rajf 
within the cone £, we may as well speak of Ihoi 
through the elements m and m* 

The quantity we wish to determine is i 
energy through the two small jdanes, isstiiii 
the enclosing wall behind m. In virtue of the 
given by 


ENERGY OF RADIATION PER UNIT OF VOI 


truly isotropic one, i. e. the propagation takes plac< 
same manner in all directions, and electrical vibratior 
directions occur with the same intensity. 

We shall now calculate the amount of energy i 
field per unit of volume. In the case of a beam of ] 
direction the quantity of energy that is carried p 
through a plane o perpendicular to the rays, is equ£ 
existing at one and the same moment in a cylinder ^ 
lines are parallel to the rays, and which has o foi 
height equal to the velocity of light c; it is cco ti 
existing per unit of volume. Hence, the energy per 
belonging to the rays to which the expression (124) 
if we divide that expression by co?; its value is 


We must now keep in mind that we have all along 
the rays whose direction lies within the cone a, and 
ponents of their vibrations which have the direction 
to include all rays, whatever be their direction an< 
vibrations, we must make two changes. In the first 
multiply by 2, because the vibrations of the direc 
same intensity as those we have till now considered, 
cond place we must replace a by 4jr, because equ 
energy belong to rays whose directions lie within di 
equal solid angles. The final result for the amount o: 
in unit volume of our radiation field, the „density“ 
so far as it is due to rays whose wave-lengths ] 
limits X and X + dX, is 

~E,dl. 

C ^ 

We shall write for this ene:^ 

F/'I 7’^W3 
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state it is not at all necessary that the walls of the 
be perfectly black. We may just as well stippose t 
feetly reflecting on the inside, and that the rnji ai 
body placed somewhere between them, Nor need tl 
feetly black. Whatever be its nature, if it is irmiiii 
perature T we have chosen once for all, it cau alwi 
brium with a state of radiation in which each eU 
contains the energy we have been considering, W 
not only will it be in equilibrium with this state, 
actually produce it, provided only the body haft 
power, however small it may be, for all wav04en| 
the radiation of a black body of the same tempemti 
dition is fulfilled, the radiation in the ether will bt 
the nature of the matter in which it orighmtm; it w 
by the temperature alone. 

64. Kirchhoff has already laid ntreHS tm tin? i 
function F(X, T), which must be imlepeiuleni tif f 
perties of any body, and indeed the problem of 
function is of paramount int^^rast in modern the 
Boltzmann^) and Wien^) have gone as far towarcli 
can be done by thermodynamic principlei, combiii 
results of electromagnetic theory, if one leaves aside 
concerning the constitution of the radiating and abac 

Boltzmann^s law shows us in what way t 
existing per unit of volume in the radiation fiahl we 
I mean the energy for the rays of all wavedengihfi 
depends on the temperature. It is proportional to tl 
of the absolute temperature, a result that hud already 
as an empirical rule by Stefan. 

In his demonstration, Boitzmann introducts tli 
is a radiation pressure of the amount which we ha 


BOLTZMANN^S LAW 


'he system we have obtained in this manner is similar in n 
ts to a gas contained in a vessel of variable capacity. . 
a,t of a certain energy, and like a gas it exerts a pressure 
)unding walls; only, we have now to do, not with the collis 
ving molecules, but with the pressure of radiation. If the \ 
outwards, the system does a certain amount of work on tl 
, a supply of heat is required, if we wish to maintain a 
temperature, and the temperature is lowered by the expanj 
process is adiabatic. You will easily see that the system 
-de to undergo a cycle of operations, two of which are isot 
id two adiabatic changes, and to which we may apply the 
^ law of Carnot. 

istead of imagining a cycle of this kind, I shall use a s; 
i.tion that will lead us to the same result. In all casei 
the state of a system is determined by the temperature T 
lume Vj and in which the only force exerted by the systei 
aal pressure p uniformly distributed over the surface, ther 
>le thermodynamic relation by which we can learn sometl 
the internal energy £. If we choose v and T as indepen^ 
les, the equation has the form 




dv 


dT 


C- 


lay be applied to our envelop fiUed with rays, as well aj 
in a certain sense the case of the radiation is even the n 
of the two. The reason for this is, that the density of 
depends solely on the temperature, so that, in an isothei 
ion, the new part that is added to the volume is immedia 
?vith an amount of Energy proportional to its extent. 

contained in the space that was already occupied by the rc 
^mains unchanged, and the same may be said of the em 
ted within the body M, In prder to see this, we must 1 

^ lx*, — r J :*x o oi ^ 
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and 


df jr 

df " ' 


because, if the Tolume is increased by dv, tl 
Kdv. Substituting in the- formula we 


5 ' d T 


5 A' , 


4K:^ 


„,d K 
‘ li T ' 


rfA' 

K 



t 


from which we deduce by integration 

a :'« (f7\ 

where C is a constant. The total energy per 
in Tirtue of (125), we may also say» tlia toiii 
body must be proportional to the fourili pern 


55 - Passing on now to Wien’s law, 1 h 
in which it may be put if we avail oiirselves 
Wien has not succeeded in determirhng ihr 
which indeed cannot be done by tht^rinod 
electromagnetic principles alone; he has how< 
soon as the form of the function is known f 
may be found from this for any other tempo: 

This may he expressed as follows. If I 
rent temperatures, X and X' two wave-lengthi, 

we shall have 

I\X, T ) : Fil\ r) ^ 

If we put this in the form 


-m. 


WIBN^S LAW. 


The relation between the forms of the fund 
different temperatures comes out very beautifully. . 
temperature jT, we plot the values of F(Z^ T), takii 
and F as ordinates, we shall obtain a certain curve 
said to represent the distribution of energy in th 
black body of the temperature T From this we ca 
spending cu^rye for the temperature T' by changing 
the ratio ofX, to T, and all ordinates in the ra 

The form^ the curve has been determined t 
accuracy by the measurements of Lummer and Pri] 
accompanying figure will give an idea 
of it. It shows that, as could have 
been expected, the intensity is small 
for very short and very long waves, 
reaching a maximum for a definite 
wave-length which is represented by 
OAy and which I shall call Now, 
if the curve undergoes the change of 
shape of which I have just spoken, 
this maximum will be shifted towards 
the right if T' is lower than T, and 
towards the left in the opposite case, the value of 
inversely proportional to the temperature. It is for 
Wien’s law is often called the displacement- law (Vers 

The diagram may also be used for showing thj 
law is included in the formulae (127) and (128). 
is given by the total area included between the cui 
of abscissae, and tbis area changes in the ratio of 
the abscissae and ordinates are changed as has been 

Se. It would take too much of our time, if I 
a complete account of the theoretical deductions by wl 

Lin 1 a.w -Tnfl+; n.a in Tl 1 1: t tyi o t» n ’a 
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state of radiation for the temperature T. It 
a definite amount K of energy per unit of i 
to T^, and which may therefore be used, inst^ 
defining the state of the ether. If we speak 
radiation with the energy -density if, we shall 
we mean. 

In this natural state the total energy is (^i^ 
manner over the various wave-lengths, a distribiit 
by the function F{X, T). Now, we can of c 
states having the same density of energy K, l»ii 
natural one by the way in which the energy is 
wave-lengths; it might be, for example, that tlu 
waves were somewhat smaller, and that of the 
greater than it is in the natural state. 

Wien takes the case of a closed envehtp p 
the inside, and containing only ether. He suppi 
the seat of a natural state of radiation A with t 
this may have been produe.ed by a body of the 
has been temporarily lodged in the enclosure, ar 
by some artifice. Of course, this operation wc 
human experimental skill and especially great 
suppose it to be succesfully performed. If then 
to itself, the radiations that are imprisoned wil 
to exist for ever, the rays being over and over s 
walls, without any change in their wave-lengths 

At this point, Wien introduces an imag: 
which the state of things can be altered. It < 
the walls a slow motion by which the interior 
diminished. We have already seen {§ 46) that 
normally by a beam of rays is made to recede, thi 
influence on the reflected rays; their frequency 
the wave-length becomes larger, and their arnj 

mL^ m A av . „ 1 *1 t 


WIEN’S LAW 


Of course, K' can have different values, because 
which the new state is produced may be a large 
Since, however, the changes in the aiqplitudes and t] 
lengths are closely connected, it is clear that the di 
energy over the wave-lengths must be quite determi 
K\ so that it was possible for Wien to calculate it. 
be expressed as follows.^) If 

(p{X)dX 

is the part of the original energy per unit of volum 
the rays with wave-lengths between X and X + dXj tl 
ergy corresponding to the same interval in the new sta 

57. I hope I have given you a sufficiently cl 
part of Wien^s demonstration. As to the second p 
dynamic one, its object is to show that the new st 
there is a density of energy cannot be different 
state of radiation having the same K', that it must 
be a natural state. If it were not, we could place 
taining the state B against a second vessel containin 
A! with the same value the two states being a 
by the walls of the two vessels. Then we could na 
in these walls, and close it immediately by means of i 
of some transparent substance. Such a plat^ will t 
the rays by which it is struck, and, on account of 
phenomena of interference, the coefficient of transmis 
the same for different kinds of rays. Let us suppose 
what greater for the long waves than for the shorb 
also assume that the state B contains more of the ] 
the state A\ and less of the short waves. Then, it is 
in the first instants after communication has been esti 
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for the temperatures to which they correspond, 

K:K’^r-.r^ 

Therefore, (131) becomes 

by which we are led to Wien’s law in the form in which I have 
stated it. 

58 . Thcmgli Boltzmann and Wien have gone far towards 
determining the function F(^^y T), the precise form of the curve in 
Fig. 2 remains to be found, and since the nit*iins of thermodynamics 
are exhausted, we can only hope to attain this object, if we succeed 
in forming some adequate mental jheture of the prcx’-esse.s whicli mani- 
fest themselves in the phenomena of radijitiun and absorption. 

The importance of the problem will be uiulerstood, if one takes 
into account that the curve in Fig. 2 requires for its determination 
at least two constants. Calling the abscissa OA for which the 
ordinate is a maximum, we have by Wien’s law 

I 

and if, as before, the total area included between the tmrve and the 
axis of abscissae is denoted by jK*, wo shall have 

K^vr^ 

Of the two constants a and 6, the first detennines, for a given tern- 
perature 1\ the position of the point A, and the second relates to 
the values of the ordinates, because the larger these are^ the greater 
veil! be tlie area jKT. Now, if the state of radiation is produced by a 
ponderable body, the values of the two constants must be determined 
by something in the constitution of this body, and these vuhiOH c.iin 
only have the universal meaning of which wa have spol^ien, if all 
ponderable bodies have something in common. If we wish comple- 
tely to account for the form and dimensions of the curve, we shall 
have to discover these common features in the constitution of all 
ponderable matter. 

59 . I shall speak of three theories by which the problem bus 
been at least partially solved, beginning with the one that goes farthest 
of all. This has been developed by Planck^), and leads to a definite 
formula for the function f(XT) in (129), viz. to 

1) U. Planck, tlber irreversible Strahlungsvorgange, Atm. Phyjs». 1 (1^00), 
p. 69; t^ber das Gesetz der Energieverteiluugf im Normalspektrum, Ann. Phys. 4 
(1901), p. 663; Uber die Elementarqnanta cler Materi© unci der ElektrizitUt, 
ibid,, p 5GA; see also bis book: Vorlesungen Uber die Theorie cler Wkrme- 
strahlung, Leipzig, 1000. 
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= ( 132 ) 

kXT 

e — 1 

in which £ is the basis of natural logarithms, whereas h and Jc are 
two universal physical constants. 

Planck’s theoiy is based on the assumption that every ponde- 
rable body contains an immense number of electromagnetic vibrators, 
or „resonators^^ as he calls them, each of which has its own period. 
If a body is enclosed within the perfectly refiecting walls we have 
so often mentioned, there wiU be a state of equilibrium, on the one 
hand between the resonators and the radiation in the ether, and on 
the other hand between the resonators and the ordinary heat motion 
of the molecules and atoms constituting the ponderable matter. The 
first of these equilibria can be examined by means of the electro- 
magnetic equations, and, in order to understand the second, one 
could try to trace the interchange of energy between the resonators 
and the ordinary particles. Planck, however, has not followed this 
course, which would lead us into very serious difficulties, but has 
found his formula by reasonings of a different kind. 

In one of his papers he deduces it by examining what partition 
of the energy between the two sets of particles, the molecules and 
the resonators, is to be considered as the most probable one. Of 
course this is an expression, the precise meaning of which has to be 
fixed before we can make it the basis of the theory. I must abstain 
from explaining the sense in which it is understood by Planck. 
There is one point, however, in his theory to which I must refer for 
a moment. He is obliged to assume that the resonators can gain 
or lose energy, not quite gradually by infinitely small amounts, but 
only by certain portions of a definite finite magnitude. These por- 
tions are taken to be different for resonators of different frequencies. 
The portions of energy which we have to imagine when we speak 
of a resonator of the frequency n, have an amount that is given 
by the expression 

hn 

It is in this way that the constant h is introduced into the equations. 

As to the constant Z:, it has a very simple physical meaning. 
According to the kinetic theory of gases, the mean kinetic energy of 
the progressive motion of a molecule is equal for all gases, when 
compared at the same temperature. This mean energy is proportional 
to T, and if we represent it by the quantity k will be the 

constant appearing in the formula (132). 

Planck’s law shows a most remarkable agreement with the 
experimental results of Lummer and Pringsheim, and it is of 
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high value because it enables us to deduce I’roin measurements on 
radiation the mean kinetic energy of a molecule, which, in its turn, 
leads us to the masses of the atoms in absolute measure. As the 
numbers obtained in this way‘) are of the same order of magnitude, 
as those that have been found by other means, there is undoubtedly 
much truth in the theory. Aot, we (iaunot say that the mechanism 
of the phenomena has been uuvoiled by it, and it must bo admitted 
that it is diffi(mlt to see a reason for this partition of energy by 
finite portions, which ai-e not even ociual to each other, but vary 
from one resonator to the other.*) 

60. I shall dwell somewhat longer on the second theory*), ))o- 
cause it is an application of the theory of electrons, and therefore 
properly belongs to my subject. In a certain souse, it may, I think, he 
considered as rather satisfactory, but it has the grrat defel^t of being 
confined to long waves. 1 may be permitted perluips, by way of iu 
troduotion, to tell you by wliat consideiations 1 have been led to 
this theory. It is well known that, in general, the optical properties 
of ponderable bodies cannot be deduced quimtitatirely with any 
degree of accuracy from the electrical properties. For example, though 
Maxwell’s theoretical inference, published long ago in his treatise, 
that good conductors for electricity must be but little transparent 
for light, is corroborated by the fact that metals are very opacpie, 
yet, if we compare the optical constants of a metal, one of which is 
its coefficient of absorption, with the fonuulae of the electromagnetic 
theory of light, taking for the conductivity the ordinary value that 
is found by moasuroinoiits on electric currents, there is a very wide 
disagreement. This shows, and so does the discrepancy between the 
refractive indices of dielectrics and the square root of their dielectric 
constants, that, in the case of the very rapid vibrations of light, cir- 
cumstances come into play with which we are not concerned in our 
experiments on steady or slowly alternating electric currents. 

If this idea be right, we may hope to find a better agreement, 
if we examine the „optical“ properties as we may continue to call 
them, not for rays of light, but for infra-red rays of the largest 
wave-lengths that are known to exist. 

Now, in the case of the metals, this expectation has been verifiotl 
in a splendid way by the measurements of the absorption that were 

1) Note 81. 

2) Since this was written Planck’s theory of ..quanta" has been largely 
developed. It now oconpies a prominent place in several parts of theoretical 
poyaxcB. [1915.] 

8) Loreutss, On the emiBsion and absorption by metals of rays of heat 
01 great wave-lengths, Amsterdam Proc., 190«— 03, p. 666, 
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made some years ago by Hagen and Rubens.^) These physicists have 
shoAvn that rays whose wave-length is between 8 and 25 microns, are 
absorbed to a degree that may be calculated with considerable accuracy 
from the known conductivity.^) We can conclude from this that, in 
order to obtain a theory of absorption in the case of these long waves, 
we only have to understand the nature of a common current of con- 
duction. Moreover, if in this line of thought, we can form for ourselves 
a picture of the absorption, it must also he possiblo to get an insight 
into the way in which rays are emitted by a metal. Indeed, the uni- 
versal validity of Kirchhoff’s law clearly proves that the causes which 
produce the absorption by a body, and those which call forth its radia- 
tion, must be very closely related. Therefore, as soon as we have an 
adequate idea about a common current of conduction, we may hope to 
be able to explain the absorption and the emissivity of a metal, and to 
calculate the ratio between the two, i. e. our universal function F(Xj T\ 
However, we can only hope to succeed in this, if we confine ourselves 
to long waves. 

Now, as we have already seen, a very satisfactory conception of the 
nature of a current of conduction has been worked out by Crude. We 
must therefore try to obtain a theory of the radiation and emission of 
metals that is based on his general principles, and in which we simply 
assume that the metal contains a large number of free electrons, moving 
with such speeds that their mean kinetic energy is equal to aT, 

61 . In doing so, we shall simplify as much as possible the circum- 
stances of the case. We shall consider a metal plate, whose thickness z/ 
is so small that the absorption may be considered as proportional to it, 
and that, in examining the emission, we need nojb consider the absorp- 
tion which the rays emitted by the back half of the plate undergo, while 
traversing the layers lying in front of it. We shall also confine ourselves 
to rays whose direction is perpendicular to the plate or makes an infini- 
tely small angle with the normal. These assumptions will greatly faci- 
litate our calculations without detracting from the generality of the 
final result. If we trust to Kir chh off’s law, the value which we shall 
find for the ratio between the emis^vity and the coefficient of absorption 
may be expected to hold for all bodies and for all directions of the rays. 

The calculation of the absorption is very easy. By the ordinary 
formulae of the electromagnetic field we find for the coefficient of 
absorption^) 



1) E. Hagen u. H. Rubens, Ober Beziehungen des Reflexions- und 
Emissions vermdgens der Metalle zu ihrem elektrischen LeitvermOgen, Ann. Phys. 
11 1903), p. 873. 

2) Note 8?^ 3) Note 38 

Jj orentz, Theory of electrons. Ed, 
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and here we hare only to substitute the value of <s, given by D rude’s 
theory. Using the formula (119), we find 



•HNu 

cf 




63 . The question now arises, in what manner a piece of metal 
in which free electrons are moving in all directions can bo the source 
of a radiation. The answer is contained in what we have aeon in a 
former lecture. We know that an electron can be the centre of an 
emission of energy only when its velocity changes. The clause of 
the emission must therefore be looked for in the impacts against the 
metallic atoms, by which the electron is made to rebound in a new 
direction, so that the radiation of heat, in the case we are now cnn- 
sidering, very much resembles the production of Kontgen rays, as 
it is explained in Wieohert's and J. J. Thomson’s theory. 

The mathematical operations required for the determination of 
the effects of the impacts are rather complicated, the more so becAUse 
we must decompose the total radiation into the parts corresponding 
to different wave-lengths. J shall therefore give only a general outline 
of the calculations. 

I must mention in advance that the decomposition of which 
I have spoken just now will be performed by means of Fourier’s 
theorem, and that the duration of an impact will he taken to he ex 
tremely small in comparison with the time of vibration of the rays 
considered. We shall even make the same assumption with regard 
to the time between two successive impacts of an electron. This is 
justified by the experiments of Hagen and Eubeas. It is easily 
seen that the conductivity of a metal can be given by the formula 
(119), only if the electric force acts on the body either continually 
or at least for a time during which a large number of encounters of 
an electron take place. Therefore, the result found by Hagen and 
Rubens, viz. that the absorption corresponds to the coefficient of 
conductivity, proves that the time during which the electric force 
acts in one and the same direction, i. e. half a period, oontsdns very 
many times the interval between two successive encounters. 

63 . In § 6l we have considered the radiation from the body M 
through two infinitely small planes ra and a We shall now suppose 
the first of these to be situated in the front surface of the thin 
metallic plate, and we shall fix our attention on the radiation issuing 
from the corresponding part cad of the plate, and directed towards 
the element a, parallel to ra, and situated at a point P of the line 
drawn normally to the plate from the centre 0 of the element m. 
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We shall begin by taking into account only the component of the 
electric vibrations in a certain direction h perpendictilar to OP. 

Let ns choose the point 0 as origin of coordinates^ drawing the 
axis of z along OF, that of x in the direction h, and denoting the 
distance OP by r. According to what has been found in § 39, 
a single electron, moving with the velocity V in the part of the plate 
considered, will produce at P a dielectric displacement whose first 
component is given by 

_ e 

43tc*r dt ’ 

if we take the value of the difierential coefficient for the proper 
instant. 

On account of our assumption as to the thickness of the plate, 
this instant may be represented for all the electrons in the portion 

by ^ ^ ^ time for which we wish to determine the state 

of things at the point P. We may therefore write for the first 
component of the dielectric displacement at P 

( 184 ) 

c 

The flow of energy through <o per unit of time will be 

cd*©'. 

Since the motion of the electrons between the metallic atoms is 
highly irregular, we shall have, at rapidly succeeding instants, a large 
number of impacts in which the changes of the velocity are widely 
different. The state at P, which is due to all these impacts, will 
show the same irregularity. Nevertheless, we must try to deduce 
from the formulae relating to it, results concerning those quantities 
that can make themselves felt in actual experiments. 

Results of this kind are obtained by considering the mean values 
of the variable quantities calculated for a sufficiently long lapse of 
time. We shall suppose this time to extend from ^ = 0 to ^ 

If the mean value of is denoted by d|, we shall have for the flow 
of energy through m' that is accessible to our means of observation 

- (136) 

0 

64 . The introduction of this long time d' is also very useful 
for the application of Fourier^s theorem. Whatever be the way in 
which djj changes from one instant to the next, we can always expand 
it in a series by the formula 
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. -sn . s%t 
sm-^, 


(136) 


where s is a 
mined hy 


% 

positive whole number, each coefficient a, being deter- 


*2 C * 


(137) 


It appears from (136) that the frequency of one of the terms is 


n 


Hit 

T ^ 


BO that the corresponding wave-length is given by 

^ ““ 


(138) 


The interval # being very large, the values of X belonging to small 
values of s will be so too; we shall not, however, have to speak of 
these very long waves, because they may lie expected to represent 
no appreciable part of the total radiation. The rays with which we 
are concerned, will have wave-lengths below a certain upper limit X^-, 
therefore, provided the time ■8' (which we are free to choose as long 
as we like) be long enough, they will correspond to very high values 
of the number s. Now, if 1, and are two successive wave- 
lengths, we shall have 

•— A , .n 1 _ - 

A, 

which is a very small number. The wave-lengths corresponding to 
the successive tei-ms in our series are thus seen to diuiinish by ex- 
ceedingly small steps. This means that, if we were to decompose 
the radiation represented by (136) into a spectrum, we should find a 
very large number of Hues lying closely together. Their mutual 
distances may be indefinitely diminished by increasing the length of 
the time -8 and the values of s corresponding to the part of the 
spectrum we wish to consider. This is the way in which wo (!au 
deduce from our formulae the existence of a contimuius spiudrum 
and the laws relating to it. 

Let X and X-\- dX be two wave-lengths, which, from a physical 
point of view, may be said to lie infinitely near each other. If It 
is duly lengthened, the part of the spectrum corresponding to rfA 
contains a large number of spectral lines, for which we find 
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This is clear, if, after having written (138) in the form 




X > 


we observe that the number of lines is the same as t}ie number of 
integers lying between the limits 


2c& 


for which we may take the difference 


T ^ 



) 


because, in virtue of our supposition, this difference is much larger 
than 1, 

We have now to substitute the value (136) in the equation (135). 
It is easily seen that the product of two terms of the series for 
will give 0, if integrated with respect to time between the limits 0 
and ff. Moreover 

0 

and (135) becomes 

<=gQO 

c6l(o'=‘^C(sa''^al (139) 

This is the total flow of energy through w'. In order to find the 
part of it, corresponding to wave-lengths between X and X dX^ we 

T_ 2 0 ^0* 

have only to observe that the spectral lines lying within that 

interval, may be considered to have equal intensities.^) 

In other terms, the value of a, may be regarded as equal for 
each of them, so that they contribute to the sum in (139) an amount 


2c# 


a^^dX 


Consequently, the part of the flow of energy, belonging to the inter- 
val of wave-lengths dX^ is given by 




aldX, 


(140) 


and our problem will be solved, if we succeed in calculating af. 


68 . The following mathematical developments are somewhat 
more rigorous than those which I gave in my paper on the subject. 


1) Note 84. 
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In fact, I sliall now introduce Maxwells law for the distribution 
of the Telocities among the electrons, and take into account that th.e 
free paths are not all of the same length. At the same time I shall 
introduce a simplification for which I am indebted to Langevin^)^ and 
by which it will be possible to give in a small space the essential 
part of the calculation. 

By (134) and (137) we see that 

0 

where the square brackets serve to indicate the value of at the 
time 

c 

The meaning of this equation is, that we must first, for one 
definite electron, calculate the integral, taking into account all the 
values of the acceleration occurring during the interval of time 

between and ^ — y- This having been done, we have to take 

the sum of the values that are found in this way for all the free 
electrons contained in the part oi the plate. 

Int^rating by parts we find, because sin vanishes at the 
limits, 

& 

= 2^*7 2 { /w ^ 1 > (^42) 

0 

for which, understanding by Y, the value at the time we may also 
write 

r 


By this artifice of partial integration, the problem is reduced to a 
much simpler oue. If we had directly to calculate the integral 
in (141), we should have to attend to the intervals of time during 
which an electron is subjected to the force which makes it rebound 
from an atom against which it strikes 5 indeed, it is only during these 
intervals that there is an acceleration. On the other hand, the inte- 
gral in (142) is made up of parts, due, not only to the times of 


1) See his translation of my paper in H. Abraham et P. Lange vin, Lea 
quantit^s ^l^meutaires d’^lectricite, ions, Electrons, corpuscules, Paris (1906), 1 , 
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impact, but also to all intervening intervals. If we suppose the du- 
ration of an encounter to be very much smaller than the lapse of 
time between two successive collisions of an electron, we may even 
confine ourselves to the part that corresponds to the free paths be- 
tween these collisions. 

While an electron travels over one of these free paths, its velo- 
city is constant. We may also neglect the change in the factor 


cos-^^^+y); because the time between two encounters is supposed 

to be very much smaller than the time of vibration corresponding 
to 5 . The part of a, which corresponds to one electron, and to 
the time during which it describes one of its free paths, is therefore 
given by 


se 


r cos 

X 



if we understand by t the time during which the path is travelled 
over. In the last factor we may take for t the value corresponding 
to the middle of the time r. 

We shall now fix our attention on all the paths described by 
all the electrons during the time If we use the symbol S for 
denoting a sum relating to all these free paths, we shall have 


66. We have to determine the square of the sum S. This may 
be done rather easily, because the products of two terms 


cos 



whether they correspond to two different free paths of one and the 
same electron, or to two paths described by different electrons will 
give 0, if aU taken together. Indeed, the velocities of two electrons 
are wholly independent of each other, and the same may be said of 
the velocities of one definite electron at two instants between which it 
has undergone one or more impacts.^) Therefore, positive and negative 
values of being distributed quite indiscriminately between the terms 
of (143), positive and negative signs will be equally probable for the 
products of two terms. 

It is seen in this way that we have only to calculate the sum 
of the squares of the several terms, so that we find 


ai 




1) Note 86. 
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Jyow sinc6 the irregulsx motion of tli6 cloctions takos placo with, tho 
same intensity in all directions;^ we may replace Va; by -J-V . Therefore^ 
writing I for the length r j V j of the free path, we find 




^ 12 0*^0 V* 




In the immense number of terms included in the sum, the leugth I 
is very different, and in order to effect the summation we may 
begin by considering only those terms for which it has a certain 
particular value. In these terms, which are still very numerous, the 

angle (t + — ) has values that are distributed at random over an 

interval ranging from 0 to s;r. The square of the cosine may there- 
fore be replaced by its mean value so that 


a| 






(144) 


67 . The metallic atoms being considered as immovable, the 
velocity of an electron is not altered by a collision. W^e can there- 
fore fix our attention on a certain group of electrons which move 
along their zigzag-lines with a definite velocity u. During the time fr, 
one of these particles describes a large number of free paths, this 
number being given by 

Ud' 

TT 

if is the mean length of the paths. It can be shown that the 
number of paths whose length lies between I and I + dl^ is 

wO- ~ ,, 

SO that 

is the part of the sum S(P) contributed by these paths. Integrating 
with respect to I from 0 to oo, we find 

2^ul^ (145) 

for the value of B(p) in so far as it is due to one electron. 

The total numher of electrons in the part of the metallic plate 
under considei*ation is Nco^ and, by MaxwelTs law, among these 

4!i;JVa)z/y2£-s“VdM (146) 


1) Note .36. 
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have velocities between u and u -f- du, the constant q being related 
to the velocity whose square is equal to the mean value of «*, 
by the formula 

8 

3 rasa ^ 

A 

In order to find the total value of S(iP) we must multiply (145) by 
(14(5), and integrate the product between the limits and oo. 

Supposing to be the same for all values of we find 


s(i«) » ». 4]/;^ 

Finally, the ^(luation (144) becomcH 





d-d‘®cV* 


(ojd 


} 


and the expression (140) for the radiation through the element 
takes the form 





m(o' JdXy 


t 

CO 


or, in virtue of HHh), if, instead of wo simply write Z, w, 



2 


a 


f*iiVw 


JdX. 


This is the energy radiated per unit of time, in so far as it belongs 
to wave-Urngths between X and X-\-dXf mid to tbc components of 
the vibnitiouH in one <liroction k Thus, the quantity we have (uil- 
culated is exactly what was reprasentt^d l)y (121), and on comparing 
the two exproBHioriB we find 


/ S 2 eHMu 
Stt ' 8 


(U7) 


(or the enuHsivity of the plate. 


08* We have imw to tunnbine this with the value (133), whieb 
we have fotmd bn* the* r(»effieient of absorjitUm. If Kirchht)ff*s 

law in U\ hohl, the ratio must be independent of those quantities 

by which one metallic plate difiFars from tJm other. This is reallj 
seen Ui be the case, since the tuuaber N of abetronB per unit oi 
volume, the nmin length I of their firiui paths and the lluckm^sH .n 

// 

of the plate all disappear from the^ ratio. Wo really get lor ^ atu 
for F[X, T) values that are imbpendont cd’ the peculiar properties o 


l) Note S7. 
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any ponderable body. I must repeat howeTer that all our conflideratioos 
only hold for large ware-lengths. ^ 

Using the formulae (125), (133) and (147), we find J 


F(X,T) 


IBircer 

SI* 


(148) 


It is very remarkable that this result is of the form (129) rad that 
it agrees exactly with that of Planck. This may be seen, if in (132) 
we suppose the product IjT to have a very large value, so that the 
exponent is very smalL Then, we may put 


and (132) becomes 


ch 

Tlr 

s 


1 + 


ch 

Wt 


Fix, T) ^ 


87tkT 

I* 


This is equal to (148), because our coefficient a corresponds to 
in Planck^s notation, As has been stated, the mean kinetic energy 
of a molecule of a gas is and we have represented it by aTJ) 


69 . A widely different theory of the radiation of a black body has 
been developed by Rayleigh and Jeans.*) It is based on the theorem 
of the so called equipartition of energy, which plays an important part 
in the kinetic theory of gases and in molecular theories in general. In 
its most-simple form it was discovered by Maxwell in 1860; afterwards 
it was largely extended by Boltzmann, and Jeans has given an 
ample discussion of it in his book ou the kinetic theory of gases. 

Maxwell was led to the theorem by his theoretical investigations 
concerning the motion of systems consisting of a large number of 
molecules. If, from a mass of gas, we could select single molecules, 
we should find them to move with very different velocities, and to 
have very different kinetic energies. The mean kinetic energy of the 
progressive motion, taken for a sufficiently large number of molecules 
will however be the same in adjacent parts of the gas, if the tem- 
perature is the same everywhere, so that these parts can be said to 
he in equilibrium. This will even be true if the gas is subjected to 
external forces, such as the force of gravity, which make the density 
change from point to point. Also, if we have a mixture of two 
gases, the mean kinetic energy of a molecule can be shown to be 
equal, for the two constituents, and we can safely assume that for 

1) This fomula la due to Lord Rayleigh [Phil. Mag. 49 (1900), p. 639J. 

See § 69. * 2) Note 88. 

2) J. H. Jeans, On the partition of energy between matter and aether, 
Phil. Mag. (6) ih (1906), p. 91. 
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two gases that are not mixed, but kept apart, this equality of the 
mean kinetic energy of a molecule is the condition for the existence 
of equilibrium of temperature. We can express this by saying that 
the kinetic energy of a gas, in so far as it is due to the progreseiTe 
motion of the molecules, can be calculated by attributing to each 
molecule an amount of energy haring the same definite value, 
whatever be the nature of the gas. 

This amount of energy is proportional to the absolute tempera- 
ture jT, and may therefore be represented, as I have done already 
several times, by aT, a being a universal constant. 

We can express the result in a somewhat diflFerent way. If the 
molecules of the gas are supposed to be perfectly elastic and rigid 
smooth spheres, the only motion with which we are concerned in 
these questions is their translation; the position of the particles can 
therefore be determined by the coordinates x, y, z of their centres. 
If N is the number of molecules, the configuration of the whole 
system requires for its determination 3JV coordinates, or, as is often 
said, the system has degi*ees of freedom. To each degree of 
freedom, or to each coordinate y or corresponds a certain velo- 
city rr, y or if, and also a certain kinetic energy \mz^. 

The total energy of the gas can be calculated by taking \ccT for 
the kinetic energy corresponding to each degree of freedom. The 
factor ^ is here introduced because the total kinetic energy of a 
molecule, whose mean value is aTy is the sum of the quantities 
corresponding to its three degrees of freedom. 

70 . These remarks wiU suffice for the understanding of what 
is meant by the equipartition of energy in less simple cases. The 
configuration of a body of any kind, i. e. the position of the ultimate 
particles of which it is conceived to be made up, can always be de- 
termined, whatever be the connexions between these particles, by a 
certain number of coordinates ^ in the general sense in which the 
term has been used by Lagrange, and these coordinates can often 
be chosen in such a rhanner that the kinetic energy is equal to a 
sum of terms, each of which is proportional to the square of one of 
the velocities py so that it may be said to consist of a nunrber of 
parts corresponding to the diflFerent degrees of freedom of the system 
The theorem of equipartition teUs us that, if the temperature is T, 
the kinetic energy of a system having a very large number of degrees 
of freedom, as all bodies actually have, can be found by attributing 
to each degree of freedom a kinetic energy equal to -}ccT. 

It should be noticed that it is only the kinetic energy ’ that can 
be calculated in this way. If we wish to determine the whole energy, 
we must add the potential part of it. Now, there is one case, and 
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it is the very oue that is most relevant to our purpose, in which 
the value of the potential energy is likewise determined by a verjr 
simple rule. 

Let us consider a system capable of small vibrations about a 
position of stable equilibrium,, and let the coordinates Px, 
be 0 in this position, so that they measure the displacement of the 
system from it. These coordinates can be chosen in such a way that 
not only, as we have already required, the kinetic energy is the sum 
of a number of terms each containing the square of a velocity jp, hut 
that, besides this, the potential energy is expressed as a similar sum 
of terms of the form where a is a constant. 

The most general motion of the system is made up of what we 
may call fundamental or principal modes of vibration. These ai^e 
characterized by the peculiarity that in the first mode only the co- 
ordinate p^ is variable, in the second only jPg, and so on, the variable 
coordinate being in every case a simple harmonic function of the 
time tj with a frequency that is in general different fo3' the different 
modes. It is a fundamental property of these principal vibrations, 
that, in each of them, the mean value of the potential energy for a 
full period, or for a lapse of time that is very long in comparison 
with the period, is equal to the mean value of the kinetic energy. 
Moreover, if the system vibrates in several fundamental modes at the 
same time, the total energy is found by adding together the values 
which the energy would have in each of these modes separately.^) 

71 . We shaU now suppose a system of this kind, having a very 
large number of degrees of freedom, to be connected with an ordinary 
system of molecules, with a gas for example, so that it can be put 
in motion by the forces which it experiences from the molecules, and 
can in its turn give off to these a part of its vibratory energy. Then, 
there can be a state of equilibrium between the heat motion of the 
molecules and the vibiatory motion of the system. We may even 
speak of the vibrations of the system as of its heat motion, and say 
that the system has a definite temperature, the same as that of the 
system of molecules with which it is in equilibrium. 

The theorem of the equipartition of energy requires that, whatever 
be the exact way in which the vibrating system loses or gains energy, 
it shall have for each of its coordinates a kinetic energy given by 
The sum of the potential and kinetic energies must be ^ccT 
for each of its fundamental modes of vibration, and the problem of 
determining the total energy is, after all, a very simple matter. We 
need not even specify the coordinates by which the configuration of 


1) Note 30. 
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the system can be determinedL All we want to know is the number 
of the fundamental modes of vibration; multiplying by this the quan- 
tity we shall have the energy of the system corresponding to 

the temperature T. 

72 . It was a most happy thought to apply this method to the 
problem of radiation. It enables us to calculate the energy of radia- 
tion in the ether for a certain temperature T without having to 
trouble ourselves about the mechanism of emission and absorption, 
without even considering a ponderable body. The only question is, 
what is the number of degrees of freedom for a certain volume of 
ether. For the sake of convenience we shall enclose this volume by 
totally reflecting walls, and to begin with, we shall imagine two 
such walls, unlimited parallel planes at a distance q from each other. 
The ether between them can be the seat of standing waves, which 
we can compare to those existing in an organ-pipe, and which may 
be conceived to arise from the superposition of systems of progres- 
sive waves. 

The condition at a perfectly reflecting surface is that Poynting s 
flow of energy be tangential to it. It will be so if, for example, the 
surface is a perfect conductor, the tangential components of the 
electric force being 0 in this case. Let us suppose the two boundary 
planes to be of this kind. If they are pei'pendicular to the axis of Xy 
their equations being ^ = 0, and ^ the condition for the electric 
force can be fulfilled by the superposition of two sets of progressive 
waves, such as are represented by the equations (7) and by those 
given in § 46. The total dielectric displacement 

= a cos n{t — ^ — a cos n [t + 

= 2 a sm nf sin — 
c 

will be 0 for x == 0., and also for x = q, if is a multiple of st, 

or, what amounts to the same thing, if the distance g is a multiple 
of half the wave-length. The possible modes of motion wik therefore 
have wave-lengths equal to ■Jg', etc. 

73 . We shall next examine the vibrations that can take place 
in the ether contained within a hox, whose walls are perfectly reflecting 
on the inside, and which has the form of a rectangular parallelepiped. 
Let the axes of coordinates be parallel, to the edges, and let the len^hs 
of these he 2 ^, q^y q^. 

We can imagine eight lines such that their direction constants 
have equal absolute values, but all possible algebraic signs; indeed, 
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denoting by /ii, absolute valueB of the constants, we shall 

have the eight combinations 

(ill, — ^Ih)} i^2} — N)f (“ “"‘^ 2 ; ^s)} ' (149) 

(— flj, — * 

If a beam of parallel rays within the rectangular box has one of these 
lines for its direction of propagation, the reflexion at the walls will 
produce bundles parallel to the other seyen lines, and if the y allies 
of and the waye-length X are properly chosen, the boundary 

conditions at the walls can be satisfied .bj^the superposition of eight 
systems of progressive waves travelling in the eight directions, Ixjl 
order to express the condition to which /i^, /i^, /u-g, A must be sub- 
jected, we shall imagine three lines PiQy P 2 Q 27 ^zQz P^allel 
to the sides of the box and joining points of two opposite faces, 
so that 

Pi (^1 ^1; ^2 Q2 “ C3 ~ Ss • 


In a system of progressive waves travelling in the direction determined 
by itij, /ij, ^3 the difference of phase between P^ and is measured 
by a distance that between and ((3 by and that be- 

tween P 3 and <?5 by The condition for fij, /u-g, /I 3 , X amounts to 
this^) that each of these three lengths must be a multiple of 
Therefore, if we put 


_ 7 , IMl ^Ir 

X x"" X 

must be whole positive numbers. 

On account of the relation 


( 150 ) 


^ = 1, 
we have 

7 ? ^ ^ ~ ’ 


( 151 ) 


and so we now see that for any three whole numbers k^ there is 

a corresponding set of standing waves. The wave-length is given 
by (161) and the direction constants of the normals to the progres- 
sive waves which we have to combine, by (149) and (150). As these 
progressive waves can have two different states of polariKation*), each, 
set of numbers Aj, Aj, will lead us to two fundamental modes of* 
vibration of the ether in the rectangular box^ and the energy corre- 
sponding to each set {k,, k^, k^) wiU be not faP, but ^aT. ‘ 


1 ) Note 40. 2) Note 41. 
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Now, the object of otir enquiiy is the amotint of energy of the 
ether in so far as it belongs to Tibrations whose waye-lei^h lies 
between given limits A and A -f rfA, This amount is 

if 1 / is the number of sets of positive integers l\y A 3 for which 
the value of A given by (161) lies between A and A + <iA. 


74 . The number v can easily be calculated if we confine our- 
selves, as we obviously may do, to wave-lengths that are very small 
in comparison with the dimensions 

Let us consider Jc^, Jc^ as the rectangular coordinates of a 
point. Then (151) is the equation of an ellipsoid having for its 
semi-axes 

2gi 2^ 

X ^ X ^ X ' 



Changing A into X + dX we get a second ellipsoid, and v will be the 
number of points (fc^, ig, ife^) lying between these two surfaces, whose 
corresponding semi-axes differ by 

dX 2q^ dX 2g^ dX H 

X ^ X ^ X ' X ^ X X ^ 

On account of our assumption concerning the wave-lengths, the 
expressions (152) are very high numbers, and we may even suppose 
that, notwithstanding the smallness of dX, the numbers (153) are 
also very large. This means that all dimensions, the thickness in- 
cluded, of the ellipsoidal shell are very large in comparison with 
the unit of length. 

The number of points with coordinates represented by whole 
numbers, which lie in a part of space whose dimensions are much 
larger than the unit of length, may be taken to be equal to the 
number representing the volume of that part. Remembering that we 
are only concerned with positive values of we find that v 

is equal to the eighth part of the numerical value of the volume of 
the ellipsoidal shell. We have therefore 

^ dX, 

and for the energy which we were to calculate 

Thia is the energy contained in the volume of our rectangular box. 
Dividing by finds for tbe energy of radiation in the ether, 


per unit of yolume, so far as it is due to vibrations whose wave 
length lies between X and X + dX^ 

t^oicccl J. 

a resull; agreeing exactly with (148). 

76 . The theory of radiation that was given in §§ 60 — 68 is 
restricted to systems containing free electrons and to the case of very 
long waves. It therefore requires a further development with regard 
to bodies, such as a piece of glass, in which we can hardly admit 
the existence of freely moving electrons, and with regard to the 
shorter waves. If we admit the laws of Boltzmann and Wien, and 
if we take for granted that a curve like that of Pig. 2 represents a 
state of radiation that can be in equilibrium with a ponderable body 
of a given temperature, we must try to account for the form of the 
curve and to discover the ground for the constancy of the product 
X^T, If we succeed in this, we may hope to find in what manner 
the value of this constant is determined by some numerical quantity 
that is the same for aU ponderable bodies. 

The theory of these phenomena takes a very different aspect if 
we regard the law of the equipartition of energy as a rule to which 
there is no exception, considering at the same time the ether as a 
continuous medium without molecular structure. Just like any other 
continuous distribution of matter, like a homogeneous string for 
example, a finite part of the ether must then be said to have an in- 
finite number of degrees of freedom*, there will be no upper limit to 
the frequency of the modes of vibration that can exist in the ether 
enclosed in the rectangular box of which we have spoken. 

On the contrary, the number of degrees of freedom of a pon- 
derable body is certainly finite if the ultimate particles of which it 
consists are considered as rigid. Consequently, as Jeans has ob- 
served, the theorem of equipartition requires that in a system com- 
posed of a ponderable body and ether, however large he the part of 
space that is occupied by the body, no appreciable part of the total 
energy shall be found in the latter when the equilibrium is reached. 
Indeed, according to Jeans’s theory, the formula (148) must be true 
for all wave-lengths, so that, for a given temperature, we shall find 
an infinite value if, for the calculation of the total amount of energy, 
the expression is integrated as far down as A =- 0. This means that, 
if the ether receives any finite amount of energy, such as that which 
is stored up in a body of finite size, the temperature of the ether 
cannot perceptibly rise, the energy being wasted, so to say, for the 
production of extremely short electromagnetic ripples. 
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In order to reconcile these results with observed facts, Jeans 
points out that the emission of rays whose wave-lengths are below a 
certain limit may be a very slow process, so slow that a true equi- 
librium is never realized in our experiments. Under these circum- 
stances it is conceivable that, though in length of time all energy of 
a body will be frittered away, yet a certain state may be reached in 
which ttiere are no observable changes, and in which therefore there 
is a kind of spurious equilibrium. 

76 . Jeans’s conclusions are certainly very important and deserve 
careful- consideration. One can imagine three ways in which one 
might escape from them. In the first place, one could -suppose the 
number of degrees of freedom of a ponderable body to be itself in- 
finite, either on account of the deformability of the ultimate particles 
or on account of the ether the body contains; this, however, would 
lead us to a contradiction with experiments, because it would require 
a value of the specific heat, far surpassing that to which we are led 
if we attend only to the progressive motion of the molecules. In 
the second place, we could imagine a structure of the ether which 
wotdd make a fiiiite portion of it have only a finite number of de- 
gress of freedom. Lastly, we could altogether abandon the theorem 
of equipartition as a general law. Then, however, we shall be obliged 
to explain why it holds for the case of sufficiently long waves. 

Questions of equal importance and * no less difficulty arise when 
W© adhere to Jeans’s views. It is difficult to believe that, in 
establishing the laws of Boltzmann and Wien, which have been 
so beautifully confirmed by experiment, physicists have been on a 
wholly wrong track. It will therefore he necessary to show for what 
reason those spurious states of equilibrium of which I have spoken 
are subjected to the laws of thermodynamics, and we shall again 
have to find the physical meaning of the constant value of 

I shall conclude by observing that the law of equipartition which, 
for systems of molecules, can be deduced from the principles of sta- 
tistical mechanics, cannot as yet be considered to have been proved 
for systems containing ether. 

1) Note 42. 2) Note 42^ 
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CHAPTER III. 

THEORY OF THE ZEEMAN-EFPECT. 

77. The phenomeaon of the magnetic rotation of the plane of 
polarization, discovered by Faraday in 1845, was the first proof of 
the intimate connexion between optical and electromagnetic pheno- 
mena. For a long time it remained the only instance of an optical 
effect brought about by a magnetic field. In 1877, liowever, Kerr 
showed that the state of polarization of the rays reflected l)y an iron 
mirror is altered by a magnetization of the metal, and in 1896 
Zeeman^) detected an influence of a magnetic field on the emission 
of light. If a source of light, giving one or more sharp linos in the 
spectrum, is placed between the poles of a powerful electromagnet, 
each line is split into a certain number of components, whose distances 
are determined by the intensity of the external magnetic force. 

In my discussion of these magneto-optical phenomena (in which, 
however, I shall not speak of the theory of the Kerr-effect), I shall 
first take the simplest of them all. This is the Zeeman -effect, as 
it showed itself in the first experiments, a division of the original 
spectral line into three or two components, the number depending 
on the direction in which the rays are emitted. 

78 . I shall first present to yon the elementary explanation 
which this decomposition of the lines finds in the theory of electrons, 
and by which it has even been possible to predict certain peouliarities 
of the nhenomenon. 

We know already that, according to modern views, the emission 
of light is due to vibratory motions of electric charges contained in 
the atoms of ponderable bodies,, of a sodium fiame, for example, or 
the luminescent gas in a vacuum tube. The distribution of these 


1) P. Zeeman, Over den invloed eener magnetiaatie op den aard van het 
door een atof uitgezonden licht, Zittingaveral. Amakerdain 5 (1896), p. 181, 242 
[translated in Phil. Mag (5) 48 (1897), p. 226] •, Doubleta and triplets in the 
apectram produced by external magnetic forces, Phil. Mag. (6) 44 (1897), p. 66, 
266; Measurements concerning radiation phenomena in the magnetic field, ibid. 46 
(18981, p. 197. See also; Zeeman, Keaearches in magneto-optics, I.ondon, 1913. 
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charges and their Tibrations may be rery complicated, but, if we wish 
only to explain the production of a single spectral line, we can con- 
tent ourselves with a very simple hypothesis. Let each atom (or 
molecule) contain one single electron, having a definite position of 
equilibrium, towards which it is drawn back by an ^^elastic^^ force, 
as we shall call it, as soon as it has been displaced by one cause 
or another. Let us further suppose this elastic force, which must 
be considered to be exerted by the other particles in the atom, but 
about whoso nature we are very much in the dark, to bo pro- 
portional to the displacement According to this hypothesis, which 
is necessary in order to get simple harmonic vibrations, the compo- 
nents of the elastic force which is caUed into play by a displacement 
from the position of equilibrium, whose components are 9 ^, may 
be represented by 

where /* is a positive constant, determined by the properties of 
the atom. 

If m is the mass of the movable electron, we shall have the 
equations of motion 

whose general solution is 

I « a cos 'J? “« ^'coB (w^<4-y), 

g a"cos(no< + jp''), (164) 

a, a\ a", p, p', p" arbitrary constants, and the frequency % 

of the vibrations being determined by 

( 166 ) 

Let ns next consider the influenoe of an external magnetic field H. 
This introdxiceB a force giver, by 

(156) 

in which expression e denotes the charge of tlie electron and V its 
velocity. If the magnetic force H is parallel to the axis of g, the 
components of (156) are 

a Si > c St ’ 

Hence the equations of motion become 

+ (157) 

7 * 
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( 168 ) 

(159) 


m 

m 


d*t] 

dF 

dt^ 


- h 


dt 

c dt ' 




79, The last equation shows that the vibrations in the direction 
oi OZ are not affected by the magnetic field, a result that was to 
be expected, because the force (156) is 0, if the directi<m of V coin- 
cides with that of H The particular solution (154) therefore still 
holds. As to the pair of equations (157) and (158), these admit of 
two particular solutions, represented by the formulae 

I ^ cos (nF + p^), Yj sin (^^ \ ( 160 ^ 

and 

| = ajCOs(«2^-|-^)j), (lOl) 

in ■which the freiineucies % and are determined by 



Q <2 H- 0 

V --V 

(162), 

and 


(163) 

whereas a^, 

Pi are arbitrary constants. 



Combination of (154), (160) and (161) gires a solution that 
contains six constants and is therefore the general solution. 

The two solutions (160) and (161) rejireseut cirtm^ar vibrations 
in a plane perpendicular to the magnetic field, and taking plaoc in 
opposite directions. The frequency of one is higher (if rH. is 
positive) and that of the other lower than the original froiiuenoy 
The possibility of these ('.ircular motions can also be understood !)y 
a very simple reasoning. If the electron describes a circle with 
radius r in a plane perpendicular to H., and in a direction opjiosite 
to that which corresponds to this force, there will bo, in addition 
to the elastic force fr, an electromagnetic force 

c|v|H. 

directed towards the centre. Both forces being constant, i,he circular 
orbit can really be described, and we have, by the well known law 
of centripetal force, 

fr + ^ 

or, since | v| ^ nr, 

/ +* ^ ^ ^ 7Hn\ 

from which (162) • immediately follows. The equation (163) can be 
found in exactly the same way. 
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In aU real cases the change in the frequency is found to be 
very small in comparison with the frequency itself. This shows that, 

eyen in the most powerful fields, ^ is yery small in comparison 
with Consequently, (162) and (163) may he replaced hy 


n. 


^0 + 




. 

2 me 


(164) 


The points in the spectrum corresponding to these frequencies lie at 
equal small distances to the right and to the left of the original 
spectral line 


80 . We have next to consider the nature of the light emitted 
hy the vibrating electron. The total radiation is made up of several 
parts, corresponding to the particular solutions we have obtained, and 
which we shall examine separately. 

Our former discussion (§§ 39 — 41) of the radiation by an electron 
shows that, if such a particle has a vibration about a point 0, along 
a straight line i, the dielectric displacement at a distant point P 
has a direction perpendicular to OP, in the plane POP, and that, 
for a given distance OP, its amplitude is proportional to the sine 
of the angle POP. The radiation will be zero along the line of vibra- 
tion P, and of greatest intensity in lines perpendicular to it; mo- 
reover, along each line drawn from 0, the light will be plane 
pdlarized. 

As to a circular vibration, such as is represented by the for- 
mulae (160), its ejffect is the resultant of those which are produced 
by the two rectilinear vibrations along OX and OYj into which it 
can be decomposed. We need only consider the state produced 
either in the plane of this motion, or along a line passing through 
the centre, at right angles to the plane. At a distant point P of the 
plane, the light received from the revolving electron is plane pola- 
rized, the electric vibrations being perpendicular to OP, in the plane 
of the circle; if, for example, P is situated on OY, the vibration 
along this line will have no effect, and we shall only have the field 
produced by the motion along OX, 

Both components of (160) are, however, effective in producing 
a field at a point on the axis of the circle, i. e, on OZ, the first 
component giving rise to an electric vibration parallel to OX) and 
the second to one in the direction of OY It is immediately seen 
that between these vibrations there is exactly the same difference 
of phase as between the two components of (160) themselves, i. e. 
a difference of a quarter period, and that their amplitudes are equal. 
The light emitted along OZ is therefore circularly polarized, the 
direction of the dielectric displacement rotating in the sense corre- 
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sponding to the circular motion of the electron. The formulae (160) 
show that, for an observer placed on the positive axis of z, the 
rotation of the electron takes place in the same direction as that of 
the hands of a clock. From this it may be inferred that the rays 
emitted along the positive axis by the motion (160) have a right- 
handed circular polarization. 

Similar considerations apply to the motion represented by (161). 
The radiation issuing from it in the direction just stated has a left- 
handed circular polarization. If it is further taken into account that 
the jErequency of the rays is in every case equal to that of the motion 
originating them, one can draw the following conclusions, which have 
been fully verified by Zeeman’s experiments.*) 

Let the source of %ht be placed in a magnetic field whose 
lines of force are horizontal, and let the light emitted in a horizontal 
direction at right angles to the lines of force be examined by means 
of a spectroscope or a grating. Then we shall see a triplet of lines, 
whose middle component occupies the place of the original line. 
Bach component is produced by plane polarized light, the electric 
vibrations being horizontal for the middle line, and vertical for the 
two outer ones. 

If, however, by using an electromagnet, one core of which has 
a suitable axial hole, we examine the light tliat is radiated along the 
lines of force, we shall observe only a doublet, corresponding in po- 
sition to the outer lines of the triplet. Its components are both 
produced by circularly polarized light, the polarization being right- 
handed for one, and left-handed for the other. 

81 . After having verified all this, Zeeman was able to obtain 
two very remarkable results. In the first place, it was found that, 
for light emitted in a direction coinciding with that of the magnetic 
force, i. e., if H, is positive, in that of OZ, the polarization of the 
component of the doublet for which the frequency is lowest, is right- 
handed This proves that, for a positive value of H,, the first of 
the two frequencies given by (164) is the smaller. Therefore, the 
charge e of the electron to whose motion the radiation has been 
ascribed must be negative. This agrees with the general result of 
other lines of research, that the negative charges have a greater mo- 
bility than the positive ones. 

The other result relates to the ratio between the numerical values 
of the electric charge and the mass of the movable electrons. This 
ratio can be calculated by means of the formulae (164), as soon as 
the distance between the components, from which we can deduce 


1) Note 48. 
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and the strength of the magnetic field have been measured. 
Phe number deduced by Zeeman from the distance between the 
jomponents of the lines, or rather from the broadening of these 
ines, whose components partly overlapped each other, was one of 

;he first values of ^ that have been published. In order of magni- 

-ude it agrees with the numbers that have been found for the nega- 
ive electrons of the cathode-rays and the /3-rays. 

Unfortunately, the satisfaction caused by this success of the 
heory of electrons in explaining the new phenomenon, could not last 
ong. It was soon found that many spectral lines are decomposed 
nto more than three components, four, six or even more^), and till 
;he present day, these more complicated forms of the Zeeman- effect 
!annot be Said to have been satisfactorily accounted for. 

All I can do, will therefore be to make some suggestions as to 
ihe direction in which an explanation may perhaps be looked for. 

82. Before proceeding to do so, I may be permitted briefly to 
nention some of the important results that have been found in the 
jxamination of the distribution of spectral lines, such as they are in 
he absence of a magnetic field. In the spectra of many elements 
he lines arrange themselves in series, in such a manher that, for 
ach series, the frequencies of all the lines belonging to it can be. 
epresented by a single mathematical formula. The first formula of 
his kind was given by B aimer*) for the spectrum of hydrogen. After 
lim, equations for other spectra have been established by many 
)hysicists, especially by Rydberg*) and by Kayser and Runge.^) 

For our purpose it will be suj^cient to mention some examples. 

In the spectrum of sodium three series of double lines have 
)een found, which are distinguished by the names of principal series, 
irst subordinate or nebulous series, and 8econ.d subordinate or sharp 
jeries. We may also say that each of the three is composed of two 
leries of smgle lines, one containing the less refrangible, and the 
)ther the more refrangible lines of the doublets. 


1) In later researches a decomposition into no less than 17 components 
las been observed, 

2) J. J. B aimer, Notiz Uber die Spektrallinien dea Wasserstoffs, Ann. Pliys. 
jhem. 25 (1886), p. 80. 

8) J. R. Rydberg, Rechercbes sur La constitution des spectres d’dmissian 
les ^Idments cbimiquea, Svenska Vetensk. Akad. Handl. 28 (1889), No. 11; La 
listribution des raies spectrales. Rapports prds. an Congr^s de physique, 1900, 

8, p. 200. 

4) H. Kayser n. C. Rnnge, tJber die Spektren der Alkalien, Ann. Pbya. 
Dhem. 41 (1890), p. 802; tlber die Spektra der Efemente der zweiten Mende- 
ejeff’schen Gruppe, ibid. 48 (1891), p. 386. 
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The frequency in these six series, measured by the number n 
of wave-lengths in a centimetre, has been represented by Rydberg 
by means of the formulae contained in the following table. 

Principal series I 

11-!?-= L_ 

N, (i^cy 


Second subordinate (sharp) series 
') I) » » II 


In these equations, Nq, ftj, pj, d and a are constants having the 
values 

= 109675 


1 


(165) 

1 

('« + 


(166) 

r ^ 1 

1 

(167) 

N, - [i+^y 

(m -)- syj 

r n 1 

1 

(168) 

K ~ (l+f'j)* 

{m + sy 

n 1 

1 

(169) 


{m -b ' 

n ' 1 

1 

(170) 

^0 + 

(OT-(-<r)* 


1,1171, .aj = 1,1163, 6 = 0,9884, <j = 0,6498 

and we shall find the frequencies of the successive lines in each 
series by substituting for m successive positive whole numbers. If 
in doing so, we get for n a negative value — this is to mean 
that there is a line of the frequency n . 


83 , I particularly wish to draw your attention to the following 
remarkable facts that are embodied in the above formulae. 

1 If the value of w is made continually to increase, that of n 
increases at the same time, converging however towards a finite 
himt, corresponding to oo, and given for the dififerent series by 

(! + «)«' (! + (!,)»' 

The lines of a series are not placed at equal distances from each 
other; as we proceed towards the side of the ultra-violet, the lines 
become crowded together, the series being unable, so to say to 
pass the limitmg position of the line given by one of the above 

Y1 1*1 TW * 


As to the number of lines that have been observed, this varies 
from one senes to the other. If the above formulae (or equations 
of a similar kind) are the expression of the real state of things, the 
number of lines is to be considered as infinitely great 

2 The frequencies of a doublet of the first subordinate series (I H) 
are obtamed, if m (167) and (168) we substitute for m the same 
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number. These frequencies differ by 




whatever be the value of m. The same difference is found, if we 
calculate the frequencies of a doublet of the second subordinate 
series (I, II). Therefore, if the distance between two lines is measured 
by the difference of their frequencies, the interval between . the two 
components is the same for aU the doublets of the first and of the 
second subordinate series. 

It is otherwise with the doublets of the principal series (I, II). 
The distance between the two components is given by 


a quantity, which diminishes when m increases, and approaches the 
limit 0 for = cx). 

In connexion with this, it must be noticed that the convergence 

N 

frequency has the same value for the members I and II of 

the principal series. 

3, This is not the only connexion between different series. 


The formulae show that the convergence frequencies are 

(1 + second subordinate series (I, II). 


Finally, it is important to remark that, if in (165) and (166) we 
put m=l, we get the same frequencies as from (169) and (170) 
for the same value of m. The doublet with these frequencies can 
therefore be considered to be at the same time the first of the prin* 
cipal, and the first of the second subordinate series. 

We may further say that the entire principal series I and the 
entire sharp series I correspond to each other, being both charac- 
terized by the constants and < 5 , and that there is a similar relation 
between the principal series II and the sharp series II. In this 


connexion it is proper to remark that the more refrangible lines of 
the principal doublets correspond to the less refrangible ones of the 
sharp doublets, and conversely. If, for example, is greater than 
the first constant will give the larger frequency in the principal 
series, and the lesser frequency in the second subordinate one. 


4. Similar results have been obtained for the other alkali metals, 
which also show series of doublets in their spectrum, and for magne- 
sium, calcium, strontium, zinc, cadmium and mercury. Only, in the 
spectra of these latter metals, one finds series, not of doublets but of 
triplets. To the scheme given in the formulae (166) — (170), we have 
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therefore to add ia this case: 

Prittcipal series DI - (^'q: » 

n t 1 

First subordinate series III "■ j)*- 

Second „ „ HI — (i q. jiY)’ ~~ (w»-f «)* ' 

Howeyer, even thus the scheme is not yet complete. In the spectrum 
of mercury, for example, there is a certain number of additional 
lines, which closely accompany those of which we have just spoken, 
and which are therefore often called satellitds. 

These again show certain remarkable re^larities. They occur 
in the first subordinate series (I, II. Ill), but not in the second sub- 
ordinate one. In each triplet of the first series, there are three satellites 
accompanying the first line of tho triplet, two belonging to the 
second, and one for the third, so that the triplet is really a group 
of nine lines. 

As to the principal series of the last named elements, I have 
added them only for the sake of analogy. Principal senes of triplets 
have not yet been observed. 

84. It is only for a comparatively small number of chemical 
elements, that one has been able to resolve tho system of their 
spectral lines, or at least the larger part of them, into series of the 
kind we have been considering. In the spectra of such elements as 
gold, copper and iron, some isolated series have been discovered, but 
the majority of their Unes have not yet been disentangled. Never- 
theless, it cannot be denied that we have made a fair start towards 
the understanding of line spectra, which at first sight present a 
bewildering confusion. There can be no doubt that the lines of a 
series really belong together, originating in some common cause, and 
that even different series must be produced by motions between which 
there is a great resemblance. 

The similarity of structure in the spectra of elements that re- 
semble each other in their chemical properties, is also very stinking. 
The metals in whose spectra the lines are combined in pairs are all 
monovalent, whereas the above series of triplets belong to divalent 
elements. Perhaps the most remarkable of aU is the fact, that Rydberg 
was able to represent aU series, whatever be the element to which 
they belong, by means of formulae containing the same number 
This equality, rigorous or approximate, of a constant occurring in 
the formulae of the different elements, must of course be due to 
some corresponding equality in the properties of the ultimate par- 
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tides of which these elements consist, but at present we are wholly 
unable to form, an idea of the nature of this similarity,^) or of the 

1 

physical meaning of the length of time corresponding to 

85. The inyestigation of the Zeexnan-effect for a large number 
of spectral lines, to which many physicists have devoted themselves 
of late years, has fully confirmed the hypothesis of an intimate con- 
uexion between the different spectral lines of a substance; it has 
furnished rich material for future research, l)ut which, in the present 
state of theory, we can understand only very imperfectly. 

Before saying a few words of the results that have been obtained, 
I -must revert once more to the elementary theory of the triplets and 
to the formulae (164) we deduced from it. These show that, if all 
spectral lines were split according to the elementary theory, and if, 

in all cases, the ratio had the same value, we should always ob 

serve triplets with the same difference of frequency between their 
components. This is what, lor the sake of brevity, I shall call an 
equal splitting of the Lines. 

Now, the measurements of Runge and Paschen®) and other 
physicists have led to a very remarkable result. Though there are 
a large number of spectral lines which 
are split into more than three components, 
and though even the triplets that have 
been observed, are not equal to each 
other in the above sense, yet all lines 
forming a series, i. e, all lines that can 
be represented by one and the same 
formula, are divided in exactly the same 
way, and to exactly the same extent. 

There seems to be no doubt as to the 
validity of this general law 

In those series which consist of triplets or doublets, the mode 
of division of the lines is in general different for the lines of one 
and the same triplet or pair, but, according to the law just mentioned » 
tlxe same mode of division repeats itself in every triplet or every 
doublet. Thus, in each triplet belonging to tibie second subordinate 
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1) Several authors have tried to establish formulae by which the distribu- 
tion of the lines of a series can be represented still more accurately than by 
those of Rydberg. See, for instance, W. Ritz, Ann. Fhys, 12 (1908), p 264, 
and E. E. Mogendorff, Amsterdam Proc. 0 (1906), p. 484. 

2) See however: N. Bohr, Phil. Mag. 20 (1918), p. 1. fl916.] 

8) C. Runge, ttber den Zeeman-Effekt der Serienlinien, Phys. Zeitschr. S 
(1902), p. 441; C. Runge u. F. Paschen, tJber die Sfcrablung des QuecksUbers 
ixn reiagnetjschen Felde, Axibang z. d, Abbandl. Akad. Berlin, 1902, p. 1. 
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series of mercriry, the less refrangible line is split into nine com- 
ponents, the middle line into six, and the most refrangible line into 
three components. These divisions are shown in Fig. 3, in which the* 
letters p and n mean that the electric vibrations of the line are 
parallel or perpendicular to the lines of force. 

Equal modes of division are found not only in the different- 
lines of one and the same series, but also in the corresponding series 

of different elements. For example, the 
lines J\ and D, of sodium, which form 
the first member of the principal series, 
are changed into a quartet (Cornu’s 
quartet) and a sextet (Fig. 4), and the 
first terms in the principal series of 
copper and silver present exactly the 
same division. 

86 . You see from all this that the phenomena ore highly com- 
pHcated, and that there would be a bewildering intricacy, were it not 
for the law which I have just pointed out to you, which reveals 
itself in the decomposition of the lines of the same series, or of 
corresponding series. Nor is this the only case in which a connexion 
has been found between the Zeeman-eftect for different lines. Fig. 3 
shows another most remarkable regularity. The distances represented 
in it can all be considered as multiples of one number, and the 
same can be said of many of the displacements that have been observed 
by Runge and Pasohen in the spectrum of mercury. A similar 
remark applies to the case of Fig. 4.') 

I should also mention that the interesting connexion between 
the principal series and the second subordinate series of which we 
have already spoken, is beautifully corroborated by the observations 
of the Zeemau-effect. The more refrangible components of the doublets 
of one of these series are split in the same way as the less refrangible 
components of the doublets of the other. 

Finally, it must not be forgotten that, although a very large 
number of lines show a rather oomjilicated Zeeman-effect, especially 
those which belong to the series of which we have spoken, yet there 
are also many lines which are changed mto triplets by the action of 
a magnetic field. In the recent work of Purvis, lor example, no 
less than fifty oases of this kind have been found in the spectrum of 
palladium. I must add that many more lines of this element are 
decomposed in a different way 

1) See on this queetion of the ooaunensurability of the magnetic separations 
in different cases, C. Runge, tJber die Zerlegung von Hpektrtllinien iin mag- 
netisohen Felde, Phys. Zeitschr. 8 (1907), p. 982. 
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87 . It Has. already been mentioned that Zeeman^s first deter- 
mination of the ratio ^ led to a value of the same order of magni- 
tude as that which has been found for the electrons of the cathode 
rays and the jS-rays of radiiim. Later measurements have shown, 
however, that the distance between the components is not the same 

in different triplets, and that therefore different values of are found, 
if the formulae (164) are applied in all cases. Though some triplets give 
a value of “ equal . to the number found for free negative electrons, 
the result is different in the majority of cases. This can be attributed, 
either to real differences between the values of or to the imper- 
fectness of the elementary theory. I believe that there is much to be 
said in favour of the latter alternative. After all that has been said, 
we cannot have much confidence in the formulae (164), but there are 
strong reasons for believing in the identity of aU negative electrons, 

88 . If time permitted it, it would be highly interesting to con- 
sider some of the hypotheses that have been put forward in order 
to explain the structure of spectra and the more complicated forms 
of the Zeeman- effect. There can be no difference of opinion as to 
the importance of the problem, nor, I believe, as to the direction 
in which we have to look for a solution. The liability of spectral 
lines to be changed by magnetic influences undoubtedly shows, what 
we had already assumed on other grounds, that the radiation of light 
is an electromagnetic phenomenon due to a motion of electricity in 
the luminous particles, and our aim must be to explain the observed 
phenomena hy suitable assumptions concerning the distribution of the 
charges and the forces by which their vibrations are determined. 

Unfortunately, though many ingenious hypotheses about the struc- 
ture of radiating particles have been proposed, we are still very far 
from a satisfactory solution. I must therefore confine myself to some 
general considerations on the theory of the Zeeman-effect, and to 
the working out of a single example which may serve to illustrate 
them. 

89 . In the first place, we can leave our original hypothesis of 

a dingle movable electron for a more general assumption concerning 
the structure and properties of the radiating particles. Let each of 
these be a material system capable of very email vibrations about a 
position of stable equilibrium, and let its configuration be determmed 
by a certain number of generalized coordinates Pg, • - We 

shall suppose thege to be chosen in such a manner, that they are 0 
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in the position of equilibriran, and that the potential energy and 
the kinetic energy are represented by expressions of the form 

i (»hPi^ + '^»P»^ + f • 

Then, Lagrange’s equations of motion become 

^^iPi ~ fiPi) ‘^iPi "" tiPi} • • • > ^/uPfL ““ ” f/tP/i' 

Since each of these formulae contains but one coordinate, the changes 
of one coordinate are wholly independent of those of the other, so 
that each equation determines one of the fundamental modes of 
vibration of the system. The frequencies of these modes, and the 
positions of the corresponding spectral lines are given by 

«.-i/5’ "‘-VI’ ■■■• 

We - shall now introduce an external magnetic force H, which of 
course may he considered to be the same in all parts of our small 
material system. In order to make this force hare an influence on 
the yibrationSy we shall suppose the parts of the system to carry 
electric charges, which are rigidly attached to them, so that the 
position of the charges is determined by the coordinates p* 

As soon as the system is vibrating, the charges are subjected 
to forces due to the external magnetic field. These actions can be 
mathematically described *by the introduction into the aquations of 
motion of certain forces in the generalized sense of the word. Deno- 
ting these forces by we shall have, instead of (171), 

>»i^i™~/iPi + Pi, etc. 

Without a knowledge of the structure of the vibrating system, 
and of the distribution of its charges, it is of course impossible, 
completely to determine Pj, P,, .... One can show, however, that 
the expressions for these quantities must be of the form 

Pi — CitPj + H f- %Pft, I 

Pj + CiaPj I (173) 

etc., J 

where the constants c are proportional to the intensity of the magnetic 
field.*) Between these coefficients there are the following relations 

Oji Cji, Cjj, etc. (174) 

The proof of all this is very easy, if we remember the funda- 
mental expression “[v • h] for the action of a field on a moving 


l),Not0 44. 
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charge. The components of this action along the axes of coordinates 
are linear and homogeneous functions of the components of the velo 
city V. Consequently, all the rectangular components of the forces 
acting on the vibrating particle must be functions of this kind of 
A? A? * • - j because the velocity of any point of the system is a 
linear and homogeneous function of these quantities. The same must 
be true of the Lagrangian forces Pg, . . because these are 

linear and homogeneous functions of the rectangular components of 
the forces. 

In order to find the relations between the coefficients c, we have 
only to observe that the work of the additional forces Pg, etc. 
is 0, because the force exerted by the magnetic field on a moving 
charge is always perpendicular to the line of motion. The condition 

P iPl + + ‘ * • + P = 0, 

to which we are led in this way, is ihe ground for the relations (174) 
and for the absence of a term with in the first of the equations 
(173), of one with in the second, etc. 

00, The equations of motion 

»«lPl +flPl=^ ClsPi + Ci8i>3 + F- 

+ fiPi =■ + CisPs + • • • + c^P^, 

etc. 

can be treated by well known methods. Patting 

i>i = 91 = ?»«'"', jP^ = 9^ (175) 

where n, q^, q^, . . q^^ are constants, we find the n equations 

(/; - m^n^) q^ — inc^^q^ — inc^^q^ = 0, j 

- — - inc^^q^ — inc^^q^, = 0, | (176) 

If, from these, the quantities q^y q^y . . ., q^ are eliminated, the result 

is an equation which determines the coefficient n. On account of the 

relations (174), and the smallness of the terms with c^^y etc., it 
may be shown that the equation contains only w*, and that it gives (i 
real positive values for this latter quantity. Hence, there are ^ 
positive numbers Wg', . . . such that the resulting equation is 
satisfied by 

n^± n^y n = ± n^y . . . , w ± 

For each of these values of w, the ratios between q^^y q^, q^ 
can be deduced from (176). Finally, if we take the real parts of 



,112 in. THEOBY OF THE ZEEMAN-EFFBCT. 

the expressions ( 175 ), we find ft fundamental modes of vibration, 
whose frequencies are 

It is easily seen from this that, if we do not assiime any special 
relations between the constants involved in our problem, there will 
be no trace at all of the Zeeman-effect. In the absence of the 
magnetic field we had ft spectral lines, corresponding to the frequen- 
cies Ml, . . ., %. The effect of the field is, to replace these by 

the slightly different values n/, n^', . . n^,, so that the lines are 
shifted a little towards one side or another, without being split into 
three or more components.^) 

91 . The assumption that is required for thn explanation of the 
Zeeman-effect can be found without any calculation. Let us imagine, 
for this purpose, a source of light placed in a magnetic field, and 
giving in the spectrum a triplet instead of an original spectral line 
The components of this triplet are undoubtedly due to three modes 
of motion going on in the interior of the radiating particles, and these 
modes must be different from each other, because otherwise their fre- 
quencies ought to be the same. Let us now diminish the strength of 
the field. By this the components are made to approach each other, 
perhaps so much, that we can no longer distinguish them, but the 
three modes of motion will certainly not cease to he there. Only, their 
frequencies are less different from each other than they were in the 
strong field. By continually weakening the field, we can finally obtaiu 
the case in which there is no field at all, but even then the three 
modes of motion must exist. They still differ from each other, but 
their frequencies have become equal. 

The necessary condition for the appearance of a magnetic triplet 
is thus seen to be that, in the absence of a magnetic field, three of 
the frequencies M,, Mj, . . ., m,,, corresponding to three different degrees 
of freedom, are equal to each other, or, as I shall say for the sake 
of brevity, that there are three equivalent degrees of fteedom. Then, 
the magnetic field, by which all the frequencies are changed a little, 
produces a slight inequality between the three that were originally 
equal. We can express the same thing by saying that only a spectral 
line which consists of three coinciding lines can be changed into a 
triplet, the magnetic field producing no new lines, but only altering 
the positions of already existing ones. 


1) Note 45. 
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92. These conclusions, which one can easily extend to quartets, 
quintets etc., are fully corroborated by the mathematical theory. If 
originally 

n, ^ n, - 


wo shall have, under the influence of a magnetic held, 
frequencies 


ami ± Y V 








4. 

t 


the three 
(177) 


indicating the existeuco of a symmetrical triplet, the middle lino of 
which has the position of the original spectral line. In a similar 
manner it can be shown tliat wo shall observe a quartet, a quintet, 
etc., whenever the systom has four, five or more equivalent degrees 
of freedom All thcHo more complicated forms of division of a 
spectral line are found to be symmetrical to the right and to the 
left of the original position, so that, if the number of components is 
odd, the middle one always occupies the place of the primitive line.^) 


93. The existence of a certain number of ecjuivalent degrees of 
freedom is not the only condition to which we must subject the 
radiating particles. The iuct that the magnetic components of the 
spectral lines have the same degree of sharpness as the original lines 
themselves requires a further hypothesis. We can understand this 
by reverting for a moment to the expression (177). In it, the coef- 
ficients are linear and lunnogeneouH functions of the com- 

ponents H^,, Hj,, of the external magnetic force. Therefore, the 
di&tance between the outer coTuponentH of the triplet and the middle 
on© is given by an expression of the form 

4 + 2yi,H,H,4 2(/„H^H.4 (178) 

in which y,,, . . f/jg, . . . are ooustants depending on tlie nature 
of the vibrating particle. If, without changing the direction of tlie 
field, its intensity is dtmblod, the distance between the lines will in- 
crease in the same ratio. So far owr formula agrees with experi- 
mental results.*) 

Let VIS now consider the iullucnce of u change in the d^ectim 
of the magnetic field, the intensity |H| being kept constant By 
turning the field wo shall give other values to H,, H^, H,, and also 
to the expresaion (178). It is clear tiiat the same change will be 
brought about if, leaving the field as it is, we turn the radiating 
particle itself. Hence, if the source of light contains a large number 
of particles having all possible orientations, the distance (178) will 


1) Note 46. a) Note 47. 

Lo rents, Th«dry of eleotrOA« Ed, 
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vary between certain limits, so that the outer lines of the observed 
triplet, which is due to the radiation of aU the particles together, 
must be more or less diffuse. 

Since it is difficult to admit that tbe particles of a luminous 
gas, when subjected to a magnetic field, are kept in one definite 
position, the only way of explaining the triplet with sharp outer com- 
ponents seems to be^) the assumption that the coefficients in (178J 
^re such that the quadratic function takes the form 

In this case, the influence of a magnetic field on the frequencies is 
independent of the direction of the force relatively to the particle. 
As regards this influence, the particle can then be termed isotropic. 

The simple mechanism which we imagined in the elementary 
theory of the Zeeman-effect obviously fulfils the conditions to Avhich 
we have been led in what precedes. Indeed, a single electron which 
can be displaced in all directions from its position of equilibrium, 
and which is pulled back towards this position by a force indepen- 
dent of the direction of the displacement, has the kind of isotropy 
we spoke of just now. It haa also three degrees of freedom, corre- 
sponding to the displacements in three directions perpendicular to 
each other. 

94 . The question now arises, whether we can imagine other, 
more complicated systems fulfilling the conditions necessary for the 
production of magnetic quartets, quintets etc. In order to give an 
example of a system of this kind, I may mentioiythe way in which 
A. A. Robb has explained a quintet. For this purpose he supposes 
that a radiating particle contains two movable electrons, whose posi- 
tions of equihbrium coincide, and which are pulled towards this 
position by elastic forces proportional to the displacements, and deter- 
mined by a coefficient that is the same for both electrons. The 
charges and the masses are also supposed to he equal. Robb does 
not speak of the mutual electric action of the electrons, hut .he in- 
troduces certain connexions between their positions and their motions. 
If and are vectors drawn from the position of equilibrium 
towards the two electrons, and the vectoj drawn from the first 
electron towards the second, these connexions are expressed by the 
equations 


1) See, however, Note 04, 

2) A. A. Bobb, Beitr^ge zur Theorie des Zeeman-EffekteB, Ann Phvs 15 

(1904;, p. 107. ’ ^ ■ 
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••is®” A(ri®+ rj»), 

ere A* is a couHtant. It is immediately seen that in all these 
mnptioiis there is notliing that relates to a particular direction in 
ce. On account of thiS; the five different frequencies which are 
nd to exist under the influence of a magnetic force, are independ- 
of the direction of this force, and a large numhor of systems 
the kind described would give rise to a quintet of shai-p lines. 

Robb has worked out his theory at a much greater length than 
>ears from the few words I have said about it, and it ct^rtamly is 
y ingenious Yet, his hypothesis about the connexions between 
two electrons seems to me so artificial, that I fear ho has given 
but a poor picture of the real state of things. 

The same musl; be said of an hypotliosis wiiioh I tided many 
rs ago. After having made clear to myself that the vibrating par- 
es must bo isotropic, I examined the motions of systems surely 
sessing this property, namely of unifonuly charged spherical shells, 
iiig an elasticity of one kind or another, and vibrating in a mag- 
ic field. By means of the theory of spherical harmonics, the dif- 
•nt modes of motion corresponding to what we may call the dif- 
mt tones of the sliell, can easily be determined, and it was found 
t each of the tones can originate in several modes of motion, so 
t we can truly say that each spectral line (if the vibrations can 
duoo light) consists of a certain number of coinciding lines, this 
nber increasing as we pass on to the higher tones of the shell. The 
julation of the influence of an external magnetic force confirmed 
inference drawn from the general theory; if a certain frequency 
be produced in .H, 5 or 7 independent ways, the spectral line 
responding to it is split into 8, f> or 7 components. 

For more than one reason, however, this theory of vibrating 
erical shells ttin hardly be considered as anytliing more than an 
stration of the geneml dynamical theorem; it cannot be said to 
oish us with a satisfactory conception of the process of rmliation. 
the first place, if the series of tones of tire shell gave rise to the 
cessive members of a series of spectral lines, the number of com- 
lents into which these are divided in a magnetic field ought to 
rease as we proceed in the series towards (iie more refrangible 
i. This is in contradiction with the results of later experience, 
loh has shown, as 1 already mentioned, that all the lin^ of a series 
split in exactly the same way. 

8 * 
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In tlte second place, I pointed out that the spherical shells, when 
Tibrating in theix higher modes, are very poor radiators. In these 
modes the surface of the shell is divided by nodal lines into parts^ 
vibrating in different phases, so that the phases are opposite on both 
sides of a nodal line. The vibrations issuing from these several pax-ta 
must necessarily destroy each other for the larger part by intex’- 
ference. 

96. In the light of our present knowledge, a third objection, 
which is a very serious one, may be raised. Though in the Zeenian- 
effect the separation of the components is not exactly what it would 

be, if in the formulae {164) the ratio ~ had the value that has been 

deduced from experiments on cathode-rays, yet it is at least* of the 
same order of magnitude as the value which we should find in this 

case. Hence, if we write (- - ) for the ratio deduced from the obser- 

vations on cathode-rays, and if we use the symbol (=) to indicate 
that two quantities are of the same order of magnitude, we have for 
the distance between two magnetic components the general formula 

(six- (179) 

On the other hand, the theory of the vibrating shells leads to 
an equation of the form 

( 180 ) 

in which e, is the charge and j», the mass of the shell. 

We may infer from (179) and (180) that 



an equation which shows that the properties of the charged sphere 
cannot be wholly different from those of a free electron. Therefore, 
as we know that the mass ni^ of such an electron is purely electro- 
magnetic, we are led to suppose that the mass m, of the shell is of 
the same nature. This, howerer, leads us iuto a difaculty, when we 
come to consider the frequencies of the vibrations. The relati?e 
motions of the parts of the shell are in part determined by the electric 
interactions of these parts, and even if they were wholly so, i. e. if 
there were no „ela8ticity“ of an other kind, the wave-lengths cor- 
responding to the different tones as I have called them, would, on. 
the above assumption concerning the mass, be extremely smaU; they 
would be of the same order of magnitude as the radius E,. They 
would be still smaller if there were an additional elasticity.* There- 
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fore, as tte radius must certainly be very mucb smaller than the 
wave-length of light, we can never hope to explain the radiation of 
light by the distortional vibrations of spheres wh.ose charge and 
radius are such as is required by the magnitude of the Zeeman- effect. 

97. It is clear in what way we can escape from the difficulty 
1 just now pointed out. We must ascribe the radiation, not to the 
distortional vibrations of electrons, but to vibrations in which they 
move as a . whole over certain small distances. Motions of this kind 
can exist in an atom which contains a certain number of negative 
electrons, arranged in such a manner that they are in stable equili- 
brium under the influence of their mutual forces, and of those that 
are exerted by the positive charges in the atom. This conception is 
very like an assumption that has been developed to a considerable 
extent by J. J. Thomson^), and according to which an atom consists 
of a positive charge uniformly distributed over a spherical space, 
a certain number of negative electrons being embedded in this sphere, 
and arranging themselves in a definite geometrical configuration. 

In what follows, it will he found convenient to restrict the name 
of electrons to these negative particles or, as Thomson calls them, 
,, corpuscles" 

If the atom as a whole is uncharged, the total positive charge 
of the sphere must he eqnal to the sum of the charges of the nega- 
tive electrons; we can, however, also conceive cases in which this 
equality does not exist. 

It is interesting to examine the dimensions that must be ascribed 
to a structure of the above kind. Let the mutual distances of the 
electrons be of the same order of magnitude as a certaiu line 2, and 
let e he the charge of each electron. Then, the repulsion between 

two electrons is of the same order as and the change which 

this force undergoes by a very small displacement d of one of the 
corpuscles, is of the order 

4:7CP' 

This change may be considered as an additional force that is called 
into play by the displacement d. Hence, if we exclude those cases 
in which a very large number of electrons produce additional forces 
of the same direction, and also those in which the additional force 
which is due to the negative electrons is compensated or far surpassed 
by that which is caused by the positive charge, the total force by 


1) J. J. Thom 8 on, The coipu scalar theory of matter, London, 1907, 
chap, 6 and 7. 
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whicli an electron is puUed back towards its position of equiin)rium 
is <rivcu as to order of magnitude, by the above expression I shall 
suppose the electrons to have the same radius JR, charge e and mass ni 
as the free negative electrons, and I shall write X for the wave-length 
corresponding to their vibrations. Now, by what precedes, we have 
for the frequency ^ 

or, on account of (72), ^ 

(««) y ■ fr * 

But 

%7tG 

n»-y-, 

BO that 

Putting 1 = 0,5 • 10-*cni, and introducing the value of R (§ 85), one 
finds by this equation 

Z(=)2,4- 10-8cm(=)l,6 10»J?. 

This means that the electrons must be placed at distances from each 
other that are very much larger than their dimenaionB, so that, com 
pared with the separate electrons, the atom is of a very large size. 
Nevertheless, it is very small compared with the wave-length, for 
according to the above data we have 

i!(=)6- 10-*1. 

One consequence of the high value which we have found for 1: R is 
that the electromagnetic fields of the electrons do not appreciably 
overlap. This is an important circumstance, because, on account of 
it, we may ascribe to each electron the electromagnetic mass w which 
it would have if it were wholly firee. 

The. value we have found for I is of about the same order of 
magnitude as the estimates that have been formed of molecular 
dimensions. We may therefore hope not to he on a wrong track if, 
in the above manner, we try to explain the prodnotion of light by 
the vibrations of electrons under the influence of dedrki forces. 

98 , It is easily seen that a number of negative electarons can 
never form a permanent system, if not held together by some ex- 
ternal action. This action is provided for in J. J. Thomson’s model 
by the positiTO sphere, which attracts all the electrons towards its 
centre 0, and which must be supposed to extend beyond the electrons, 
because otherwise there could be no true static equilibrium. As 
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already stated, I stall use the same assumption, but I shall so far 
depart from Thomson’s ideas as to consider the density p, not as 
constant throughout the sphere, but as some unknown function of 
the distance r from its centre. The greater generality that is obtained 
in this yray will be seen to be of some interest. With a slight modi- 
fication, our formulae might even be adapted to the case of electrons 
attracted towards the point 0 by some force f(r) of unknown origin, 
for any field of force that is symmetrical around a centre 0, can be 
imitated by the electric field within a sphere in which the density p 
is a suitable function of r. 

However, I shall suppose p to be positive iu all layers of the 
sphere, and to decrease from the centre outward. 

As is well known the general outcome of the researches on the 
a-rays of radio-active bodies and on the canal rays has been that 
tne positive electricity is always attached to the mass of an atom.*) 
In accordance with this result, we shall consider the positive sphere 
as having nearly the whole mass of the atom, a mass that is so 
large iu comparison with that of the negative electrons, that the 
sphere can be regarded as immovable, while the electrons can be dis- 
placed within it. The question as to whether the mass of the posi- 
tive sphere is material or electromagnetic, can be left aside. Of course 
the latter alternative must he discarded, if we apply to the positive 
electricity a formula similar to the one we have formerly given for 
the electromagnetic mass of an electron; on account of the large 
radius of the sphere, the mass calculated by the formula would he 
an insignificant fraction of the mass of the negative electrons. It 
might however be that part of the charge is concentrated in a large 
number of small particles whose mutual distances are invariable; iu 
this case the total electromagnetic mass of the positive charge could 
have a considerable value. 

90 . Before passing on to a special case, some other remarks may 
be introduced. 

In the first place, an atom which contains N movable negative 
electrons, will have degrees of freedom. Consequently, if its 
vibrations are to he made accountable for the production of one or 
more series of spectral lines, the number of electrons must be rather 
large. It ought even to be infinite, if a series really coruiisted of ui 
infijiute number of lines, as it would according to Rydberg's equa- 
tions. Since, however, these formulae are only approximations, and 
since the lines that can actually be observed Are in finite number, 
I believe this consideration need not withhold us from ascribing the 


1) See, however,' Note 04. 
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radiation of light to atoms containing a finite, though perhaps a rather 
large number of negative electrons. 

In the second place we shall introduce the condition that the 
vibrating system must be isotropic. True isotropy, i. e. perfect 
equality of" properties in all directions, can never be attained by 
a finite number of separated particles. It is only when we are con- 
tent with the explanation of triplets, that no difficulty arises irom 
this circumstance, because in this case equality of properties with 
respect to three directions at right angles to each other will suffice 
for our purpose. Arrangements possessing this limited kind of iso- 
tropy, can easily be imagined for different numbers of corpuscles, pro- 
vided there be at least four of them. The electrons may he placed 
at the angles of one of the regular polyhedra, or of a certain number 
of such polyhedra whose centres coincide with that of the positive 
sphere, and whose relative position presents a sufficient regularity. 

Our final remark relates to the radiation emitted by the atom. 
When we examined the radiation from a single electron we found 
that it is determined by the acceleration. One can infer from this 
that the radiation produced at distant points by an atom which 
contains a num})er of equal vibrating electrons, and whose dimensions 
are very small in comparison with the wave-length, is equal to that 
which would take place if there were but one electron, moving with 
an acceleration that is found by compounding all the individual 
accelerations. In some cases, especially likely to occur in systems 
presenting a geometrical configuration of high regularity, this resultant 
acceleration is zero, so that there is no perceptible radiation at all, or 
at least only a very small residual one, due to the fact that the 
different electrons are not at exactly the same distance from the 
outer point considered, and that therefore we have to compound the 
accelerations, such as they are, not at one and the same instant, but 
at slightly different times. Vibrations presenting the peculiarity in 
question may properly be designated as ineffective ones. 


100 . We shall now occupy ourselves with a special case, the 
simplest imaginable, namely that of four equal electrons A, B, C, D, 
which, of course, are in equilibrium at the corners of a regular 
tetrahedron whose centre coincides with the centre 0 of the positive 
sphere.^) 

The fundamental modes of motion of this system can easily he 
determined.^ ) In order to obtain simple formulae for the frequencies, 


T ^eeman-effect in a system of this kind has already been examined 

oy J. J. Ihomaon, who, however, supposed the positive sphere to have a uni- 
toim volume-deMity. 

2) Note 48. 
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I shall imagine a spherical surface to pass through A, JB, C, D; 
I shall denote by p the value which the density of the positive 
charge presents at this surface, and by pj, the mean density in its interior. 

I shall farther introduce a certain coefficient co, which, in those 
cases in which there is a Zeeman-efPect, can be regarded as a 
measure of it. We shall be concerned only with triplets, and the 
meaning of co is, that the actual separation of the components is 
found, if the separation required by the elementary theory , for the 

same value of is multiplied by (». 

In the first fundamental mode, the four electrons perform equal 
vibrations along the lines OA, OB, 00, OB, in such a way that, 
at every instant, they are at equal distances from the centre 0. The 
frequency of this motion, which is inefficient, and not affected by a 
magnetic field, is determined by 



a formula which gives a real value for n, because p is positive and 
e negative. 

Other modes of motion are beist described by choosing ns axes 
of coordinates the lines joining the middle points of opposite edges 
of the tetrahedron, and by fixing our attention on two such edges, 
for example on those which are perpendicular to OX. Let these 
edges b6 and CD, x being positive for the first, and negative 
for the second. 

The corpuscles can vibtate in such a manner that, at every 
instant, the displacement of any one of them from its {wsition of 
equilibrium can bo considered as made up of a component p parallel 
to OX and a transverse component, which for A and li is along 
AB, and for 0 and B along OB. Calling the component p positive 
or negative according to its direction, which may be that of f>X or 
the reverse, and giving to the transverse displacement the positive 
sign if it is away from OX, and the negative sign if it is directed 
towards this line, we have for all the electrons 

p — ■ a cos nt, 

for the transverse displacement of A and B 

g^sp, 

and for that of C and B 

-g^-ap, 

the constant $ being determined by the equation 

s- vy2+V'i + 2v*, 


(181) 
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The double sign in (181) shows that there are two modes of the 
kind considered. These Wto unequal frequencies, for which I «nd 
the formula 


* {6(.-9o±4(p-Po)>^2(r+2;*)), (183) 


and are both effective for radiation, on account of the accelerations 
of the electrons in the direction OX The system will therefore 
produce two lines and in the spectrum. 

Now it is immediately seen that, in addition to these two modes 
of vibrating, which are related as we may say, to the direction 0 X, 
there are wiTnilnr ones related in the same way to OF and OZ, so 
that and are triple lines, which can be split into three com- 
ponents by a magnetic field. Fox ij, the separation between the 
outer components and the middle one is determined by 


and for by 


03 — • 


(0 — 



6v_ "1 _ 


(184) 

(18&} 


Moreover, it can be shown that the state of polariisation of the light 
producing the components of these triplets is the same which we 
have deduced from the elementary theory, the radiation along the 
lines of force again consisting of two oircuhu*ly polarized beams of 
different frequencies, the one right-handed and the other left-handed. 

The modes of motion to whioh I have next to call your attention 
may be described as a twisting of the system around one of the 
axes OX, OY, OZ. The first of these modes is characterized by 
small rotations of the lines AB and CB around iiie axis OX, the 
direction of the rotation changing periodically for each line and being 
at every instant opposite for the two lines. Since a twisting of this 
kind around OZ can be decomposed into a twisting around OX and 
one around OF, these motions constitute only two ftmdamentsd 
modes. They are ineffective, and their frequency, which is given by 
the formula 

”■ — w 

is not altered by a magnetic field* 

We have now found nine fundamental modes of motion in all. 
The remaining ones are rotations around one of the axea OX, 
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OT, OZ\ these are not controlled by the internal forces we have 
assumed, and cannot be called vibrations about the position of 
equilibrium. 


101 . It is worthy of notice, that (186) always gives a real value 
for n, and that the two frequencies determined by (183) are real too, 

provided the value of p be greater than When this condition 

is fulfilled, the original state of the system is one of stable equilibrium. 

If we adopt J. J. Thomson's hypothesis of a uniformly charged 
sphere, we have p — Po In this case we can write instead of (188), 
(184) and (186)0 



Ihl 

2 m 
1 

r 


or 


iflf 

8 m 


t 


or 1. 


103 . Other cases in which a certain number of electrons have 
a regular geometrical arrangement within the positive sphere, can be 
treated in a similar way, though foi»-a larger number of partides 
the calculations become rather laborious. So far as I caji see, the 
line of thought which we are now following promises no dhanoe of 
finding the explanation of a quartet or a quintet, so that, after all, 
the progress we Irave made is not very important. The main interest 
of the preceding theory lies in the fact, that it shows the possibility 
of the explanation of magnetic triplets in which the separation of 
the components is different from that of the triplets of the elementary 
theory, as is shown by the value of a differing from 1. According 
to our formulae, © can even have a negative value. In the above 
example this means that, in the radiation along the lines of force, 
the circular polarisation of the outer oomponento of the doublet can 
be the iuverse of what it would be according to the elementary 
theory.*) 

It is remarkable that negative electrons may in this way produce 
a 2i.ee man effect which the elementary theory would ascribe to the 
existence of movable positive particles. 

103 . Shortly after Zeeman's discovery some physicists observed 
that, just like the magnetic rotation of the plane of polarisation, the 
new phenomenon makes one think of some rotation around the lines 
of force, going on in the magnetio field. There is certainly much to 
be said in favour of this view. Only, if one means the hidden ro- 


ll Note 49. 2) Note M. 
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tations wMeb some theories suppose to exist in the ether occupying 
a magnetic field (and to which those theories must ascribe every 
action of the field) a development of the idea lies outside the scope 
of the theory of electrons as I am now expounding it, because, in 
this theory,, we take as our basis, without further disctission, the 
properties of the ether which are expressed in our fundamental 
equations. There is, however, a rotation of a different kind to which 
perhaps we may have recourse in our attempts to explain Zeeman’s 
phenomenon. 

Let us consider the interval of time during which a magnetic 
field is set up in a certain piurt of the ether-. While the magnetic 
force H is changing, there are electric forces d, whose flistribntion 
and magnitude are determined by our fundamental equations (2 ) and (5). 
These are the forces which cause the imhiction current produced in 
a metallic wire, and they may he said to ho identical, though 
presented in a modem form, with the forces by which W. Weber 
explained the phenomena of diamagnetism, an explanation that can 
readily be reproduced in the language of the theory of oleotrons. 
I shall now consider the rotation they impart to a systom of negative 
electrons such as we have been examining in the preceding paragraphs. 
In doing so, I shall suppose the positively charged sphere to liave 
so large a mass that it may be regarded as unmovable, and I sliall 
apply to the system of negative nloctrons the laws that hold for a 
rigid body; this will lead to no appreciable (irror, if the time during 
which the magnetic field is started, is very long in comparison with 
the periods of the vibrations of the electrons. 

104t. I shall again confine myself to arrangements of the electrons 
that are isotropic with respect to three directions at right angles to 
each other. Then, if the axes of coordinates are drawn through the 
centre 0 in any directions we like, and if the sums are ftxtf‘n<ie(l to 
all the negative electrons of the system, we shall have 

Also, the moment of inertia will bo the same 
axis through 0. We may write for it 

<3 - 2niK, 
if 

and we have 

The force acting on one of the electrons is given by 

ed,, edy, ed„ 


with respect to any 


( 187 ) 
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and we find therefore for the components of the resultant couple 
with reference to the point 0 


c^(*cly — ydj. (188) 

By d we shall understand the electric force due to causes out- 
side the system. Ou account of the small dimensions of the latter, 
this force will be nearly constant throughout its extent, so that, 
denoting by the electric force at the centre, we may write 


^ I I I 

dflf ^"dx ^ ^ 

A A \ I I 

d.. - do,+ * 


dx 

art, 

‘'Fx 


d. — d<>, + » ■{■ y-g- +0 - 


dz‘ 

dz 


Substituting these values in the expressions (188), and bearing in 
mind the equations (187), one finds 



or, in virtue of the fundamental equation (5), 



-- - JBTh,, 

c 



in order to find the components of the angular acceleration, we must 
divide these expressions by 2mK, The result is 


« L c a _ ^ 


from which it at once appears that, after the establishment of a 
field H, a system that was initially at rest, has acquired a velocity 
of rotation 



(189) 


The axis of rotation has the direction of the magnetic field, and, if 
e is negative, the direction of the rotation corresponds to that of the 
field. It is interesting that the velocily of the rotation is independent 
of the particular arrangement of the electrons, and that its frequency, 
1 , e, the number of revolutions in a time is equal to the change 
of frequency we have calculated in the elementary theory of the 
Zeeman- effect. 

The same rotation would be produced if, after the setting up of 
the field, the system were, by a motion of translation, carried into 
it from an outside point. Once started, the rotation wiU go on for 
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ever, as long as the field is kept constaait, unless its velocity be 
slowly diminished by the radiation to which it gives rise.^) 

106 . We now turn our attention to the small vibrations 
that can take place in the system while it rotates. For this purpose, 
we shall introduce axes of coordinates having a fixed position in the 
system, and distinguish between the motion with respect to these 
ax^, the relative motion, and the motion with respect to axes fixed 
in space, which we may call the absolute one. 

Let, for any one of the electrons, V- be the absolute' velocity, 
q the absolute acceleration, the part of it that is due to the 
internal forces of the system, and the part due to the magnetic 
field. Then, we shall have for the acceleration q' of the relative 
motion, if we neglect terms depending on the square of the angular 
velocity k, and therefore on the square of the magnetic force H, 

q' = q-2[k-v] = q, + qj-2[kv], 

. i. e. on account of (189), 

Q' = «li + <l2 + ,7^[H-v]. 

Since 
we find^) 


This shows that the relatiye motion is determined solely by the 
internal forces of the system 5 it is identical with the motion that 
could take place in a system without rotation and free from the 
influence of a magnetic field. I stall express this by saying that in. 
the system rotating with the velocity which we calculated^ there is 
no internal Zeeman-effect, the word „mtemal^^ being introduced, 
because, as we shall presently show, there remains a Zeeman -effect 
in the external radiation. This effect is brought about by the same 
cause that has made the internal effect disappear, namely hy the 
rotation of the particles. 


106 . We have already observed (§ 99 ) that a particle which 
contams a Certain number of equal vibrating electrons, and whose 
size is very small compared with the wave-length, will radiate in the 
same way as a single electron of the same kind, moving with the 
accelerations ^ 0 , the sums extending to all the separate 

electrons, and x, y, 0 being their coordinates with respect to axes 


1) Nate 51. 2) Note 62. 
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fixed, in space. The accelerations will have these values if the co- 
ordinates of the equivalent electron, as it may properly be called, 
are given at every instant by ^y, ^ 0 . 

In order to apply this theorem to the problem before us, I shall 
again choose the centre of the positive sphere as origin of coordinates, 
drawing the axis of 0 in the direction of the external magnetic 
force H. I^et OX and OY bo fixed in space, and let OX\ OY' be 
axes rotating with the system; then, if k is the positive or negative 
velocity of rotation ai'otind OZ, we may put 

a' ”” x' cos kit — y' sin k(, 
y x' sin kt -j- y' cos kt, 

since we may take kt for the angle between OX and OX'. Now, 
if oCq, y^, 0 q' are the coordinates of one of the negative electrons in 
its position of equilibrium, and « cos («< + /% cos (wi -)- .(/), 
Y c08(nf-|-/t) the displacements from that position, due to the 
internal vibrations, and referred to the moving axes, we shall have 
for this particle 

x ' »- iKo' -f a cos («# -f /'), y' — yo' + + y)- (1^1) 

Whereas the constants a, /3, f, y (and y, h) have different values for the 
several electrons, the frequency « will have for all these corpuscles 
a common value, equal to the frequency of the radiation in the 
absence of a magnetic field. 

Introducing the values (191) into the expressions (190) and 
taking the sum for aU the corpuscles, we shall find the coordinates 
X, y of the equivalent electron. Since ..S’V ““-2'yo “* **> result 
may he put in the form 

X — Xj + x,, y “ yi + yj, 

where 

x^ =«» j 4 cos { (tt + + 99 ) , yj Al sin { (n -f -f 95 ) , 

Xj, ■»> if cos { (» -- k)i + V' ) > — .Zf sin ('(« — ■ A:)< -f- } , 

A, if, (p and V' being conatouts. These formulae show that, leaving aside 
the vibration in the direction of OZ, which is entirely unaffeot^ by 
the field and the rotation, we can decompose the motion of 'the 
equivalent electron into two circular motions in opposite direoiionB, 
performed with the frequencies n-k- k and n — k. 'Therefore, sinoe 
in virtue of (189) k is given by the equation 


the Zee man -effect in the radiation rssuing from the rotating partido 
exactly corresponds to that which we formerly derived f^m the 
elementary theory for a particle without rotation. 
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107. There aje one or two points in this last form of the 
theory that are particularly to he noticed. 

In the first place, we can snppose the system of electrons within 
the positire sphere to be capable of vibrating in different modes, 

thereby producing a series of spectral lines. In consequence of the- 

rotation set up by the field, all these lines will he changed into 
equal triplets, so that we have now found a case, in which all the 
lines of a series are divided, as they really are, in the same way 
I may add that, according to the view of the phenomenon we are 
now discussing, the Zeeman- effect is due to a combination of the 

internal vibrations whose frequency is n, with the rotation of the 

frequency A*. 

This calls forth a more general remark. It is well known that 
in acoustic phenomena two tones with the frequencies % and 
are often accompanied by the so called combination -tones whose 
frequencies are -f- and respectively. Something of the 

same kind occurs in other cases in which a motion or any other 
phenomenon shows two different kinds of periodicity at the same 
time; indeed, on acconnt of these, terms such as ^osn^t and cos n^t 
will occur in the mathematical expressions, and as soon as the product 
of two quantities having the two periods shows itself in the formulae, 
the simple trigonometric formula 

cos t cos cos {n^ H- n^t + cos (n^ — n^t 


leads us to recognize two new frequencies -f and 

Indeed, it is precisely in this way that, in the preceding paragraph, 

the frequencies n-j-A and n — h have made their appearance. 

Many years ago, V. A. Julius observed that certain regularities 
in the spectra of elements may be understood, if we suppose the 
lines to be caused by combination -tones, the word being taken in 
the wide sense we can give it on the ground of what has just been 

said. If, for example, there are two fimdamental modes of vibration 

with the fiequencies and or, as we may say more concisely, 

two „tones“ and and if each of these combines with a series 

of tones, so that secondary tones with frequencies equal to the diffe- 
rences between those of their primaries are produced, we shall obtain 
a series of pans, in which the components of each pair are at the 
distance from each other. 

In connection with this, it should also be noticed that, in 

berg 8 formulae, every frequency is presented as the difference 
between two fundamental ones. 

Of course it would he premature to attach much value to 
speculations of this bind. Yet, in view of the fact that all lines of 
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a series undergo the same magnetic splitting, one can hardly help 
thinking that all the fundamental modes of motion belonging to the 
series are somehow combined with one or more periodic phenomena 
going on in the magnetic field, as, in the example we hare worked 
out, they were combined with the rotation of the particles. 

I may add that the form of Rydberg^s equations, in which each 
frequency .is represented as the difference of two terms, naturally 
suggests the idea that under the influence of a magnetic field one 
or both of these terms have their value changed, or rather, are replaced 
bj’' a number of slightly different terms, to each of which corresponds 
a magnetic component. It ivS clear that if, for all lines of a series, 

the part of which they have in common, for instance the part - . 4 

JVq ^ (1 

in the second subordinate series I (§ 82), is altered in the same way, 
the other part remaining unchanged, the equality of the 

Zeeman-effect for all the members of the series will be accounted for. 

108 . in the second place, it is important to remark that, for 
the entire prevention of an internal Zeeman -effect, the rotation of 
a particle as a whole must have exactly the velocity we have found 
for it in § 104. 

For other values of k, such as might occur if the rotating par- 
ticle had a moment of inertia different from that which we formerly 
took into account, q' would come out different from q^, so that the 
relative motion of the electrons with respect to the rotating axes 
would still be affected by the magnetic force. In such a case, in 
order to find the Zeeman-effect as it becomes manifest in the 
radiation, we should have to combine the internal motions with the 
rotation, after the manner shown in § 106; the result would obviously 
be a decomposition of the original spectral lines into more than 
three components. 

This seems rather promising at first sight, but it muse be 
admitted that one can hardly assign a reason for the exi.stejuce of a 
moment of inertia, different from the value used in § 104, and that 
it would be very difficult to reconcile the results with Hungers law 
for the multiple divisions of the lines. 

109 . The preceding theory of rotating radiating particles is 
open to some objections. Besides the two cases mentioned in § 104, 
a third must perhaps be considered as possible. In a Geissler 
tube or a flame combinations and decompositions of niinute particles 
are no doubt continually going on; a radiating atom cannot there- 
fore be supposed to have been in a free state ever since the magnetic 
field was set up. Now, in atoms combined with other particles, the 

LorentK, Theory of elecUouA. Stn»i Kd 9 
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mobility of the electrons might perhaps be so much diminished, that 
the proauction of the field cannot make them rotate-^ since there is 
no reason why they should begin to do bo the moment the atoms 
are set free, we can imagine in this way the existence in the mag- 
netic field of free atoms without a rotation. 

Another difficnlty, which one also encounters in some questious 
belonging to the theory of magnetism, arises from the fact that a 
rotating particle whose charge is not quite uniformly distributed, 
must necessarily, in the course of time, lose its energy by the 
radiation that is due to the rotation itself It is probable that 
the time requii-ed for an appreciable diminution of the rotation 
would be very long An exact determination of it would, however, 
require rather complicated calculations. 

110. After all, yon see by these considerations that we are 
rather at a loss as to the explanation of the complicated forms of 
the Zeeman- effect. In this state of things, it is interesting that 
some conclusions concerning the polarization of the radiation can he 
drawn from general principles, independently of any particular theory 
For this purpose we shall avail ourselves of the consideration of 
what we may term the reflected image of an electromagnetic system. 

Let S be a system composed of moving electrons and material 
particles, the motion of the former being accompanied by an electro- 
magnetic field in tho intervening ether. Th^n, a second system S', 
which may be called the image of S with respect to a plane F, may 
be defined as follows. To each particle or electron, and even to 
each charged element of volume in S, corresponds an equal particle, 
electron or element of volume in S'j moving in such a way that the 
positions of the two are at every instant symmetrical with respect 
to the plane V] farther, if P and P' are corresponding points, the 
vector representing the dielectric displacement at P' is the image of 
the corresponding one at P, whereas the magnetic forces in S and 
S are represented by vectors, one of which is the inverted image of 
the other. On certain assumptions concerning the forces between the 
elecurons and other particles, which seem general enough not to 
exclude any real case, the system S' can be shown to be a possible 
one, as soon as S has an objective existence. 

We shall apply this to the ordinary experiment for the 
exhibition of the Zeemaii-effeet, fixing our attention on the rays that 
are emitted along the lines of force, and placing the plane V parallel 
to these lines. There are many positions of the plane fulfilling the 
ter condition, but it is clear that, whichever of them we choose, 
e image of the electromagnet will always have the same properties, 
e same may he said, so far as the properties >are accessible to our 
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observations, of tbe source of liglit itself; therefore,, the radiation 
too must be exactly the same in all systems that can be got by 
taking the image of the experiment with respect to planes that are 
parallel to the lines of force. From this we can immediately infer 
that the light radiated along the lines of force can never show a 
trace of rectilinear or elliptic polarization; it must either he un- 
polarized, or have a circular polarization, partial or complete. This 
conclusion also holds for the part of the radiation that is charac- 
terized by a definite fi:equency, and is therefore found at a definite 
point of the spectrum. 

By a similar mode of reasoning we can predict that, in the 
emission at right angles to the lines of force, there can never be 
any other polarization, either partial or complete, but a rectilinear 
one with the plane of polarization parallel or perpendicular to the 
lines of force. 

Finally, since the image of a magnetic field with respect to the 
plane of which we have spoken, is a field of the opposite direction, 
the state of radiation must be changed into its image by an inversion 
of the magnetic force. At every point of the spectrum the direction 
of the circular polarization will be inverted at the same time. 



CHAPTER IV. 

PROPAGATION OF LIGHT IN A BODY COMPOSED OF 
MOLECULES. 

THEORY OP THE INVERSE ZEEMAN-EFPECT. 

Ill, In the preceding discussion we had in view the influence 
of a magnetic field on the light emitted by a source of light. There 
is a corresponding influence on the absorption^ as was already shown 
by one of Zeeman’s first experiments. He found that the dark lines 
which appear in the spectrum of a beam of white lights passed 
through a sodium flame, are changed in exactly the same way as 
the emission lines of the luminous vapour, when the flame is exposed 
to an external magnetic field. We can easily understand this inrerse 
phenomenon if we hear in mind the intimate connexion between the 
emission and the absorption of light. According to the well known 
law of resonance, a body whose particles can execute free vibrations 
of certain definite periods, must be able to absorb light of the same 
periods which it receives from without. Therefore, if in a sodium 
flame under the influence of a magnetic field there are three periods 
of free vibrations instead of one, we may expect that the flame can 
produce in a continuous spectrum three absorption lines corresponding 
to these periods, and in general, if we want to know what kinds of 
light are emitted by a body under certain circumstances, we have 
only to examine the absorption in a beam of light sent across it. 

A highly interesting theory based on this idea has been deve- 
loped by Voigi^ It has the advantage of being applicable to bodies 
whose density is so great that there is a certain mutual action 
between neighboring molecules, a case in which it is rather difficult 
directly to consider the emission of light. 

Voigt’s theory was not originally expounded in the language 
of the theory of electrons, his first method belonging to those w'hich 

1) W. Voigt, Ann. Phys. Chem. 67 (1899)\ p. 346; 68 (1899), p. 862, 604; 
69 (1899), p. 290; Ann. Phys. 1 (1900), p. 376, 389; 6 (1901), p.. 784; see also 
his book: Magneto- nnd Blektrooptik, Leipzig, 1908. 
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I have formerly alluded to, in which one tries to > describe the observed 
phenomena by judiciously chosen differential equations, without 
troubling oneself about the mechanism underlying them. However, 
in order not to stray from the main subject of these lectures, I shall 
establish Voigt’s equations, or rather a set of formulae equivalent 
to them, by applying the principles of the theory of electrons to the 
propagation of light in a ponderable body considered as a system of 
molecules. 

These formulae are also interesting* because by means of them 
we can treat a number of other questions, relating to the velocity 
of propagation and the absorption of light of different frequencies. 
It will be well to begin with some of these, deferring for some time 
the consideration of the action exerted by a magnetic field. 

112 . Let us imagine a body composed of innumerable molecules 
or atoms, of ,, particles" as I shall term them, each particle con- 
taining a certain number of electrons, all or some of which are set 
vibrating by an incident beam of light. Between the electrons and 
in their interior there will he a certain electromagnetic field, which 
we could determine by means of our fundamental equations, if the 
distribution and the motion of the charges were known; having ^ 
calculated the field, we should also be able to find its action, on the 
movable electrons, and to form the equations of motion for each of 
them. This method, in which the motion of the individual electrons 
and the field in their immediate neighborhood a,nd even within 
them, would be the object of our investigation, is however wholly 
impracticable, when, as in gaseous bodies and liquids, the distribution 
of the particles is highly irregular. We cannot hope to follow 
in its course each electron, nor to determine in all its particulars 
the field in the intermolecular spaces. We must therefore have 
recourse to an other method. Fortunately, there is a simple way of 
treating the problem, which is sufficient for the die6uBsion of what 
can really be observed, and is indeed suggested by the yery nature 
of the phenomena. 

It is not the motion of a single electron, nor the field produced 
by it, that can make itself felt in our experiments, in which we are 
always concerned with immense numbers of particles; only the resultant 
effects produced by them are perceptible to our senses. It is to be 
expected that ffie irregularities of which I have spoken, will disappear 
from the total effect, and that we shall be able to account for it, 
if, from the outset, we fix our attention, not on all these irregularities, 
but only on certain mean values. I shall now proceed to define these. 

113 . Let P he a point in the body, S a sphere described 
around it as centre, and 99 one of the scalar or vector quantities 
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occurring in our fundamenial cquataoim. I'hou the mean value of qj 
at the point P, which we shall denote hy iH givtui by tlie equation 

in which. S means the volnmc of the sphere, and tlic integniiiou is 
to be extended to this volnme. 'I’Ik'. oU-.me.nts dS are io he, taken 
infinitely small in the ittathoinii.l,ieal sense of tlie words, so that e.veu 
an electron is divided into many eleiuents. Ah to' tlie .s[du>re S, it 
must be chosen neither too small nor too large. Simai our purpose 
is to get rid of the irregularities in the distrihution of qi, tlie sphere 
must contain a very large number of particles. On the other hand, 
we must he careful not to ohlitornte the changes from point to point 
that can really bo observed. The radius of the sjihere innst tliere- 
fore he so small that the state of the body, ho far hh it in aceesHihlo 
to onr means of observation, may be coiiHidered as uuifonu througliout 
the sphere. In the problems we shall have to deal with, this means 
that the radius must be small compared with the wave Imigth. For- 
tunately, the molecular distauees are so mneh sinaller tlian the leugtlr 
of even the shortest light-waves, tliat both conditioiiH can he Hatislicd 
at the same time. 


114 . I'he mean value (p, taken for a point I\ is in general a 
function of the coordinates of thiH point, and if <p ilself depends 
upon the time, ip will do so too. We eau easily infer from our 
definition the i-elations 

dep ()q) dep i)>p 

by which the transition from pur funilameiitui equations to the 
corresponding formulae for the mean values is made very easy. Of 
course, the mean values of the quantities on the right and on the left- 
hand side of an eij nation must be equal to each other, so that all 
wo have got to do, is to replace d, h, etc. by their moan values. 
The resultant formulae, viz. 

rot h y (d + pv) 
and 

rot d «»» — ^ h, 

may be considered as the general electromagnetic equations for the 
ponderable body; they are comparable with those of which we spoke 
in § 4, In order to bring out the similarity, I shall put 

d Ey 
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h ^ H. 

It only remains to examine the term According to our definition 
of . mean values, we have for the components of this vector, if 
0 are the coordinates of an element of the moving charges at the 
time ty 

etc,, 

or, if we suppose the surface of the sphere not to intersect any 
electrons, 

We have formerly seen that j^QxdSj J^ydS, J*Q 0 dS are the com- 
ponents of the electric moment of the part of the body to which 

the integration is extended. Hence, ^J^QxdS and the two corre- 
sponding expressions with y and -e are the components of the electric 
moment of the body per unit of volume.^) We shall represent this 
moment, or, as it may also be termed, the electric polarization of the 
body, by P. Thus 

and 

ff -H ^ - E + P. 

Simplifying still further by putting 

E + P = D, (192) 

we are led to the equations 

rotH = -D, (193) 


which have exactly the form of those of which we spoke in § 4. 
If we hke, we may now call E and D the electric force and the 
dielectric displacement, D the displacement current. This exactly 
agrees with common usage; only, in onr definition of these vectors, 
one clearly sees the traces of our fundamental assumption that the 
system is made up of ether and of particles with their electrons. 
Thus, E is the mean force acting an a charge that is at rest. The 
total dielectric displacement D consists of two parts, the one E having 
its seat in the ether, and the other P in the particles. Corresponding 


1) Not© 63. 
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to these, we distinguish two parts in the current ti; the first, E is 
the mean of the displacement (Uirrent in the ether, and the second 
the mean of the convection current pV. 

UB, To complete our system of equations we must now 
examine the relation between D and E, or rather that between P 
and E. This is found hy considering the way in which the <dectric 
moment in a particle is produced or change<l 

Let us suppose that each particle contains a single movable 
electron with charge e and mass m, and lot us deiudo hy 7;, £ the 
dikances over which it is displaced from its jjosition of oquilihrium 
in ;the .directions of the axes of coordinates. The components of the 
electric moment of a single particle are 

Par P«/ P» 

and, writing N for the number of particl(‘s per unit volume, wt^ have 

(I9r>) 

if the particles have a regular geometrical arrangement. If, on the 
contrary, they are irregularly distributed, so that the values of the 
displacements rjj ^ change abruptly frori) oiu' particle to the next, 
we may use the same equations, provided we umh'rHtand hy >/, 
mean values taken for all tl\e particles situated in a spac^.c that is 
infinitely small in a physical sense. A similar rcunurk applies to 
other quantities occurring in the equations wc arc going to eslfiblish 
for the motion of the electrons. 

116 . The values of ip, S, and conseciuently those of P^, P^^, P^^ 
depend on the forces acting on the movable electrons. These are of 
four different kinds. 

In the first place we shall conceive a (pertain elastic force by 
which an electron is pulled back towards its position of e(juilibrium 
alter having been displaced from it. We shall suppose this force to 
be directed towards that position, and to bo proportional to the 
displacement. Denoting by f a certain positive constant which 
depends on the structure and the properties of the ptu-ticle, we write 
for the components of this elastic force 

^m) 

The second force is a resistance against the motion of the 
electron. We must introduce some action of this kind, because 
without it it would be impossible to account for the absorption 
which it is one of our principal objects to examine. Following the 
example given by Helmholtz in his theory of anomalous dispersion, 
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witli wliich tlie present investigation lias many points in common^ 
I shall take the resistance proportional to the velocity of the electron, 
and opposite to it. Thus, if ^ is a new positive constant, the com- 
ponents of the second force are 





(197) 


We shall later on return to this question. 


117 . We have next to consider the fortn; acting on the electron 
on account of the electromagnetic field in the ether. At first sight 
it may he thought that this action is to be represented by cE. On 
closer examination ono finds however that a term of the form aeP 
is to he added, in which a is a constant whoso value is little different 
from -J I shall not enter upon the somewhat lengthy calculations 
that are required for the determination of this additional force. In 
order to explain why it is introduced, I have only to remind you 
of the well known reasoning by which Kelvin long ago came to 
distinguish between the magnetic force and the magnetic induction. 
He defined these as forces exerted on a pole of unit strength, placed 
in differently shaped infinitely small cavities surrounding the point 
considered, The magnetically j)olarized parts of the body outside the 
cavity turn their poles more or less towards it, and thus produce on 
its walls a certain distrihution of magnetism, whose action on an in- 
side polo is found to depend on the form of the cavity. 

In the problem before us we can proceed in an exactly similar 
manner. The general equations (33) (3fi) show that the electro- 

magnotic field is composed of parts that are due to the individual 
pari, ides of the system, so that, if sonu; of these were removed, the 
motion of the electrons in the remaining ones being left unchanged, 
a part of the field would be taken away. We must further take into 
account that each component of d or h belonging to the field that 
is produced by a certain number of particles, is obtained by an 
addition of the corresponding (luantities for the fields due to each of 
the particles taken separatdy. The sum may be replaced by an 
integral in those cases in which the discontinuity of the molecular 
strifcture does not make itself felt. If we want to know the field 
produced at a point A by a part of the body whoso shortest distance 
from A is very groat compared with the mutual distance of adljacent 
particles, we may replace the retd state of things by one in which 
the polarized matter is homogeneously distributed. 

All this can also be said of the monetized particles one has to 
consider in Kelvin's theory, though the cases are different, because 
the formulae (§ 42) for the field produced by a variable electric 



138 IV. PROPAGATIO-N OP LIGHT IN k SYSTEM: OP MOLECULES. 

tnonieilt are less simple than tho.se which (h'tormine the action of a 
constant molecular magnet. The formulae howev(‘v much resemble 
each other if the point for which tho fiolA of a particle is to be 
determined, lies at a distance from it that is small compared with 
the ware-length. In this case the field can be approximately con- 
sidered as ail electrostatic one, such as would exist if the electric 
moment did not change in the course of time. 

Around the particle A for which we wish to determine the 
action exerted on the electron it contains, wo lay a dosed surface <r, 
whose dimensions are infinitely small in a physical sense, and we 
conceive, for a moment, all other particles lying within this surface 
to be removed. The state of things is then exactly aualogous to the 
case of a magnet in whicli a cavity has been formed. There will he 
a distribution of electricity on the surface, due to the pi)lari7,ation of 
the outside portion of the body, and the foriui E', exerted by this 
distribution on a unit charge at .1 must he added to the force E 
which appears in (194). 

Now, if the particles we have just removed are restored to their 
places, their electric moments will produce a -third force E" in the 
particle A, and the total electric force to which the movable electron 
of A is exposed, will be 

E 4- E' -f- E". 


It is clear that the result cannot depend on the form of the cavity ff, 
which has only been imagined for the purpose of performing the 
calculations. These take the simplest form if is a sphere. I’hen 
the calculation of the force E' leads to the result*) 

E'-iP. 

The problem of determining the force E" is more difficult. I shall 
not dwell upon it here, and I shall only say that, for a system of 
particles having a regular cubical arrangement, one finds*) 

E" - 0, 

a result that can be applied with a certain degree of approximation 
to isotropic bodies in general, such as glass, fluids and gases. It is 
not quite correct however for these, and ought to be replaced in 
general by 

E" ™ sP, 

where, for each body, s is a constant which it will be difficult 
exactly to determine. 


1) Note 54. 2) Note 55. 



Putting 


we find lor the electric force acting on an electron 

E + aP. 


118 - The last of the for(!08 we arc enumerating occurs in 
magneto-optical phenomena; it is due to the external magnetic field, 
which we shall denote by the wymbol in order to distinguish it 
from the periodically changing magnetic force H that is due to the 
electric vibrations themselves *), and occurs in our equations (19.3) 
and (194). 

In all that follows we shall suppo.se the external field ^ to 
have the direction of the axis of g. Then its action on the vibrating 
electron, which in general is represented by 

has the components 

e!& dr) ,, 

J'dt’ 


where .§,ia written instead of 

Taking together all that has been said about the several forces, 
we find for the equations of motion of the movable electron contained 
in H particle 


w -fi—y 

m •« e( E^ + «P^) /“q - s ^2 .. , 


( 198 ) 


119 . Another form of these eqoations will be found more con- 
venient for our purpose. 

In the fii-st place, instead of the displaoements of the movable 

electron, we sh*Jl introduce the components of the electric polari- 
zation P. Taking into account the relations (196), dividing the 

formulae (198) by 6 , and putting 

“■ »»', « /*', »- g\ (199) 


1 Note &6. 
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one finds 




m -gj.- 

,a‘P! 


m 


dt 

£111 _F j^aP —f'P — o'— ^ 


cJYe ^ 


'?'<-E,+»p,-rp,-s 


m - 


.dP, 

dt 


( 200 ) 


These equations may be further transformed, if, in our investigation 
of the propagation of simple harmonic vibrations, we use the well 
known method in which the dependent variables in the system of 
equations are first represented by certain exponential expressions with 
imaginary exponents, the real parts of these expressions, to which 
one has ultimately to confine oneself, constituting a solution of the 
system. 

Let £ he the basis of natural logarithms, and let all dependent 
variables contain the time' only in the factor 


* ; 

SO that H is the frequency of the vibrations. Then, if we put 


tt = f — a — m'n^, 

(201) 

P == nff', 

(202) 

^ cNe> 

(203) 


all real quantities, the formulae (200) take the form 
E, « (a + i I 

Ey - (a + + iyP^, (204) 

E, -(of + ii3)P,. J 

Since P — D — E, these equations may he said to express the relation 
between E and D which we have to add to the general formulae 
(193) and (194). 


Before coming to solutions of our system of equations, 
it will be well to go into some details concerning the cause by which 
the absorption is produced. We have provisionally admitted the 
existence of a resistance proportional to the velocity of an electron, 

which is represented by the terms ~ in ( 198 ), 

and by the terns in (204). It must be observed, 

however, that in our fondamental equations there is no question of 
a resistance of this kind; as we have formerly seen, an electron can 
move for ever through the ether with undiminished velocity. In our 
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considerations we Lave come across only one force that may be 
termed a resistance, namely the force 

.~-y 

which is proportional to the rate of change of the acceleration. In 
the case of simple harmonic vibrations, its components can be re- 
presented in the form (197), with the following value of the coefficient 

Some numerical data which I shall mention later on, show however 
that this force (205) is much too small to account for the absorption 
that is really observed in many cases,^) We must therefore look for 
some other explanation. 

It has occurred to me that this may be found in the assumption 
that the vibrations in the interior of a ponderable particle that are 
excited by incident waves of light, cannot go on undisturbed for ever. 
It is conceivable that the particles of a gaseous body are so pro- 
foundly shaken by their mutual impacts that any regular vibration 
which has been set up in them, is transformed by the blow into the 
disorderly motion which we call heat. The rise in temperature 
produced in this way must be due to a part of the energy of the 
incident rays, so that there is a real absorption of light. It is also 
clear that the accumulation of vibratory energy in a particle, which 
otherwise, in the case of an exact agreement between the period of 
the vibrating electrona and that of the incident light, would never 
come to an end, will' be kept within certain limits by this disturbing 
influence of the collisions, just as well as it could be by a resistance 
in the ordinary sense of the word. 

In working out this idea, one finds that the formulae we have 
established in what precedes may still be used) provided only we 
understand by g the quantity*) 

9 — — y 

in which t is the mean length of time during which the vibrations 
in a particle can go on undisturbed. Since we can use the same 
formulae as if there were a real resistance, it is also convenient to 
adhere to the use of the latter term, and to apeak of the resistance 
originating in the collisions, this resistance becoming greater when- 
the interval x is diminished. 

According to the above idea, the interval t ought, in gaseous 
bodies, to be equal to the mean length of time elapsing between two 





1) Note Se*". 2) Note 67. 
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successive encounters of a molecule. Unfortunately, it is found that 
the value of r deduced from experimental data is smaller than the 
interval between two encounters. We must conclude from this that 
there are causes in the interior of a molecule by which the regularity 
of the vibrations is disturbed sooner than it would be by the molecular 
impacts. We cannot pretend therefore to have satisfactorily elucidated 
the phenomenon of absoi-ption, its true cause remains yet to be 
discovered. 

1Q1. Leaving aside for some time the effects produced by a 
magnetic field, we shall now examine the propagation of light in the 
case = 0, y = 0. Let us first suppose that there is no resistance 
at all, so that /3 is likewise 0. Then the formulae (204) may be 
written 

E = «P, 

from which we deduce 

D = (n-i)E. (208) 

Let the propagation take place in the direction of OZ, so that 
the components of E, D and H are represented by expressiotns con- 
taining the jfactor 

(209) 

where g is a constant. Then, since all differential coefficients with 
respect to x and y vanish, we have by (193) and (194) 



d»v 

= 1^ 


dz 

c dt 

and 


X i 

1 

1 


dz 

c dt ' 

or 



whence 




D, = cVE,. 

Combining this with (208), we get 

cV = l-f-^. (210) 

Supposing 1 +1 to be positive, we find a real value for g. The 
real part of (209) is 

cosn(t — q£i)j 

from which it is seen that the velocity of propagation is 

1 

a 
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t can therefore be calculated by means of the equation (210), for 
rhich we may wi*ite 



s the index of refraction. 

It is to be noticed that our result agrees with MaxwelTs well 
mown law, according to which the refractive index of a body is 
qua! to the square root of its dielectric constant* Indeed, the 
quation (208) shows that the ratio between the dielectric displace- 

aent D and the electric force E is given by 1 + i ; it is therefore 

his quantity which plays the part of the dielectric constant cr the 
pecific inductive capacity in Maxwell’s equations. 

122 ; In one respect, however, the theory of electrons has enabled 
s to go further than Maxwell. You see from the equation (201) 
bat, for a given system, a is not a* constant, but changes with the 
requency n. Therefore, oUr formulae contain an explanation of the 
ispersion of light, i. e. of the fact that different kinds of light have 
ot the same refractive index. 

This explanation is very much like that which was proposed by 
everal physicists who developed the undulatory theory of light in 
Is original form in which the ether was considered as an elastic 
ody. Sellmeyer, Ketteler, Boussinesq and Helmholtz showed 
hat the velocity of light must depend on the period of the vibra- 
Lons, as soon as a body contains email particles which are set 
ibrating by the forces in an incident beam of light, and which are 
ubjeci to intramolecular forces of such a kind that they can perform 
ree vibrations of a certain definite period. The amplitude of the 
3rced vibrations of these particles, which is one of the quantities 
etermining the velocity of propagation, will largely depend on the 
elative lengths of their own period of vibration and the period of 
he light falling on them. The theory of the propagation of light, 
a a system of molecules which has been here set forth, is based on 
he same principles as those older explanations of dispersion, the 
nly difference being that we have constantly expressed ourselves in 
he terms of the electromagnetic theory, and that the small particles 
nagined by Sellmeyer have now become our electrons. 

If we conceive a single particle to be detached frona the body, 
0 that it is free from aU external influence, and if we leave out of 
ccount the resistance which we have represented by means of the 
oefficient g, the equations of motion (198) simplify to 
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— — A?; 

from which it appears that the electron can perform free vibrations 
with a frequency determined by 




Introducing this quantity, and using (199), we may write instead of 
(201), if we put a = 

a = m (Mj* — »*) — y = — «*) j- • (211) 

The index of refraction is therefore determined by 

( 212 ) 


The vplue of ^ derived from this formula is greater than 1, if 
the frequency n is so far below that of ^he free vibrations that 
the denominator is positive; if this condition is satisfied, we can 
further conclude that /i increases with the frequency. This agrees 
with the dispersion as it is observed in transparent bodies, at least 
if we suppose that in these the frequency % corresponds to rays in 
the ultra-violet part of the spectrum. 


123 . As a further application of our results we can take the 
old problem of the connexion between the index of refraction ft of 
a transparent body, and its density p. As is well known, Laplace 
inferred from theoretical considerations, based on the form the 
undulatory theory had in his time, that, when the density of a body 
is changed, the expression 

^ (21-3) 

should remain constant. In most cases the observed changes of the 
refractivity do not at all conform to this law, and it has been found 
that a better agreement is obtained if Laplace’s rule is replaced by 
the empirical formula 

^ ~ ^ ~ const. (^1^) 

The electromagnetic theory of light leads to a new form of the re- 
lation. Indeed, by a slight medication, (212) becomes 


For a given body and a given value 


of n, the expressibn 
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must therefore be proportional to the number of molocules per unit 
volume, and consequently to the density. 

This result had been found by Lorenz’) of Copenhugen some 
time before I deduced it from the electromagnetic theory of light, 
which is certainly a curious case of coincidence. 

124. In a certain sense the formula may be said to be much 
older. Putting in (201) » »» 0 and, as before, a =- J , w(i find for the 
case of extremely slow vibrations, or of a constant field 

' 8 N«* 3 

The corresponding value of the ratio 1 + “ between D and E is 

1 I I 

B L "4“ * 

f _ 1 

AT? »' 

This, therefore, is the value of the dielectric constant for our system 
of molecules, a result which we could also have obtained by a direct 
calculation. 

Now, the last formula shows that, when N is changed, the value of 

' “L 

remains constant. Hence, the relation between the dielectric constant 
and the density p is expressed by 

> ' “■ const., 

a formula corresponding to one that was given long ago by Clau- 
sius and Mossotti. Substituting in it Maxwell’s value 

e ■» g*, (216) 

we find the relation 

(^r’f j), CO”"*- 

In this way, however, the formula is only proved for the case of 
very slow vibrations, to which Maxwell’s law (215,1 may be applied, 
whereas our former deduction shows that it holds for any value 
of «, i. e. for any particular kind of light we wish to consider. 

125. Let us now compare our formula with experimental results. 
Of course I can only mention a few of these. I .shall first consider 
the changes in the refractivity of a gas produced by pressure, and 

1) L. Loieni;, tlber die Kebraktiooskonitante, Ann. Phy*. Cbera. 11 (18ri0), 

p. 70. 

Xiorottlifi, of olooirons, Ed. 
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in the second place the change in the refractivity that is brought 
about by the passage of a liquid to the gaseous state. In both 
eases i I shall compare the results of our formula with those that can 
be deduced from the empirical formula (214). As to Laplace’s law, 
we need no longer speak of it, because in all cases it is much less 
satisfactory than either of the two other formulae. 

The refractive index of air up to high densities ha.s recently 
been measured with considerable accuracy by Magri.‘) Some of 
his results are contained in the following table, together with the 

values of y - - and 


Temperature | 

Density 

Refractive index 

8 p 

^ ^ • 10’ 
(f*‘+ _ 

0» 

3 

1,0002929 

1968 

1958 

14,6 

14,84 

1,004888 

19.11) 

1947 

14,8 

42,18 

1,01241 

1964 

1969 

14,4 

09,24 

1,02044 

1968 

1961 

14,6 1 

96,16 

1,02842 

1970 

1961 

14,6 

128,04 

1,08688 

1909 

1956 

14,8 

149,68 

1,04421 

1971 

1960 

14,9 

.176,27 

1,06218 

1972 ! 

1958 


You see that with the formula (216) the agrcc.inent is .somewhat 
better than with the empirical relation (214). 

The difference between the two comes out still more markedly, 
if we compare the refractive index of a vapour with the value we 
can deduce from that of the liquid by means of (214) or of (216). 
In the following small table, which relates to sodium light, the index 
of the liquid is given for 15®, and that of the vaporm for 0® and 
760 mm. This means that the observed values of g hav(' been roiluced 
to the density which the vapour would have at 0® and nmler atmo- 
spheric pressure, if it followed the laws of Boyle and (lay-Lu.saac. 
The reduction can he made either by (214) or by (216), the two 
formulae being equally applicable to the small changes in question. 



Liquid 


\'a|H)ur 




Index of 
refraction 

Density 

, 

j Index of refraction 


Density 

1 

ObH. 

Calculated! (‘alculaied 
by (214) 1 by (216) 

Water 

0,9991 

1,8887 

0,000809 

1 ■ 

il. 000260 

1,000270 - 1,000260 

Bisulphide of car- 

bon 

1,2709 

0,7200 

1,6820 

0,00341 

jl,0014H 

l.OOnO 1 1,00144 

Ethyl ether 

1,865W 

0,00882 

|l,0O162 

i 1,00164 1 1,00161 


1) L. Magri, Der Brechungsindox der Luft in seiner Beziehting »u ihrer 
Dichte, Phys. Zeitachr. 0 (1906), p. 029. 
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Other measurements which can be taken as a test for the two 
formulae are those of the indices of refraction of various bodies at 
different temperatures, or when submitted to different pressures. As 
a general rule, neither equation (214) nor (216) is found to repre- 
sent these measurements quite correctly, the disagreement between 
the observed values and the calculated ones being of the same order 
of magnitude in the two cases, and generally having opposite direc- 
tions. In most cases our formula leads to changes in the refractivity 
that are slightly greater than the observed ones; moreover, the devia- 
tions increase as one passes on to higher values of n. 

As to the cause of this disagreement, it must undoubtedly be 
looked for, partly in the fact that the term a in equation (201) is 
not exactly equal to partly also in changes that take place in 
the interior of the particles when a body is heated or compressed. 
These changes can cause a variation in the value of the coefficients 
f and f. 

126 . A problem closely connected with the preceding one is 
that of calculating the refractivity of a mixture from the refractivities 
of its constituents. Following the same line of thought that has led 
us to equation (212), but supposing the system to contain two or 
more sets of molecules mixed together, one finds the following for- 
mula^), in which r^, >* 2 , . . . are the values of 

-JilzrJL 

for iach of the mixed substances, taken separately, and ... 

the masses of these substances contained in unit of mass of the mixture 

+ OTjrj + • • • • (218) 

This equation is found to hold as a rough approximation for various 
liquid mixtures. The same may be said of a similar equation that 

is often used for calculating the value of ^ — 

127 . It is very important that these formulae for mixtures can 

also serve in many cases for the purpose of calculating the refracti- 
vity of chemical compounds from that of the constituting elements. 
Let us consider a compound consisting of the elements e^j 
and let us denote hy JP 2 ; • • • their atomic weights, by ... 

the numbers of the different kinds of atoms in a molecule, and by 

-P “ ilPl + + • • • 



1) Note 68. 
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the molecular weight of the compound. Then, the amounts of 
fg, ... in unit of mass will be 




aiPi 

jrr 




p ^ 


* ' 


and (218) becomes 


(219) 


Hence, if for each element wo call the product of the coustaat (^.17) 
by its atomic weight p tlio refraction equivalent, and if wo under- 
stand by the refraction o(piivalent of the compoiiud tin* product of 
the value of (2,17) relating to it by the molecular wtu'glit P, we are 
led to the simple rule that, in order to find th(» rcfra(d;iou equivalent 
of the compound, we have only to multiply thi‘ refraction equivalent 
of each element by the numl>or of its atoms in the luolecuh', and to 
add the results. A large Tuimber of physicists and chemists who 
have d(3termmed the refractivities of many compound.s, t*sp(*(‘ially of 
organic ones, have found the rule to b(^ approximatidy correct. 


128 . The general meaning of this result will be (>l)viouH. When 
we find that some quantity which determines the ndVactivity of a 
compound is made up of a number of parts, each of which btdongs 
to one of the elements, we may conclude tluit, in tlu^ pro))ugatioii of 
light, each element exerts an influence of its own, wluch is not disturb- 
ed by the influence of the other (dements. In th(^ terms of our tluM)ry, 
this amounts to saying that the ehsitric vibrations going on in a beam 
of light, in BO far as they take pla(j(^ in tin; ponchwable matter, have 
their scat in the separate atoms, the motions in one atom btung more 
or less independent of those in the otlmr atom.s of tlu^ sunie mohuude. 

We may suppose, for example, that c'ach atom contains one 
movable electron, which, after a displacement Ixom its positiuii of 
equilibrium, is pulled back towards it by an elastic force having its 
origin in the atom itself, and determiiuHl tlnwefore by the propc'rtii^s 
of the atom. If we take this view, it is easy so to cluinge the 
equations for the propagation of light that they can lu' tipplied to 
a system of polyatomic molecul(>s. 

129 . Let us distinguish ilie (piautities ndating to the separate 

atoms of a molecule by tln^ indices 1, 2, L Let Cj, . . . 
be the charges of the movabh- elo(*trous coutaiiuHi in the first, the 
second atom etc., Wg, . . . their ma8He.s, . . . 

the components of their dis))lacements from their positions of equili- 
brium /^ 2 , ... the coeflicionts determining th(^ intensitias of the 
elastic forces. Then, if the resistances are left out of account, and 
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if there is no external magnetic fields we shall hare for each molecule, 
not one set of equations of motion of the form 

»g-e(E.+«P,)-rS, 

etc., 

(which is got from (198) if we put ^ = 0, $ = 0), but Ic sets of 
this form: 

+ « P J - fi k , etc. 

S' “ (1^* + « P*) - A , etc. 

etc. 

The total electric polarization P of the' body wiU now be the sum 
of the electric moments due to the separate atoms*, its components are 

Pa ; ==* -^(^1 il + ^2 ^2 + ‘ 

Py + )} ' (221) 

P ^ ^ -^(^1 Si + ^2^2 H " ’ ’ . 

For a determinate value of the frequency n we can deduce 
from (220), (221) and (192) the relation between E and D. Co?Qbi- 
ning it with the equations (193) and. (194), one finds the following 
formula, corresponding to (212), hut more general than it, for the 
index of refraction ^^), 

It is thus seen that, according to our new assumptions, the value of 
proportional to and therefore to the density of the 

hody. Moreover, if we denote by ... the refractive indices 

for the cases that unit volume of our system contains only N atoms 
of the group 1, or N atoms of the group 2, etc., we have 
Ml *— 1 _ ATei* — 1 

Mi*+ 2 M^* + 2 “ 3(^ ^ in,n*) ' 

Consequently, (222) may be written 

which is but another form of the relation (219). 

130 . I need hardly observe that the assumptions we have made 
are at best rough approximations to the true state of things. We 
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hare supposed the elastic force by which the movable electron of an 
atom is pulled towards its position of equilibrium, to arise from 
actions which are confined to the atom itself. Now, there is at all 
events an interaction of an electric nature between neighboring 
atoms, precisely on account of the displacements of their electrons; 
there may also be other interactions about wliose nature we are as 
yet entirely in the dark. On these grounds we must expect greater 
or smaller deviations from the law of the refraction eijuivaleut, 
deviations from which one may one day bo able to draw some con- 
clusions concerning the structure of a inolec.ule. 

One important result in this direction was already obtained by 
Brtihl.^) He found that a double chemical binding between two atoms 
has a striking influence on the refractivity, which can be taken into 
account, if, in the formula (218), wo add a term of proper magnitude 
for each double bond. 

Like many other facts, thi.s shows that our theory of the 
propagation of light in ponderable bodies is to be considered as 
rather tentative. I must repent however that, undoubtedly, the actions 
going on in the separate atoms mu^t be, to a large extent, mutually 
independent. If they were not, and if, on the contrary, the elastic 
force acting on an electron ought to be attributed, not to tbe atom 
to which it belongs, but to the molecule as a whole, the refractive 
index of a compound body would be principally determined by the 
connexions between the atoms, and not, at it is, by their individual 
properties. 


131 , At the point which we have now reached, it is interesting, 
once more to return to the theory of the dispersion of light, and to 
ask what the general formula (222) can teach us about it. To begin 

with, it may be observed that, if $ is the value of 7 « , we shall 

^ 'T' « 

nave 


l + Hs 


from which it is readily seen that, when s continually changes from — | 
to 1, ft* increases from 0 to cx). If s remains co»flned to this inter- 
val, as I shall for the moment suppose it to do, ft changes in the 
same direction as s, haVing the value 1 for s «« 0. 

The latter case occurs for N— 0, i. e. when there are no ponderable 
particles at all, so that the propagation takes place in the ether alone. 
This state of things is altered by the presence of the electrons, to 


U See, for mstanoe, J. W. Brfihl, The development of speotro-ohemUtry, 
Proc. Royal Institution, 18, 1 (1906), p. 122. 
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whi’cli the different terms on the right-hand aide of (222) relate- 
Now, each of these electrons has a definite period of its own, in 
which it can perform its free vibrations. If the frequencies of these 
are w,, n„ etc., we shall have 


and' 


n, 


tr 



ft * -j- a )* >», (m, * — n’j 8 >«, (rt, * — M*) ' 


(223) 


The inlluence of an atom is thus Hoen to depend on whether the fre- 
quency of the rays for which we wish to determine lies below or 
above the frequency of the frets vibrations. Each group of electrons 

tends to raise the valne of a.iul consequently that of jit, for all 

frequencies below its own, and to lower the refractive index* for all 
higher frequencies. 

As a function o{ w, each term of (22H) can be grapliically 
represented by a curve of the form shown in Fig, 5, in which OP 
corresponds to n^, Wg, . . as the case may 
be, and we shall obtain the curve for 

”TT“«V taking the' algebraic sum of the 

ordinates in the individual curvi's etc. 

The form of the resultant lino will 
be determined by the values of n^, «g, etc. 
or, as one may say, by the position in 
the spectrum at the lines that would be 
produced by the free vibrations of the 
electrons, and which we may provisionally 
call the spectral lines of the body. If, as 
we go fi-om left te right, we pass one of 
these lines, the ordinate of the correspon- 
ding curve suddenly jumps from -f- no 
to ■— oo. Of course all these discontinuities are repeated in the re- 
sultant dispersion curve, and near each of the values ... of the 

frequency there will be a portion of the curve, in which 8 first 
changes from -t-1 to + oo, and then from ■— oo to — }■. It may 
be assumed that these portions, which 1 shall call the discontinnons 
parts of the curve, have a breadth that is very stnall in comparison 
with the remaining parts, of which I shall speak as the continuous ones. 

Since all the curves L^, L^, etc. rise from left to right, it is 
clear that each continuous portion of the resultant carve must pre- 
sent the same feature. This agrees with the dispersion as it exists 
in all transparent substances. 
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The question as to whether, for a definite vahie of the frequency, 
the index of refraction is greater or lees than 1, depends on circum- 
stances. If all the spectral lines of the body lie in the ultra-violet, 
the refractive index will be larger tlian 1 throughout the infra-red 
and the visible spectrum. It may remain so in the visible ])art, even 
if there are one or more infra-rtul lines, provided only there be also 
lines in the ultra-violet, whose intiuerice in raising the refractive index 
predominates over the opposite infl\iene<‘ of the linos in the infra-red. 
At all events, the dispersion of light oljserv(Ml in all transparent 
bodies requires for its explanation thci existence of (»ne or more lines 
in the ultra-violet. 

132 . We could now enter upon a comparison of our dispersion 
formula with the measurementH of the indices of refraction, but I 
shall omit this, because we must not attach too much importance to 
the particular form whicli w(> have found for the ecpmtion. By 
slightly altering the assumptions on wliich it is based, it would be 
possible to find an equation of a somi^what different form, though 
agreeing with (223) in its main features. There is, however, om^ 
consequence resulting from the preceding theory, to which I should like 
to draw your attention. If the frequency n is made to inerenmo in- 
definitely, all the terms on the right-hand side of (223) ujqiroach the 
limit 0*5 hence, for very high frequencies, wo shall ultimaloly Imvo 
a 0, and g = 1, the reason l)eing simply, that the electrons cannot 
follow electric forces alternating with a (reqmmcy far above that of their 
free vibrations. The remark i.s important, heeau.se it explains the fact 
that the Rdntgen rays do not Buffer any refraction when tliey enter 
a ponderable body. These rays, though not constituted by regular 
vibrations, are in all probability produced by a very vapid succession 
of electromagnetic disturbances of extremely short duration,*) 

133 . Thus far we have only spoken of the* coTitinuous jiarts of 
the dispersion curve. In each of its discontinuous portions, as we 
have defined them, the right-hand side of (223) has values ranging 
from 4-1 to -f* oo, and from — no to — -J*. These vahu^H It^ad to 
negative values of g*, and to imaginary values of (i itself, in<li(*jiting 
thereby that waves of the correnponding frequencies cannot 1k‘. pro- 
pagated by the body in the same way as those whose wavt»dength 
corresponds to a point in one of the contiTiuous parts <»f tlu* curve. 

We need not however any further discuss the meaning of our 
formulae in this case, because, for jErecjnencios very xii’ar . . . 

the resistance to the vibrations, and the absorption due to it may no 
longer be neglected. We must therefore now tukt^ up the subject 


1) See Note 21^ 



shall do so on the assumption, which we originally started from, that 
each particle contains a single movable electron. 

If, in the equations (204), the resistance coefficient j3 has a 
certain value, and if there is no external magnetic field, we may write 

E — (c^ + i/3)P. 

This gives 

d = e + p-(i + j^^)e. 

On the other hand, the equations deduced in § 121 from (193) and 
(194) remain unchanged, so that we find, instead of (210), 

(224) 

The constant q in the expression (209) now becomes a complex 
quantity. It is convenient to put it in the form 

(225) 

V and Tc being real. Then, (209) becomes 

— + tn it — 

6 \ 

and if, in order to find the expressions for the vibrations, we take 
the real parts of the complex quantities by which the dependent 
variables etc. have first been represented, we are led to expres- 
sions of the form 

cos n{t — (226) 


where p is a constant. The meaning of the first factor is, that the 
amplitude of the vibrations is continually decreasing as we proceed 
in the direction of propagation. The light is absorbed to a degi-ee 
depending on the coefficient which 1 shah call the index of ab- 
sorption. On the other hand, the second factor in (226) shows that 
V is the velocity with which the phase of the vibrations is propagated; 

the ratio ^ for which I shall write fi, is therefore properly called 
the refractive index. 

Substituting (225) in (224), and separating the real and the 
imaginary parts, one finds the following equations for the deter- 
mination of V (or g) and X;^) 




2a4- 1 


a*+|3’ 


+ 1, 


_ l/i I 


+ |3’ «•+?* 


(227) 

'(228) 


1) Note 60. 
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134. The discussion of these formulae, which in general would 
be rather complicated, can be considerably simplified by the assump- 
tion that p is much larger than 1. 

This is true in the majority of cases, because in nearly all bodies 
the absorption in a layer whose thickness is equal to one ware-length 

in air, i- to is very feeble, even for those frequencies for 

which the absorption is strongest. According to (226) the amplitude 
diminishes in the ratio of 1 to 


iTtcJc 
s n f 


while the beam travels over a, distance Therefore, for the 

bodies in question, 

ck 

n 

must be a very small number. N'ow, if we consider the particular 
frequency for which oc — 0, (228) becomes 


2 


n» 



If this is to be very small, § must be a large number. 

Availing ourselves of this circumstance, we find the following 
approximate equations^) 


^ ~ 1 4 





( 229 ) 

( 230 ) 


For a given value of /3 the fraction 

P 


lias its greatest value j for a = 0. bV a = ±/3 it has sunk to half 

iiiis maximum value, and for a =- ± v/J to f If we under- 

stmd by V a moderate number (say 3 or 6) the absorption can be 
^d to be very feeble, in comparison with its maximum intensity, 
BMr values of « beyond the interval extending from — v/3 to -f- v/3. 


different cases succeed each other as we pass 
ttiroi^ ^ spectrum, and even, notwithstanding the high value we 
have ascribed to /S, fte transition feom - v/3 to -f v/3 can take 
ptese m a veay narrow part of it. If we suppose this to be the 


1) Sots tL 
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case, the factor ^ in (230), and the factor n in (202) may be con- 
sidered as constants. Moreover, in virtue of (201), if is the 
frequency for which a = 0, we may write for any other value of a 
in the interval in question 

— 2m'nQ(n — nff). (231) 


I have written for the frequency corresponding to a ^ 0, because 
its value 



a 


differs from the frequency 



of the spectral line of a detached molecule of which we have formerly 
spoken. It is only when we may neglect the coefficient u, that the 
two may be considered as identical. 

The phenomena which the system of molecules produces in the 
spectrum of a beam of white light which is sent across it, are as 
follows. There is an absorption band in which the place of greatest 
darkness corresponds to 

n ^ nQ. 

The distribution of light is symmetrical on both sides of this point. 
As the band has no sharp borders, we cannot ascribe to it a definite 
breadth; we can, however, say that it is seen between the places 
where a = — and a = + i/j3, v being a number of moderate 
magnitude. Measured by a difference of frequencies, half the width 
can therefore be represented by 

2 m ^ 

as is seen from (231). 

We may add an interesting remark about the intensity of the 
absorption. The maximum value of the index of absorption is found 
to be 

n 

Up 

and the formulae (202), (199) and (207) show therefore that the maxi- 
mum is the larger, the smaller the resistance, or the longer the time t 
during which the vibrations of the electrons remain undisturbed. This 
result, strange at first sight, can be understood, if we take into con- 
sideration that the vibrations which are set up in a particle by optical 
resonance, so to say, with the incident light, will be sooner or later 
converted into an irregular heat motion. It may very well be, that 
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the total quantity of heat developed per unit of time is larger when 
vibratory energy is stored up during a long time and then suddenly 
converted, than in a case in which the diaturbancoa take place at 
shorter intervals. 

In another sense, however, the absorption may he said to bo 
intensified by an increase of the resistance <i, or by a shortening of 
the time r. Not only will a change of this kind enlarge the breadth 
of the absov]ition line; it will also heighten the total absorption, 
i. e. the amount of energy, alt wave-longths taken together, that is 
taken up from an incident beam.^) 

As a general, rule, observation r«‘ally shows that nanxiw absorp- 
tion bands are more intense in the middle than broad (nioH. 


136 . In Fig. 6 the curve I'Hill represents the, itnh'x of ab- 
sorption a.H a function of the freijuency. The other curve AliVDE 
relates to the index of refraction; it corre^spouds to the formula (HiJh). 

The index (i, which is I at largi? distances 
B on either side of the point P, rises to a 

maximum QB, and Hum sinks to a mini- 
mum JilK The place, of the maximum 
is determined hy « or 



that of till' minimum 


..J 

iJ 

by a 
a to' 


the eorrespondiug vahies of g 
I and I . ■ 


/I. or 


being 


1 


The maximum and the minimum arc found fit poiiita of the Hpoctrum 
where the index of ubaorptlou has half its maximum value. 

In the line AliGBE one will have reoognmul already tlu^ well 
known curve for the so-called anomalous disjicvrsion. I must add that, 
if we had suiiposed, as we did in § 128, the particles of the system 
to ho composed of a certain number of atoms, each containinj( a 
movable electron, and if we had assumed a reKistance for every 
electron, we should finally have found a dispersion curve in which 
a part of the form ABODE repeats itself in the neighborhocal 
of each free vibration. These parts would take the place of the 
discontinuous portions that would exist in the curva for the func- 
tion (228). 


1) Nuto OS. 
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137 . The effect of an external inagnetic field on the propagation 
of light in the direction of the lines of force can be examined by 
calculations much resembling the preceding ones. We have again to 
use the equations (192), (193) and (194), but we must now combine 
them with the formulae (204). Since, in these latter, the force § 
has been supjjosed to have the direction of OZ, a beam of light 
travelling along the linos of force can be represented by expressions 
containing the factor (209). We are again led to the equation 

d.“»Ve„ 

to which we muvst now add the corresponding formula 

which there was no occasion to consider in the preceding case. Using 
(192), we find 

P.-W-DE,, P,==(c»i2^-1)E^, 

and tlie first and the seciond of the equations (204) become 

- 0 * 7 ^)) “ irPv> 

,1 . <^ 232 ) 

1 + lyP,, 

showing that 

(233) 

Thus, there are two solutionH, corresponding to the double sign. In 
order to find out what tlujy mean, we must remember that, if two 
variable quantities are given by the real parts of f 

and p (234) 

i, 0 . if they arc representt^d })y 

a 00H{nt + p) and ar coH(n^ •(• p f 2ks)^ 

the number r determines the ratio Ix^tween Uu? maximum values or 
amplitudes, whereas .v is the phaHC'-fUfierenee expressed in periods. 
Since the ratio between the expressions (234), becomes ±if 

whom we take 

r U ^ ± h 

equation (233) shows that and have equal amplitudes and that, 
between their variations, bht^re is a phase (Ufference of a (luarter period. 
The same may be said of the displacements | and r/ of one of the 
movable electrons, theses quantities being proportional to P.^ and Py. 
We can conclude from this that each electron moves with constant 
velocity in a circle, whose plane is perptjndicular to OZy the motion 
having one direction in the solution corre8j)onding to the upper sign, 
and the opposite direction in the other solution. 
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Similarly, the vector P has a uniform rotation in a plane at 
right angles to OZ, and the same is true of the vectors E and D. 
Bach of our solutions therefore represents a beam of circularly pola- 
rized light, and it is easily seen that, when the real part of q has the 
positive sign (so that the propagation takes place in the direction of 
the positive Ji) the upper signs in our formulae relate to light whose 
circular polarization is right-handed, and the under signs to a left- 
handed polarization. 

Now, if we substitute the value in either of the formulae 

(232), we obtain the following condition for the coefficient q: 


from which, if we introduce the value (226), the index of absorption 
and the velocity v, or the index of refraction p. can be calculated. 


138 . It is not necessary to write down the expressioiiK for these 
quantities. Comparing (235) with our former equation (224), we 
immediately see that the only difference between the tw(* is, that « 
has been replaced by a ± y. Now, in a narrow part of the spectrum, 
y may be considered as a constant. Therefore, if W'o use right-handed 
circularly polarized light, the values of k and ft which correspond to a 
definite value of a must be the same as those which we had for the 
value « -f y in the absence of a magnetic field. On account of the 
relation (231), we can express the same thing by saying that, 
in the neighborhood of the frequency nj', the values of (i and k 
for a frequency n are, under the influence «f the magnetic force $, 
what they would he without this influence for tins frequency 

2yn n, 

The absorption curve for a right-hand ray is therefore obtained by 
shifting the curve FG£[ of Fig. 6 over a distance 

.. . y 

the displacement being in the direction of the increasing frequencies, 
when this expression is positive, and in the opposite direction, when 
it is negative. For the left-hand ray we find an equal displacement 
in the opposite direction. 

It is clear that the inverse Zeeman effect is hereby explained. 
If a beam of unpolarized light, which we can decompose into a right 
and a left-handed beam, is sent through the flame, we shall get in its 
spectrum both the absorptions of which w’e have spoken. If the 
distance (236) is large enough in comparison with the breadth of the 
region of absorption, we shaU. see a division of the dark band into 
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two components. It is especially interesting that the displacement 
(236), for which by (203) and (199) we may write 

==. i§. 

cNe ‘ 2mc 

exactly agrees with the value we’ found in the elementary theory of 
the direct Zeeman effect. Our result also accords with our former 
one as to the diroc.tiou of the effect. When we examined the emission 
in the direction of the magnetic lines of force, we found that the 
light of the component of highest frequency is left-handed, if e is 
negative. Our present investigation shows that for light of this kind, 

if e is again supposed to he negative, the absorption hand is shifted 

towards the side of the greater fre(iuencies. 

139 . The propagation of light in a direction perpendicular to 
the lines of force can be treated in a similar way. If the axis of x 

is laid in the direction of propagation, the axis of z being, as before, 

in the direction of the field, and if we assume that the expressions 
for the components of E, D, P and H contain the factor 


h will again he the index of absorption, and v the velocity of pro- 
pagation. 

Now, it is immediately seen that these quantities are not in the 
least affected by the magnetic field, if the electric vibrations of the 
beam are parallel to the lines of force, for in this case we have only 
to combine tlie last of the equations (204) with the relations 

D.-E, + P., 

aHv 1 ao, as, i aH, 

dx c dt ^ dx ^ c dt ^ 

which are included in (192) — (194). Since none of these formulae 
contains tho external force we may at once conclude that the 
magnetic field has no influenct' on the electric vibrations along the 
lines of force. 

' As to vibrations at right angles to these lines, 1 must point out 
a curious circumstance. The variable vectors being periodic functions 
of the time, and depending only on the one coordinate x, the con- 
dition 

div 6 0, 

which follows from (193), requires that 

D,-»0. 


(237) 
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We can express this by saying that the electric Tibrations have 
no longitudinal component ^ meaning by ^electric ribrations^' the 
periodic changes of the vector D. But our result by no means ex- 
cludes values of E, and P, different from 0, so that, if the denomi- 
nation of electric vibrations is applied to the fluctuations of the 
electric force E, or of the polarization P, the vibrations cannot be 
said to be transversal. 

The formula (237) is very important for the solution of our 
problem. Writing it in the form' 

E, + P,=^0, 

we can deduce from (204), combined with (192), 


p _ P 

n — y- c 

y (i + “ + »|5)(“ + »^)“y* 

The condition 

L 

c* dt^ ^ 


(238) 


which follows from (193) and (194), will therefore be fulfilled if 

. ^ _ 1 (1 

Sw ^ ' (1 + « + i^)(u + i§) ^ y* 

This is the equation by which the velocity of propagation and the 
index of absorption can be calculated. At the same time, the ratio 
between P^. and P^ may he taken from (238). If for this ratio we 
find the complex value (§ 137), so that 

the amplitudes of and P^ are as r to 1, and there is a phase- 
difference measured by s between the periodic changes of the two 
components. The quantities r and s also determine the ratio of the 
amplitudes and the difference of phase for the vibrations along OX 
and OY into which the motion of one of the movable electrons can 
be decomposed. Generally speaking, in the case now under considera- 
tion, the path, described by each electron is an ellipse in a plane 
perpendicular to the lines of force. Since r and 5 vary with the 
frequency, the form and orientation of the ellipse will depend on the 
kind of light by which the flame is traversed. 



(f 


140 . In order to find the position of the absorption lines in 
the spectrum, we should have to determine k by means of the equa- 
tion (239), and to seek the values of the frequency which make A' 
a® maximum. If the denominator of the last fraction in (239) is 
divested of imaginaries, the equation takes the form 
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and we get 


V?; n) c® Q ’ 

^ ' 


.(240) 


The general discussion of this result leads to formulae of such coin- 
ple^sity that they can hardly «.be handled. Fortunately, in the case ;5 
we shall have to consider, the frequencies for which ft is a maximum, 
may be found with sufficient accurac 3 ’ by making the denominator Q 
a minimum. Moreover, in doing so, we may again consider cc as the 
only variable quantity, the quantities ft and y not varying perceptibly 
in the narrow part of the spectrum with which we are concerned. 

Now, the denominator may be written in the form^) 

Q { oj(l 4- a) 4-* ft'^ ^ 4y*), 


from which it immediatcdy appears that the values in question are 
given by 

a(l 4“ ci) 

f shall suppose that 

^,2 p, J 0^ 

SO that the equation has two real roots 

~ 4 ±yy“ -'•/?“ + 1 . ( 241 ) 

Corresponding to tliose, one finds 


A - J1 - 1/^(1 + 4y^ 4 :: Yiy^ -^ift^ -f l), Q - ft^(l + 4/), 


rf 


'irtif 


P* 

Py 


ty 


\±VY^-WT{ + iP 


(242) 


I4tl. These results take a very simple form, when, as is generally 
the case (§ 134), ft is great in comparison with 1, and the mag- 
netic field is so strong that, for light travelling along the lines of 
force, the aomponeuts of the original absorption line are separated 
to a distance greatly surpassing their breadth. This requires (§ 138) 
that y be still many times greater than ft. Instead of (241) we may 
therefore write approximatedy 

cc sM -I-- y, (243) 

which shows that there are two absorption lines, exactly at the points 
of the spectrum where we had lines when the light had the direction 
of the lines of force, i. e. in the positions which the elementary 
theory of the direct Zeeman- effect might lead us to expect. 


1) Note 08. 
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La calculating the index of absorption we may now replace B 
by 2^^/ and Q by Since 

JB* 


Ya^ + b^-a^ 


we find for both lines 


Ya^ + jb^ + a’ 




^§C‘ 


(244) 


exactly one half of the index of absorption corresponding to a == O 
in ih.e absence of a magnetic field. 

Finally, the expression (242) has the value 4; so that we may 
conclude as follows. 

If the absorbing body is traversed, in the direction of OX, by 
a beam of light whose electric vibrations were originally parallel 
to OX, the vibrations are absorbed to an amount determined by (244), 
when the frequency has either of the values given by (243). The elec- 
trons in the molecules will describe circles in planes parallel to OX 
and OYj the direction of their motion corresponding to that of th.e 
magnetic Iforce when a = + y; and not corresponding to it when 
cc — — y. 

It should be noticed that, in the case treated in § 138, in 
accordance with our present result, we found the maximal absorption 
at the point a = + y, if the circular motion had the former, and 
at the place a = — y, if it had the latter of the directions just named. 


142 . Voigt has drawn from his equations another very re- 
markable conclusion. In general, for a beam of light travelling at 
right angles to the lines of force, and consisting of electric vibrations 
perpendicular to these lines, the two absorption bands which we get 
instead of the single original one, are neither equally distant from 
the position of the latter, nor equally strong, as the components of 
the doublet observed in the direction of the field invariably are. 
This follows immediately from the circumstance that the functions 
A, B and Q contain not only even, but also odd powers of so 
tliat the phenomena are not symmetrical on both sides of the point 
in the spectrum where a = 0. 

In some experiments undertaken by Zeeman for the purpose 
of testing these predictions, a very slight want of symmetry was in- 
deed detected. If this is really the dissymmetry to which Voigt 
was led by his calculations, the phenomenon is highly interesting, as 
we can deduce from it that the gaseous body in which it occurs 
exerts what we may caR a. metdlic absorption in the middle of the 
band. Indeed, the peculiarity to which Voigt called attention, can 
make itself felt only in case the coefficient is not much greater than 
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unity, and this leads to an absorption which is yery sensible even for 
a thickness equal to a wave-length (§ 134).^) 


143 . I must now call your attention to the intimate connexion 
between the Zeeman-effect and the rotation of the plane of polari- 
zation that was discovered by Faraday. Reverting to the case of 
a propagation along the lines of force, we can start from our former 
result (§§ 137, 138), that the simplest solutions of our system of 
equations are those winch represent either a right-handed or a left- 
handed circularly polarized beam, and that the formulae for these 
two cases, are obtained, if, in the equations -holding in the absence 
of a magnetic field, we replace a either by a + y or by a — 7 /. This 
is true, not only for the formulae giving the coefficient of absorptiot, 
but also for those which determine the velocity of propagation. 
Hence, if this velocity is denoted by for a left-handed, and by 
for a right-handed ray, we shall have (cf. equation (229)), 

1 X ^ 

^ ^ ! “zb ^ _ 

For a definite frequency these values are unequal. So are also 
the corresponding values of the coefficient of absorption, so that, 
under the influence of a magnetic field, the system has a different 
degree of transparency for the two kinds of circularly polarized light. 
For the sake of simplicity, however, we shall now leave out of con- 
sideration this latter difference, and speak only of the phenomena 
that are caused by the difference in the velocities of propagation. 
You know that in every case in which these are unequal for the two 
kinds of circularly polarized light, a beam with a rectilinear polari- 
zation will have its plane of polarization turned as it travels onward. 
The angle of rotation per unit of length is given by 


or in our case 



nr ^ rb y y “ 1 , 

4 c L (« 4* y)* "f (a y) * 4 ^ J 


(246) 

(246) 


The sense of the rotation depends on the algebraical sign of 
this expression. When § is positive, i. e. when the magnetic force 
has the direction of the beam of light, a positive value of o means a 
rotation whose direction corresponds to that of the magnetic force. 

The general features of the phenomenon, as it depends on the 
frequency, come out most clearly if we avail ourselves of a graphical 
representation. In Fig. 6 we drew a curve giving the index of re- 


!!♦ 


1) See Note U. 
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fraction as a function of tke frequency, and showing how it changes 
as we go through the spectrum from left to right. This curre, which 
relates to the body not subjected to a magnetic force, may also he 

taken to represent the values of Now, if there is a magnetic 
field, the curves for j- and ^ are obtained by simply shifting that 
of Fig. 6 towards the* left or towards the right over an interval 
gqual to ^ (cf. § 138). In this way we get the two curves 

and of Fig. 7, and these immediately give us 

^ an idea of the angle of rotation 

because, as (245) 11s us, this angle 

is proportional to tiie algebraic diffe- 
rence between corresponding ordinates. 
It can therefore be represented by 
the line BR. 

Two interesting results bec6xae 
apparent by this construction. The 
first is, that in the narrow part of 
the spectrum close to the original 
absorption line, the rotation of the 
plane of polarization twice chaiiiges 
its sign; the second, that, on account 

of the high values of f/. or whichi 

are found at some places, the angle 
of rotation can also attain a rather 
great value. 

Maealuso and Corbino^), who were the first to examine this 
phenomenon in the case of a sodium flame, observed rotations as 
great as 270® The results of their experiments could immediately 
be explained by the theory which Voigt had already developed. 
Some years later, Zeeman*) and Hallo®) made a very careful ex- 
perimental study of the phenomenon, and again found a satisfactory 
agreement with Voigt’s theory. 

144 . The Faraday-effect had been known for a long time, and 
the only thing in the above results apt to cause astonishment, was, 
that a rotation much greater than had ever been observed in trans- 
parent bodies, should be produced in a sodium flame. An other 
magneto-optic elfect that was predicted by Voigt, is an entirely new 

1) D. Maealuso and 0. M. Corbino, Comptea rendus 127 (1898), p. 648. 

2) P. Zeeman, Amsterdam'Proc. 5 (1902), p. 41; Arch, n^erl. (2) 7 (1902), p. 466. 

3) J. J. Hallo, Arch, n^erl. (2) 10 (1906), p, 148. 
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one. It coufiist^f in a double refraction that is observed when a body suck 
jis we have considered in this chapter; is traversed by a beam of 
light at right angles to the lines of force. For .such a beam we 
have to distinguish between the electric vibrations perpendicular and 
parallel to the lines of force. For the former, the velocity of propa-r 
gation is given by the ecjuation (269), for the latter by (224) and 
(226), or a.s we may also say, by (239), if in this latter formula we 
put y »» 0. The difference between the two values is what was 
meant when I spoke just now of a double refraction. It can be 
calculated by our formulae ns soon as cf, ft, y are known, but I shall 
not lose time in these calculations. 1 .shall only observe that the 
effect remains the Hauie when the field is reversed; this follows at 
once from (239), because tlii.s e(]uation contains only the square of y, 
and therefore the .square of 

Voigt and Wiechert have ox;ierimentally verified the.se predic- 
tions, and (foe.st^) has carefully measured the nmgnetic double refrac- 
tion in a sodium flanre. 


14B. Availing ourselves of tins theory that has been set forth 
in this chapter, we cun draw from experimental data certain interesting 
conclusions coucerning the ab, sorbing (or radiating) partiele.s. Some 
measurements enable ns to (‘alculate the relative values of the three 
quantities a, fi, y, whereas others etiti servo for the determination of 
their ab.S(»liite values. 

Thus, if we have measured the distance hetwe.eu the middle com- 
ponent of Zeeman’s triplet and the outer ones, we know that for 
the frequency it belonging to one of these latter, a and y have equal, 
values. Raplaciiig y hy its value (203), and « hy (231), in which 
we shall now neglect the difference between n^' and % 135), so that 


(X -- 2«i'7?o(Wfl • ' «) 


liwrtiifrtj - n) 

We* 


(247) 


the equality lead^ uh hack to our old equation 


hv moans of which we can dtJtennine the ratio - • 

*• m 

The ratio between « and ft' could be found if quantitative deter- 
minations of the ahsorj)tion, in the ordinary cose in which there is 
no magnetic fitdd, were at onr disposal. If, for example, we knew 
that at a certain point in an ahnorption band the index of absorption 
k is H timen smaller than at the middle of the band, the ratio v 
between a and ft could be found (§ 184) by means of the fomula 

X » 1 4” (248) 


1) J. Qe©«t, Aji'ch. near!. {^) 10 (1905), p. ^91. 
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The distribution of intensity has been determined bj bolonietric or 
similar measurements for the broad bands that are produced by sucdi 
gases as carbonic acid, but we cannot tell what it is in the narrow 
bands observed in the case of a sodium flame for instance. All we 
can then do, is to form an estimate of the ratio v between cc and 
for the border of the band. If we assume, for example, that here x 
is equal to 10 or 20, we can calculate v from the relation (248), 
and, substituting this value in the equation 

for which, on account of (247), (202) and (199), we may write 

2m{nQ—'fi) == vg, 

we find 

^ — n) 

^ V 

This formula takes an interesting form if we use the relation (207). 
It then becomes 

V 

t « , 

showing that the time during which the vibrations in a particle go 
on undisturbed may be deduced from the breadth of the band. 

In Hallo’s experiments the breadth of the D-lines was about 
one Angstrom unit, from which I infer that the value of r lies 
between 12 • 10~^* and 24-10“^^ sec. The first number is got by 
putting 0 / = 3 (x — 10), the second by taking i/ =«' 6 (x == 37). As 
the interval betw-een two successive encounters of a molecule is pro- 
bably of the order lO"”^® sec., we see that r comes out somewhat 
smaller than this interval, as was already mentioned in § 120. 

After having found the ratios between a, y, we can try to 
evaluate the absolute values of these coefficients. For this purpose, 
we could use the absolute value of the coefficient of absorption, if 
it were but known. We can also avail ourselves, as Hallo and 
Geest have pointed out, of the rotation of the plane of polarization, 
ot of the magnetic double refraction. If the ratios between ccj y 
are given, the three quantities niay be deduced from the formula (246), 
01 from the difference between thc^ value of v given by (239), and 
the corresponding value for ^ = 0. 

Now, when cc is known for a certain point in the spectrum in the 
neighbourhood of the point i. e. 'trhen we know the value of (247), 

and if further we mtroduce the values of ~ and e. we can draw a 

m ' 

conclusion as to the number of absorbing (or radiating) particles per 
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unit of volume. In this way one finds for the sodium flame used 
by Hallo 

corresponding to a density of the sodium vapour, of about 10~®. In 
all pro])ability this value is very much smaller than the density of 
the vapour actually present in the flame, a difference that must per- 
haps be explained by supposing that only those particles which are 
in a peculiar state, a small portion of the whole number, play a 
part in the phenomenon of absorption. 

I need scarcely add that all these conclusions must be regarded 
with some diffidence. To say the truth, the theory of the absorption 
and emission of light by ponderable bodies is yet in its infancy. If 
we should feel inclined to think better of it, and to be satisfied with 
the results already obtained, our illusion will soon be dispelled, when we 
think a moment of Wood’s investigations about the optical properties 
of sodium vapour, wliicli show that a molecule of this substance must 
have a wonderful complexity, or oi’ the shifting of the spectral 
lines by pressure that was discovered by Humphreys and Mohler,, 
and which the theory in its present state is hardly able to account for.^) 

1) Note (14. 



CHAPTER V. 

OPTICAL PHENOMENA IN MOVING BODIES. 


146 . The electromagnetic and optical phenomena in systems 
haring a motion of translation, as aU terrestrial bodies have by 
the annual motion of the earth, are of much interest, not only in 
themselves, but also because they furnish us with means of testing 
the different theories of electricity that have been proposed. The 
theory of electrons has even been developed partly with a view to 
these phenomena. Pox these reasons I diall devote the last part of 
my lectures to some questions relating to the propagation of light 
in moving bodies and, in the first place, to the astronomical aberra- 
tion of light. 

Before I go into some details concerning the attempts that have 
been made to explain this influence of the earth's motion on the 
apparent position of the stars, it will be well to set forth a general 
mode of reasoning that can be used in problems concerning the 
propagation of waves and rays of light. It consists in the application 
of Huygens's well known principle. 

We shall consider a transparent medium of any kind we like, 
moving in one way or another, and we shall refer this motion and 
the propagation of light in the medium to three rectangular axes of 
coordinates, which we may conceive as likewise moving. We shall 



suppose our diagrams, which are to re- 
present the successive positions of waves 
of light, to be rigidly fixed to the axes, 
so that these have an invariable position 
in the diagrams. 

Let 6 (Pig. 8) be a wave -front in 
the position it occupies at the time t, 
and let us seek to determine the po- 
sition 6' which it will have reached 


after an infinitely short time dt. Poi* 
this purpose we must regard each point P of as a centre of 
vibration, and construct around it the elementary wave that is formed 
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in the tirao dt, i. e. the infinitely small surface that is reached at 
the instant t dt by a disturbance starting from P at the time t 
The envelop of all these elementary waves will be the new position 
of the wave-front, and by continually repeating this construction we 
can follow the wave in its propagation step by step. 

At the same time, the course of the rays of light becomes 
known. The line drawn from the centre of vibration P of an 
elementary wave to the point I*' whore it is touclutd by the envelop 0', 
is an element of a ray, and every now st(ip in the construction will 
give us a new element of it. 

The ])hysical meaning of the lines so doter-miued need scarcely 
be recalled here. The rays servo to itulio.ate the manner in which 
beams of light can be laterally limited. If, for example, the light 
is made to pass throiigh an opening in an opaciue .screen, the 
disturbance of the equilibrium behind the screen is confined to the 
part of space that can be reatdied by rays of light drawn through 
the points of the opening. It must kept in mind, however, that 
this is true only if we neglect the effects of diffraction, as wo may 
do when the dimensions of the opening are very large in coni})ariHon 
with the wave-length. 

If we watit to lay stress on the fact that, in the above con- 
struction, we had in view the relative motion of light with ri'spcc.t 
to thfc axes of coordinates or with respect hi some system to which 
these are fixe<l, we can speak of tlie relative rays of light. 

As to the elementary waves, on whose dimensions ami fenn all 
is made to depend, these are determined in every case hy the optical 
properties and the state of motion of tin' medium. 

147 . We Are now prepared for examining the two theoricB of 
the aberration of light that have been proponed by FreHiial and 
Stokes. In doing so we Hhall eonfine ouraelveH to the annual aber- 
ration, so that the rotation of our planet around its axis will be left 
out of consideration. In order further to simplify the jiroblem, we 
shall replace the motion of the earth in its animal course by a uni- 
form translation along a straight line, 

The theory of Stokos^l reatn on the iissumptien that the ether 
surrounding the earth is set in motion by the translation of this body, 
and that, at every point of the aurfac^e of tlie globe, there is perfect 
equality of the velocities of the earth fmd the ether. According 
to this latter hypothesis, the instruments of an observatory are at 
rest relatively to the surroimding ether. It is clear that under these 


1 ) 0. Q. B takes, f)a the aberraiica of light, Phil. Mag, (B) 27 (ie45), p. 9: 
Matliematioal and physical papera 1, p. 1S4. 
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circumstances the direction in which a heavenly body is observed, 
must depend on the direction of the waves, such as it is immediately 
before the light enters our instruments. Now, on account of the 
supposed motion of the ether, this direction may differ from the 
direction of the waves at some distance from the earth; this is the 
reason why the apparent position of a .star will be different from 
the real one. 

In order to determine the rotation of the waves wo shall now 
apply the general method that has been sketched, using a system of 
coordinates that moves with the earth. We shall denote by g the 
velocity with which the ether moves across our diagram, a velocity 
that is 0 at the surface of the earth, if there is no sliding, and equal 
and opposite to the velocity of the earth at a considerable distance. 
The state of motion being stationary, this relative velocity of the 
ether is independent of the timi;. We shall further neglect the in- 
fluence of the air on the propagation of light, nn influence that is 
known to be very feeble. 

If the ether were at rest relatively to the axes, the light-waves 
would travel with the definite velocity c; every elementary wave 
would be a sphere whose radius is edt, and whose centre lies at the 
point P from which the radiation goes forth. For the moving other 
this has to be modified. The elementary wave still remains a sphere 
with radius cdt, because in the infinitely small space in which it is 
formed, the ether may be taken to have everywhere the same velo- 
city, hut while it expands, the sphere is carried along by the motion 
of the medium, in exactly the same manner in which waves of sound 
are carried along by the wind, or water waves by the current of a 
river. The elementary wave formed around a point P (Fig. 8) will 
therefore have its centre, not at P, but at another point namely 
at the point that is reached at the time t-\- dt by a particle of the 
ether which had the position P at the time There will be a ro- 
tation of the wave-front, if the velocity g of the ether changes from 
one point of the wave to the next. 

It will suffice for our purpose to consider so small a part of 
the wave as can be admitted into the instrument of (tbservation. A 
part of this size can be considered as plane and the velocity of the 
ether at its different points can be regarded as a linear function of 
the coordinates. Consequently, the centres of the spheres lie in a 
plane and, since the spheres are equal, the part of the new wave- 
front tf' with which we are concerned is a plane of the same direction, 
so that the rotation of the wave is equal to the rotation of a plane d 
that is carried along by the motion of the medium. 

Let us lay the axis OX along the normal N to the wave- front 
of, drawn in the direction of propagation. Then, the direction cosines 
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of tte normal N' to tRe new wave-front are easily found to be 
proportional to the expressions 

We can express this result by saying that the direction of the normal 
N' is obtained if a vector of unit length in the direction of W is 
compounded with a vector whose components are 

A vector which serves in this way to determine the change of a 
direction, by being compounded with a unit vector in the original 
direction, may be termed a demating vcctw. 

There is one assumption which plays a very important part in 
Stokes’s theory and of which thus far no mention has been made. 
Stokes supposes the motion of the ether to be irrotational, or, in 
other terms, to have a velocity potential. In virtue of this we have 

/}y dx ’ de dx ’ 


so that wo can represent the components (249) of the deviating 
vector by 




di, 




and the vector itself by 



(250) 


148. The velocity W of the eartli being only one ten-thouaandth 
part of the «peed of all the terma in our formulae which 

I 1 w I 

contain the fiu'.tor ' ^ , are very Hmall. vSo are also the terms con- 
taining the factor • y , if g is one of the velocitien of matter or 

ether, and v one of the velocities of light with which we are 

concerned. We shall call terms of this kind quantities of the first 

order of magnitude, and we shall uegle(‘.t in the majority of cases 
tlie terms of the seemnd (^rder, i. e. those which are proportional 

to or to * 
c* r* 

If we do so, the calculation of the total rotation which the 
waves of light undergo while advancing towards the earth, and which 
is a quantity of the first ()r(ler, is much simplified. We have only 
to form the sum of all the deviating vectors such as (250) which 


1) Note. C»V. 
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belong to the successive elements of time; the resultant vector will 
be the total deviating vector, i. e. the vector vyhich we must com- 
pound with a unit vector in the direction of the original normal to 
the waves, in order to get the final direction of the normal. Since 
(Kb- 8) g,.. 

e ^ 

(260) becomes 


I’vr', 


and here we may replace QP' by the element VP' ds of the ray, 
because the ratio ^ p, differs from I by a quantity of the order , 

and the factor ? is also of this order of magnitude. Finally, 

we may replace by |-® , because the angle between ds and the 
axis of X, which coincides with the wave-normal, is a quantity of 
the order ^ • The deviating vector corresponding to the element ds 

becomes by this 

^ 

c a/*' ’ 

an expression from which all reference to the axes of coordinates has 
disappeared, and, if the ray travels from a point /f to a point P, 
we have for the total deviating vector 

B 

where and are the relative velocities of the ether at the 
points A and JB. 

Now, let the point A be at a great distance from the earth, 
and let B lie in the immediate neighbourhood of its surface. Then, 
if there is no sliding, we have Qu ^ 0, whereas is equal and 
opposite to the velocity w of the earth. The deviating vector becomes 

^ w 

G ^ 

and we can draw the following conclusion: 

In order to find the final direction of the wave-normal (in the 
direction of the propagation) we must draw a vector equal to the 
velocity c of light in the direction of the original normal to the 
waves at A, and compound it with a vector equal and opposite to 
the velocity of the earth. If one takes into account that the normal 
at A coincides with the real direction of the light coming from a 
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star; it is clear that our result agrees with the ordinary explanation 
of aberration that is given in text-books of astronomy and that has 
been verified by observations. 

149 . Unfortunately; there is a very serious difficulty about this 
theory of Stokos: two aHBumf)tions whicli we have been obliged to 
makC; namely that the motion of tho ether is irrotational rind that there 
is no sliding over tho surface of the earth, can hardly be reconciled. 
Jt is wholly impossible to do so, if the ether is regarded tis incom- 
pressible. Indeed; a well known hydrodytiamical theorem teaches us 
that; when a sphere immersed in a boundless incomijressible medium has 
a given translation, th(3 motion of tlie medium will be completely 
determined if it is required tliut there shall be a velocity potential, 
and that, at every point of the siirlace, the velocity of the medium 
and that of the sphere shall have (upial (M)mponexitB in the direction 
of the normal. In the only state of motion which satisfies these 
two conditions there is a considerable sliding at the surface, the 
maximum value of the relative velocity being even one and a half 
times the velocity of translation of the sphere.^) This shows that an 
irrotational motion of the mediunx without sliding c.an never be 
realized if the medium is incomprcwsiblo, and that wo should have 
at once to dismiss Stokeses theory if we could be sure of the in- 
compi'essibility of ih(‘ etlun*. 

The preceding reasoning fails however, if we admit the possibi- 
lity of eJiangOB in the density of the ether, and Planck has observed^) 
that the two hypotheses of ►Stokes’s theory no longer contradict 
each other, if one suppost's the ether to be condensed around celestial 
bodies, as it would be if it were subjected to gravitation anti had 
more or less the prtxperties of a gas. Wc^ camiot wholly avtuTl a 
sliding at the surface, but wt^ can make it us nmall as we please by 
supposing a sufficient degrt'e of condensatiou. If we do not shrink 
from admitting an actmmulation of the ether around the earth to u 
density times as great as tin* density in ceh‘stial sj^ace^, we can 
imagine a state of things in which the maximum velocity of sliding 
is no more than one linlf percent of the velocity of the earth, and 
this would certainly bt* amply Hufficient for an explanation of the 
aberration within the linnta of experimental errors.®) 

In this department of pIiysicH in which we can make no pro- 
gress without some hypotheHiH that looks somewhat startling at first. 

1) Note 00. 

2) Bee Loreutz, vStokei^'M theory uf aberration in the lupposition of a 
variable denaity of the aether, Aninterdam Proceedings 1898—1899, p, 443 (Ab- 
iandluugen tlber theoretinoha Physik T, p. 464). 

8) Note 07. 
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sight j we must be careful not rashly to reject a new idea^ and 
making his suggestion Planck has certainly done a good thing, ^et 
I dare say that this assumption of an enormously condensed ether, 
combined, as it must be, with the hypothesis that the velocity of 
light is not in the least altered by it, is not very satisfactory. I am 
sure, Planck himself is inclined to prefer the unchangeable and 
immovable ether of Fresnel, if it can be shown that this conception 
can lead us to an understanding of the phenomena that have been 
observed. 

150 . The theory of Fresnel, the main principle of which has 
already been incorporated in the theory I have set forth in the pre- 
ceding chaptei-s, dates as far hack as 1818 . It was formulated for the 
first time in a letter to Arago^), in which it is expressly stated that 
we must imagine the ether not to receive the least pai’t of the motion 
of the earth. To this Fresnel adds a most important hypothesis 
concerning the propagation of light in moving transparent ponderable 
matter. 

I believe every one will be ready to admit that an optical phe- 
nomenon which can take place in a system that is at rest, can go 
on in exactly the same way after a uniform motion of translation 
has been impaired to this system, provided only that this translation 
be given to all that belongs to the system. If, therefore, all that is 
contained in a column of water or in a piece of glass shares a trans- 
latory motion which we communicate to these substances, the propa- 
gation of light in their interior will always go on in the same 
manner, whether there be a translation or not. The case will however 
be different, if the glass or the water contains something which we 
cannot set in motion. 

Now, as I said, Fresnel supposed the ether not to follow 
the motion of the earth. The only way in which this can be under- 
stood, is to conceive the earth as impregnated throughout its bulk 
with ether and as perfectly permeable to it. When we have gone 
so far as to attribute this property to a body of the size of our 
planet, we must certainly likewise ascribe it to much smaller bodies, 
and we must expect that, if water flows through a tube, there 
is no current of ether, and that therefore, since a beam of light is 
propagated partly by the water and partly by the ether, the light 
waves, being held back as it were by the ether, will not acquire the 
full velocity of .the water current. According to FresneFs hypo- 
thesis, the velocity of the rays relative to the walls of the tube 

1) Lettre fie Fresnel a Ara,go, Sur Tinfluence du mouvement tetrosti*e 
dans quelques ph^nomenes d’optique, Ann. de ehim. et phys. 9 (1818), p. 57 
(CLuvres complies de Fresnel 2, p. 627) 
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(or, what amounts to the same thing, relative to the ether) is 
found by compounding the velocity with which the propagation would 
take place in standing water, with only a certain part of the 

velocity of the flow, this part 'being determined by the fraction 1 — -i , 
where /a is the index of refraction of the water when at rest. The 
same coefficient 1 — it3 applied by him to all other isotropic 

transparent substances. If is little different from 1, as it is in 
gases, the coefficient is very small- light waves are scarcely dragged 
along by a current of air, because in air the propagation takes place 
almost ex(dusively iu the ether it contains. If FresneTs coeffi- 
cient is to be nearly 1, i. e, if the light waves are to acquire almost 
the full velocity of the ponderable matter, we must use a highly re- 
fracting body. 

151, 1 must add two remarks. In the first place, instead of 
the propagation relative to the ether, we can as well consider that 
relative to the ponderable matter. If water which is flowing through 
a tube towards the right-hand side with a velocity w, is traversed 

by a beam of light going in the same direction, the velocity of 

propagation relative to the ether is 

v + {l-- 

where v means the velocity of light in standing water. The rela- 
tive velocity of the light with respect to the water is got from this 

by subtracting w, so that it is given by 

(251) 

It may bo conaidorod as compounded of the velocity v and a part, 
determined by the fraction —a, of the velocity with which the ether 

moves relatively to the ponderable matter, and which in our example 
is directed towards the left. 

In the second place, the above statement of FresnePs hypo- 
thesis requires to lie complete<l for the ease of media in which the 
velocity of light depends on the frequency, When a body is in 
motion, we must distinguish between the frequency of the vibrations 
at a fixed point of the ether and the frequency with which the 
electromagnetic state alternates at a point moving with the ponderable 
matter. If, using axes of coordinates fixed with respect to the ether, 
we represent the disturbances by means of formulae containing an 
expression of the form 

+ p), (252) 
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rt is the first of these frequencies, which may be termed the true or 
dbsdiM one. We can pass to the other, the relative frequency, by 
introducing into this expression the coordinate with respect to an 
origin moving with the ponderable matter. If this coordinate is 
denoted by x, and if the motion of the matter takes place ■ in the 
direction of OX with the velocity w, we have 

x = x' -{-wi, 

so that (252) becomes 

cosn(<-^<-^ +i?)- > 

The coefficient of t in this expression; 

is the relative frequency; that it differs from n agi'ees with Doppler s 
principle. 

Fresnel’s hypothesis may now be expressed more exactly* as 
follows. If we want to know the velocity of propagation of light 
in moving ponderable matter, we must fix our attention on the 
reloMve frequency n' of the vibrations, and we must understand by t? 
and ft in the expression (251) the values relating to light travelling 
in the body without a translation, arid vibrating with a frequency 
equal to n'. 

152 . I have now to show that Fresnel’s theory can account 
for the phenomena that have been observed. These may he briefly 
summarized as follows. First there is the aberration of light of which 
I have already spoken. Further it has been found that an astro- 
nomer, after having determined the apparent direction of a star’s rays 
and their apparent frequency, can predict from these, by the ordinary 
laws of optics, and without attending any more to the motion of the 
earth, the result of all experiments on reflexion, refraction, diffraction 
and interference that can be made with these rays. Finally, aU 
optical phenomena which are produced by using a terrestrial source 
of light are absolutely independent of the earth’s motion. If, by a 
common rotation of the apparatus, the source of light included, we 
alter the direction of the rays with respect to that of the earth’s 
translation, not the least change is ever observed. 

It must be noticed that all this could he accounted for at a 
stroke and without any mathematical formula by Stokes’s theory, 
if only we could reconcile with each other its two fundamental 
assumptions. In applying Fresnel’s views, we need some calculations, 
but these will lead us to a very satisfactory explanation of all that 
has been mentioned, with the restriction however that we must 
confine ourselves to the effects of the . first order. 
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1S3. We shall again begin by considering the propagation of 
the wave-front^ this time in the interior of a ponderable transparent 
body, whose properties may change from point to pointy but which 
we shall suppose to be everywhere isotropic. For a given frequency, 
the velocity of light in the body while it is at rest will have 'at 
every point a definite value connected with the index of refrac- 
tion a by the relation 

c 

a 

^ r 

As before, we shall use axes of coordinates that are fixed to the 
earth; if we represent the progress of the waves in a diagram, this 
will likewise be supposed to move with the earth, so that the ether 
must be understood to flow across it, with a velocity which will again 
be denoted by g, but which now has the same direction and magni- 
tude at all points, being everywhore equal and opposite to the velocity 
of the earth. 

Let, as before, a be the position of a wave-front (see Fig. 8, p. 168) 
at the time t, 0 * the position at the time i -f the latter surface 
being the envelop of all the (dcinontary waves that have been formed 
during the time dL If the etlner Avere at rest in our diagram, each 
elementary wave would bcs a sphere having a radius %)dt^ and whose 
geometric centre coincides with the centre of vibration. In reality, 
according to what has been said about FresneFs hy))otKe8is, the 
geometric centre of the sphere, whose radius is still vdt^ is dis- 
placed from the centre of vibration over a certain distance, the dis- 
placement being given by ttie vector “jgcitt 

Let UH consider the infinitely small triangle having its angles at 
the point V of the wave-front a, which is the centre of disturbance 
for the elementary wave, the point which is its geometric centre, 
and the point V where it is touched by the new wave-front As 

Ivas just been said, the aide FQ as a vector is given by llie 

side being a radius of the sphere, is nonmil to cf', and, in the 

limit, to 0 . Its length is vdL As to the side V2\ this is mi ele- 

l> p' 

meiit of a relative ray. According to general usage, we shall call 
the vcducity of the ray, bo that, if this is denoted by we have 

VP* V (it. 

It a[>pcars from this that, if the angle between the relative ray and 
tile velocity g is represented by 

2 ^ 1 ;' coafl- H- 

IS 
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from which one finds, omitting quantities of the third order, i. e. of 

the order m-, 




(253) 


We shaU have especiaUy to consider the inverse of this quantity. 
To the same degree of approximation^ it is given by 


There is further a simple rule by means of which we can pass from 
the direction of the wave-normal to that of the relative ray and con- 
versely. The vector PP' is the sum of the vectors PQ and 
Hence, dividing the three by dt^ we have the following proposition: 
If a vector having the direction of the normal to the wave and blio 

magnitude t?, is compounded with a vector the resultant vector 

win he in the direction of the relative ray. And, conversely, if a 
vector in the direction of the ray and having the magnitude v\ is 

compounded with a vector — —j, we shall find the direction of the 
normal to the wave. 

In order folly to understand the meaning of these propositio’ns^ 
one must keep in mind that, at every point of the medium, the re-* 
lative ray and the wave can have aU possible directions.. The aboTe 
results apply to all cases. 


154 . These preliminaries enable us to prove the beautiful 
theorem that, if quantities of the second order are neglected, the 
course of the relative rays is not afPected by the motion of the 
earth. We have seen in what manner Huygenses principle, while 
determining the successive positions o, o', o", . . of a wave-front, 

also gives us the succeeding elements PP', P'P", P"P'", ... of a 
relative ray. If the centre of vibration of an elementary wave and 
the point where it is touched by the envelop are called conjugcUe 
points, we may say that a ray passes through a series of conjugate 
points succeeding each other at infinitely small distances. Now, be- 
tween any two consecutive positions of the wave-front, we can draw 
a large number of.infimtely small straight lines, some joining con- 
jugate points and others not, and for each of these lines ds we can 
calculate the value of 

taking for v the value belonging to an element of a ray having the 
direction of ds. It is easily seen that this expression (255) has one 




COURSE OF A RELATIVE RAY. 


179 


biie same value for all lines joining conjugate points, and a greater 
> for all other lines. Indeed, by the definition of v\ the value 
r the first lines equal to the time dt in which the light advances 
the first position of. the wave-front to the second. As to a 
ds which is drawn between a point P of the first wave-front 
1 , point Q of the second, not conjugate with P, its end Q lies 
Je the elementary wave that is formed around P, because the new 
-front is less curved than the elementary wave and must lie 
le it with the exception of the point of contact. Therefore, for 
me PQ, the expression (265) must exceed the value it would 
if Q lay on the surface of the elementary wave. 

STow, let A and JB be two points of a relative ray s, at a finite 
Lce from each other, and let s be any other line joining these 
3 , If between A and P we construct a series of wave-fronts at 
;elj small distances from each other, the line s is divided into 
ats each of which joins two conjugate points, whereas the ele- 
of s cannot he aU of this kind. From this we can infer that 
itegral 

/ V (256) 

for s will have a smaller value than the corresponding integral 
le line s'. Thus, the course of the relative ray between two 
points A and B is seen to be determined by the property that 
tegral (256) is smaller for it than for any other line between 
me points. 

ubstituting in the integral the value (254) we find, if we 
t terms of the second order, 

/?-/?-/*■. I (2,,) 

AAA 

since iiv «= c, we may replace the last term by 

D 

A 

understand by (AJS)^ the projection of the path AJB on the 
>n of the velocity g, a projection that is entirely determined 
position of the extreme points A and JB, The last term in 
is therefore the same for all paths leading from A to P, and 
adition for the minimum simply requires that the first term 





A 


n 
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be a minimum. Tins term, however, contains nothing that depends 
on the velocity g; hence, the course of the ray, for which it is n 
minimum, is likewise independent of that velocity, by which, our 
proposition is proved. 

In the proof we have made no assumption concerning the way 
in which v and ^ change from point to point. It applies to any 
distribution of isotropic transparent matter, and even to limiting cases 
in which there is a sudden change of properties at a certain surface. 
Consequently, for the relative rays, the law of refraction remains the 
same as it would be if the bodies were at rest (in which case the 
word „relative^^ might as well be dropped). I must add that this 
proposition can easily be proved by itself, by directly applying 
Huygenses principle to the refraction at a surface, and that the 
reflexion of i*ays can be treated in the same manner and with the 
same result. 

155 . In order to account for the phenomenon of aberration, 
one has only to combine the above results. Let P be a distant point, 
which we imagine to be rigidly connected with the earth, and to lie just 
outside the atmosphere in the free ether, At this point, the light 
coming from some star will have waves whose normal has a definite 
direction JV, opposite to the direction in which the star is really 
situated. It has also a definite relative frequency, which in general 
differs from the true or absolute one according to Doppler^s principle. 

At the point P we have v ^ Cj — L Hence, if we want to 
find the direction of the relative ray s at this place, we must com- 
pound a vector c in the direction of the wave -normal N with a 
vector g, which represents the velocity of the ether relative to- the 
earth, and which is therefore equal and opposite to the velocity of 
the earth itself. This construction evidently leads to a direction of 
the relative ray identical with the apparent direction of the rays as 
determined in the elementary theory of aberration. We shall there- 
fore have explained this latter phenomenon if we can show that the 
result of observations made at tbe vsurface of our planet is such that^ 
an astronomer (who does not think of the eartVs motion), reckoning 
so far as necessary with the frequency n which shows itself to 
him, would conclude from them that the rays reach the atmosphere 
in the direction s. This is really so, because, as we have seen, the 
progress of the relative rays from P onward is exactly what would 
be the progress of the absolute rays if the earth did not move and 
the true frequency were equal to w. 

We may mention in particular that, if, in this latter case, the 
path of a ray were mapped out by means of suitably arranged screens 
with smaU openings, a ray can still pass through these openings, if 
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the screens move with, the earth. Further that if, on the immovable 
earthy the absolute rays were brought to a focus in a telescope, the 
relative rays will likewise converge towards this point, producing in 
it a real concentration of light. The truth of this is at once seen 
if, by means of the theorem of § 153, we determine the shape of 
the wave~fronts in the neighbourhood of the focus. It is found that 
the convergence of the relative rays towards a point necessarily 
implies a contraction of the waves around this point.^) 

The explanation of the fact that all optical phenomena which 
are produced by means of terrestrial sources of light are uninfluenced 
by the earth^s motion, is so simple that few words are needed for it. 
It will suffice to observe that in experiments on interference the 
differences of phase remain unaltered. This follows at once from our 
formula (257) for the time in which a relative ray travels over a 
certain ])ath. If two relative rays, starting from a point rf, come 
together at a point li, the lengths of time required by them are 
given by the expr(^ssions 

// 

A 

and 

n 

/-t + i ('<»). HI. 

.1 

where the integrals relate to the two paths. Since the last terms 
are ideiitical, we find for the difference between the two times 


h ti 



This being independent of the motion of the earth, the result of the 
interference must be so likewise, a (‘.onclusion that may be extended 
to all optical phenomena, because, in the light of Huygenses priu- 
(uple, wo may n^gard them all a.s cases of interference. 

It should he noticed, how<‘ver, that the j)osition of tlio ))right 
and the dark interference bands is determined by the cliff'erencos of 
phase expreMcd in times of inbrafwn^ so that the above conelu.sitms 
are legitimate only if the motion of the earth cloCvS not affe(*t. <5‘* 
periods themselves in w^hich the particles in the source of ligh< 
vibrating. This condition will be fulfilled if neither the elastic 
acting mi them, nor their nmsses are changed, 'rhen, in all • 
ments performed on the moving earth, the relative* frcqmnuy 

1) Note OH. 
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point of our appamtus will be equal to the frequency that would 
exist if we could experiment in the same manner on a planet having 
no translation. 

166. Fresnel’s coefficient 1 the importance of which we 

have now leamod to understand^ can be deduced from the theory tba*t 
in a beam, of light in a ponderable body there is an oscillatory 
motion of electric charges. Unfortunately, if these latter are supposed 
to he concentrated in separate electrons, the deduction suffers froni 
the difficulties that are inherent in most molecular theories, and tbe 
true cause of the partial convection of light-waves by matter in 
motion does not become clearly apparent. For this reason I shall 
first consider an ideal case, namely that of a body in which the charges 
are continuously distributed. In this preliminary treatment I shall 
make light of the difficulty that we are now obliged to imagine four 
different things, thoroughly peuetrating each other, so that they can 
exist in the same space, viz. 1. the ether, 2. the positive and the 
negative electricity and 3. the ponderable matter. 

For the sake of simplicity, I shall suppose that only one of the 
two electricities can be shifted from its position of equilibrium in 
the ponderable body, the other being rigidly fixed to this latter, and 
having no other motion than the common translation of the entire 
system. I shall denote by q the volume- density of the movable, and 
by q' that of the fixed charge. The body as a whole being uncharged, 
we shall have in the state of equilibrium 

+ (258) 

and this wiU remain true while the one charge is vibrating, unless 
it be condensed or rarefied by doing so. 

The question as to whether it be the positive or the negative 
electricity that can be displaced in the body may be left open in 
this theory, 

1B7. We shall suppose the movable charge to have a certain 
mass, and to be driven back towards its position of equilibrium by 
an elastic force opposite to the displacement and propoifional to it| 
let q be the displacement, -f^ the elastic force, and m the mass, 
both reckoned per unit of volume. 

The equations that must be applied to the problem before us 
vere already mentioned in § H. Introducing axes of coordinates that 
lave a fixed position in the ether, we hare 

div d = p + p; 
div h = 0, 


(259) , 

(260) 
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rotd = — ~h, (261) 

rot h = -i(d + ()V + p'v'), (262) 

where V and v' are the velocities of the two electricities, so that 
^ represents the convection current. 

To these formulae we must add the equation of motion of the 
vibrating electricity. If its acceleration is denoted by J, we have 

Wij = — /-q -f- pd + (>[v - h], (263) 


168 . Let us first briefly examine the propagation of electric 
vibrations in the body when kept at rest. We may limit ourselves 
to tlie case that there is a displacenaent of the movable charge in 
the direction of OY, combined with a ^electric displaceincTit d of 
the same direction in the ether, and a magnetic force parallel to 
OZ, all these quantities being functions of x and t only. As the 
relation (258) is not violated, the equa " • is (256) and (260) are ful- 
filled by these assumptions, and (261) ai. :2()2) reduce to 


a dy ^ _ 1 a ^ 
dx c d f ^ 


(264) 


ah, 

dx 


JL (n 4. Mil 

c V ^ 


dt 


')• 


Finally the equation of motion becomes 


ni 


a’q., 


— f% 4- 


(265) 


(266) 


A solution of these equations is obtained by putting 

dj,-«co8 n(<- 

from .which we find, by means of (264) and (266), 


(267) 

Substituting these values in (265), we find the following formula for 
the determination of the velocity of propagation v: 

~v^ f — mn^ (268) 


When the body has a uniform translation with the velo- 
city w in the direction of OX, we cun still satisfy the equations by 
suitable values of dj,, h,, q , but some alterations are necessary. The 
first of these relates to the convection current. Its component in 
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the direction of OZ remains 0 , since both the positive and the 
n^ative electricity are carried along witL the translation of the body;^ 
but, if we continue to use axes of coordinates fixed in the ether, the 
cctovection current parallel to OY can no longer be represented 

by The right expression for it is found as follows. If a de- 

finite point of the vibi'ating charge has the coordinate x at the time 
its coordinate at the instant t dt will he x wdtj so that the in- 
crement of its displacement is given by 


and its velocity in the direction of OT by 


dt 


+ “’|l 


7 


for which we may also write 



if we use the brackets for indicating the difiFerential coefficient for a 
point moving with the body. The convection current may therefore 
be represented by 



It is clear that the acceleration is 



and that, for any quantity (p which depends on the coordinates and 
the time, we may distinguish two differential coefficients ^ and 

just as we have done for The first is the partial derivative 
when 9 is considered as a function of t and the „absolute^‘ coordi- 
nates, i. e. the coordinates with resj^eet to axes fixed in the ether, 
and we have to use the second symbol when the time and the „i’C- 
lative^^ coordinates, i. e. the coordinates with respect to axes moving* 
with the body, are taken as independent variables. The relation be- 
tween the two quantities is always expressed by the formula 

+ ( 269 ) 

As to the differential coefficients with respect to x, y, z, each of 
these has the same value, whether we understand hy x, y, 3 the ab- 
solute or the relative coordinates. 

The second alteration which we have to make is due to the last 


dcp\ 
dt) ^ 
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term in (23). On account of its velocity w in the direction of OX^ 
the charge q will be acted on by a force 



parallel to OY, and this force must be added on the right-hand side 
of the equation of motion. 

In virtue of the assumptions now made, () + p' again remains 0 
during the vibrations^ and (259) and (260) are Satisfied. The equa- 
tion (264) can be left unchanged^ but (265) and (266) must be re- 
placed by 



I'he three formulae are somewhat simplified if we choose as in- 
dependent variables the time and the relative coordinate^ and if^ at 
the same time^ we put 



Applying the relation (269) to and we find 

ad,; _ _ I /dhA 
dx c \di)’ 



--/•q. + CXi;. 


The first and the third of these equations have the same form as 
(2C)4) and (266). Hence, if wo put 

dy -acus«(i{— -J), (270) 

uudoratanding by x the relative coordinate, we have, corresponding 
to (267), 

h »» i d ' a = - - — i d ' 


by which the second equation becomes 

V ^ f—mn^ V 

Comparing this with (268) we see that) for n definite value of the 
frequency n, vre may write 
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As W6 continually negloct (juantities of the second order ^ we may, 
in the last tenn^ replace v by v. By this we get 

c c . w 
IT “ t- c ^ 


if ft is the index of refraction for the stationary body. 

It must he kept in mind that in (270) x means the relative 
coordinate. Therefore, n is the relative frequency, and v' the speed 
of propagation relative to the ponderable matter. The velocity of 
light with respect to the ether is 

in accordance with Fresno Ts hypothesis. 


160 , I have now to show you in what manner the same result 
may be derived from the theory of electrons. For this purpose we 
might repeat for a moving system all that has been said in Chap. IV 
about the propagation of light in a system of molecules. We shall 
however sooner reach our aim by following another course, consisting 
in a comparison of the phenomena in a moving system with those 
that can occur in the same system when at rest. 

In this comparison we shall avail ourselves of the assumptions 
that have been made in Chap. IV. 

In the absence of the translatory motion, the problem may be 
stated as follows. In the molecules of the body there are electric 
moments p changing from one molecule to the next, and variable 
with the time. On account of its moment, each molecule is surrounded 
by an electromagnetic field, which is determined (§ 42) by the 
potentials 



a 

dx 


[pj 


a =» 


1 fPy] 
^ dy r 

[P] 

ijrcr ^ 


^ de 


M 

r 




Xj z being the coordinates of the point considered, r its distance 
from the mol^ule, and the square brackets reminding us that we 
have to do with retarded potentials. The electric force d and the 
magn^c force h are given by the following formulae, to be deduced 
from (33) and (34), 




AM 

r 


+ 


0 

dz 


M 

r 


), ( 271 ) 


( 272 ) 
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Aft^r having compounded with each other the fields produced by all 
the molecules of the body, we must add one field more, namely that 
which is due to external causes, and which I shall represent by do, bo- 
it satisfies the equations 


div do = 0, 
div ho = 0, 

rot ho - i do, 
rot do=--yho, , 


(273) 


Lastly, we have to consider the equations of motion of the electrons 
which, by their displacement, bring about the electric znoments p. 
Let each molecule contain a single movable electron e, whose dis 
placement q gives rise to an electric moment 

p-eq, (274) 

If the symbol 2? relates to the superposition of the fields of all the 
sun’ounding particles, and if — fn is the elastic force, —p^q a re- 
sistance to the motion, the equation of motion is 

wq =« cid + edo — jfq — rjfq. (27f>) 


161 . In the theory of the system moving with a velocity W vve 
may avail ourselves with great advantage of the transformation that 
has already been used in § 44. 

Taking as indej)eiident variables the coordinates x', y\ z with 
respect to axes moving w^ith the system, and the „locar' time 

^ _ i_ {ytj + WyJ/' + w,/), (27 6) 


■we find the equations (104) — (107) for the vectors d' an<l h', which 
now take the place of d and h. It is true that the now formulae 
iave not quite the same form as (33) — (36), and that the term 

grad (w a'), which makes the difference, tnust not he omitted ‘), 

being of the first order of magnitude with respect to * ^ hut not- 

c 

-withstanding this it is found that the field caused by an electric 
moment is determined by the formulae*) 


d'-: 


[P] + 


47tc*r 


4:7t 


grad 


a 


[pj , 

.. 


dy' r 




3 [P.l 1 

r I ’ 


1) See however Note 72*. 


2) See Note 2(t. 
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exactlj coiTesponding to (271) and (272). 

It is scarcely necessary to repeat that the symbols grad and rot 
have the meaning that has been specified in § 44^ and that, if we 
want to calculate and for a point (oo\ y y at a distance r 
from the polarized particle, and for the instant at which the local 
time of this point has a definite value t', we must take for p, p, p 
the values existing at the moment when the local time of the particle 

IS t 

c 

The held produced by causes outside the body is again subjected 
to the fundamental equations for the free ether. Expressed in terms 
of our new variables, these are 

div do'== 0, 
div hQ'= 0, 

rot h;= ^do', 
rotd;=-|h„', 


as is found by making p == 0 in (100) — (103). The form of these 
equations is identical with that of (273), 

The equation of motion of an electron must now contain the 

electromagnetic force ^[w-h], which is due to the translation W, so 
that we must write for the total force acting on unit charge 

d + -^[w-h]. 


This, however, is precisely the vector which we have called d'. 
Consecpiently, if we suppose that the elastic force determined by tke 
coefficient f, and the resistance measured by g, are not modified by 
the bunalation, we may write for the equation of motion 


mil = eSi'jf- edo'- /q - pq, 

where the sign H has the same meaning as in (275). 

It should be noticed that the relation (274) remains true, and 
t^ at a definite pomt of the moving system, the differential coeffi- 
<aenf® with ^pect to t are equal to those with respect to t'. On 
aecoun o ■ s we may attach to the dots in the above equation tbe 
of parfaal differentiatrons with respect to f. They must be 
understood m ike same sense in Ihe preceding formulae. 
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102. It appears from what has been said that, by the intro- 
duction of the new variables, all the equations of the problem have 
again taken the form which they have when there is no translation. 
Thife at once leads to the following conclusion: 

If, in the system at rest, there can exist a state of things in 
which d, h and p are ctn-tain functions of x, ^ and the moving 
system can be the seat of phenomena in which the vectors d', h', p 
are the same functions of the relative coordinates x\ y\ z and the 
local time 

The theorem may be exhmded to the mean values of d, h or 
d', h', the electric moment P jxn- \mit of volume, and also to the 
vector D which we have introdu(’ed in § 114, compared with a similar 
one that may bc^ defined for the moving system. If, lor the one 
system, W(‘. put 

d-^E, h H, D 

and for the other 

d' . E; h' D'-E'+P, 

the result is, that for cucii state m which E, H, D are certain func- 
tions of X, y, ty there is n <u>rr(‘s])oudiTig state in the moving system, 
characteri'/ied by vahu*s oi’ E^ H', D' which depend in the same way 
on Xy j/, /, if'. 


163. value of Kresuers coefficient follows as an immediate 
consequence* from this geticral theorem. Let ii.s suj)po8e that in a 
transparent poudarablt^ Innly without trannlatioTi, there is a propagation 
of light vMivas, in which the conijionents of E ami H are represented 
by expressions of the form 

a ctisn } P)y 

wdiere fi, y are the dirt^ciiou ei^sincH id the normal to the wave, 
and V the velocity of pro(>agiition. 1’iuni, corroHimmling to this, we 
may have in the same imdy while in motion phenomena that may 
likewise be described as a propagation of light waves, and which 
are representtMl by f*Kpn‘ssions of the^ form 

/ , (xjr f py’ f yM’ , \ 

a co.HU U p Pjf 


i. e., on account of (27b), 


a cos n 


(' 


If we put here 


p 




WfS* 





erx' 4 py' 



V * 



* 

1^ 

© 


lie 


( 277 ) 
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with the condition 

the formula becomes 

a cos n 


a x' + §y' +/z' 


( 278 ) 


showing in the first place tliat is the velocity of propagation re- 
lative to the moving body^. and in the second place that n is the 
frequency at a point moving with it. Hence, if we take v and v for 
the same value of we are sure to compare the speed of propa- 
gation in the two cases for equal relative frequencies. 

Neglecting the square of W, we easily find from (277) and (278) 

±^1.4,9 J_ 4. 2 - 

v'* V' ' C^v V* ' 

where W„ is the component of the Telocity of translation along the 
wave-normal. It may be observed that, since a, /S', y' differ from or, 

w 

y only by quantities of the order we may take the uormsT 

such as it is in the moving system. 

Further: 

± — l 4 .^ 

v' V ' * 

-v' = y ^ 

so . that we have been led back to our former result. 


164. The hypothesis advanced by Fresnel bas been confirmed 
by Frzean’s observations on the propagation of light in flowing 
water^), and, still more conclusively, hy the elaborate researches of 
Michelson and Morley on the same subject.^) In these experiments 
tile water was made to flow in opposite directions through two 
parallel tubes placed side hy side and closed at both ends by glass 
plates^ ^ the two interfering beams of light were passed through these 
tubes m such a manner that, throughout their course, one went 
with the water, and the other against it. 

In order to calculate the change in the differences of phase caused 
by the motion of tiie fluid, it is necessary to know the* velocity 
of propagation of the light relative to the fixed parts of the appa- 


1) BL Pizeaa, Sm lea hypotheses lelatiTes a Tether lumineux, et sur une 

mouvement des corps change la vitease 
A Wre se propage dans lenr- interienr, Comptes rendua 88 
(mi) p^M9; d. Phya. n. Chem., Erg, 3 (1853), p. 467. 

Influence of motion of the me- 

tile wlocity of h^ht, Amer. Jonrn. of Science (3) 81 (1886), p. 377. 
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s.^) If T is the period of vibration of the source of light, the 
ceding theory gives the following expression for the velocity in 


ition 


± ^ 




n: T 

^ ft '^dT' 


B the velocity of the flow of water is represented by to, and vp'e 
t take the upper or the under signs, according as the light goes 
i or against the stream. I must add that the last term, which 
inds on the dispersive power of the fluid, has been omitted by 
helson and Morley in the comparison of their experiments with 
theory. If it is taWn into account, the agreement becomes some- 
t worse; it remains however fairly satisfactory, since the influence 
he term is hut smalh^) 


16S. After having found Fresnel’s coefficient, we may apply 
) vaiious phenomena, as has already been shown in §§ 152 — 155. 

discussion of many a question may, however, also he based 
ctly on the theorem of corresponding states without the inter- 
don of the coefficient. 

If, for instance, the state of things in the system that is kept 
est, is such that in some parts of space both the electric and the 
netic force are continually zero, the corresponding state in the 
iug system will be characterized by the absence, in the same 
ons, of d' and h', and this involves the absence of d and h. There- 
, the geometrical distribution of light and darkness must be the 
e in the two systems, always provided that the comparison be 
e for equal relative frequencies. 

An interesting example is afforded by a cylindrical beam of 
t. The generating lines of its bounding surface, i. e. the relative 
, may have the same course in the two systems, even when the 
ns are reflected or refracted, so that the translation has no in- 
ace on the laws of reflexion and refraction for the relative rays. 

can it change the position of the point where the rays 
ight to a focus by a mirror*) or a lens, and the principle also 
vs that the place of the dark fringes in experiments on interference 
t remain unaltered. 

The condition that is necessary for these conclusions, namely that 
relative frequencies he equal in the two cases, will always be 
lied if the source of light has a fixed position with respect to 
rest of the apparatus, sharing its translation or its immolJility. 

16G. It is important to notice that the foregoing results are 
tto means limited to isotropic bodies. The case of crystals may 

2) Note 00 . S) Note 70. 


1) Note 00. 
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easily be included by conceiving either some appropriate regular 
arrangement of tl^e particles^ or a want of isotropy in the structure 
of the individual molecules, revealing .itself in the elastic forces being 
unequal for different directions of the displacement of an electron. 
The latter assumption would require us to represent the conaponents 
of the elastic force by expressions of the form 

(fn% + fi3% + /is*!.); 

(/aiQ* + fzi% "t" 

with = the proof of the theorem of 

corresponding states it would be necessary to consider the coeffi- 
cients f as unaffected by a translation of the system. 

After having shown that, in the phenomena of double refraction, 
the course of the relative rays is not altej::ed by the motion of tbe 
earth, one can also examine what becomes of PresnePs coefficient 
in the case of crystalline bodies. The result may be expressed as 
follows: 

If, for a definite direction s of the relative ray, u and w' are tlie 
velocities of this ray in a crystal that is kept at rest and in tbe 
same body when moving, then 

where w, is the component of the velocity of translation in the 
direction of the ray.^) 

107 . Thus far we have constantly neglected terms of the seeoiid 
order with respect to and in fact in nearly all the experiments fhat 

have been made in the hope of discovering an influence of the eartli^s 
motion on optical phenomena, it would have been impossible to 

w* 

detect effects proportional to There are, however, some exceptions, 

and these are of great importance, because they give rise to difficult 
and delicate problems, of which one has not, as yet, been abl6 to 
give an entirely satisfactory solution, 

We have in* the first place to speak of a celebrated experiment 
by Michelson*) in 1881, and repeated by him on a larger scale 
lie cooperation of Morley^) in 1887. It was a very bold one, 

2) See however Note 72*. 

A. Michels on, The relative motiori' of the earth and the luxniui- 
Amei. Jpoin. of Science (3) 22 (1881), p. 20, 

Michelson and E. W. Morley, Amer. Jonrn. of Science (3) 34 
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o rays of light having been made to interfere after having travelled 
er paths of consideiable length in directions at right angles to 
5 h other. Fig. 9 shows the generfd urraugenicnt of the apparatus, 
e rays of light coming from the 
irce L are divided by the glass 
ite P, which is placed at an angle 
45®, into a transmitted part PA 
J a reflected one Pli After ha- 
ig been reflected by the mirrors 
and P, those beams return to 
! plate P, and now the part of 
! first that is reflected and tht^ _ 
nsniitted part of tlie second pro- 
se by their interforonc.e a system 
bright and dai-k IVinges that i.s 
served in a toleHcopc plactal on 
line PC. 

The fundamental id<ai of lh(‘ experiment is, that, if the ether 
lains at rest, a trimsbition giviui to tlm apparatus must of no- 
sity produce a chang(i in the difrerenees of phase, though one 
the .second order, fl’hus, if tlie translation takes place in the 
jction of pyl or A and if the. length of PA is denoted by P, 

ay of light will take a time ^ for travidling along this path 

me direction, and a time for g<dng in the inverse direetiou. 

5 total time is 



up to quautitioK of the stamnd orthT, 

that for the myn that havc^ gono forward mid hnvk along I* A 
:e will bo a roturdation of plutHo no^asurod by 

re in a Hiinilar rotiirdution, though of Htrmllw amount, for the othor 
[n. In ordor to aoa thin by an tdemoritary rt‘a«otiing. ont^ has 
r to coiiHuler that a my of thiw hoain, if it rotunm, m I fihall 
pose it to do, to exactly tho ninm imini of thr plait* I\ dotm not 
6 back to the Hiune pfdnt of tlw^ ether, the point of the gliii^ 
ii^ moved, with the velocity W of the earth ‘h trauHlation, over a 
oin distance, say from P to P\ while the ligld W(»nt Fr<un P 

orentx, Tlu-wr) of K*i l*{ 


B 



l-ift 9 
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to B and back. If Q is tbe point in the ether where the ray reaches 
the mirror B, we may say with sufficient approximation that the 
points P, Q, B' are the angles of an isoscele triangle, whose height 
is L (since the distances PA and PB in the apparatus were equal) 

and whose base is • The sum of the sides P Q and QP is 

c 

SO that we may write 


for the time required by the second beam. 

It appears from this that the motion produces a difference of 
phase between the two beams to the extent of 

-Lw* 


and this may be a sensible fraction of the period of vibration, if L 
has the length of some metres. 

The same conclusion may be drawn somewhat more rigorously 
from the general formula (254). The time during which a relative 
ray travels along a certain path s is found to be 


/? - H ds + i ds. 


Here the first term represents the time that would be required if 
there were no translation, and in the problem now before us the 
second has equal values for two paths beginning and ending at the 
same points, so that we have only to consider the last term, for 
which, using our present notation and putting ^ = 1, we shall write 


(1 + cos*®') ds. (281) 

The paths for which this integral must be calculated may be taken 
to be the straight lines indicated in Fig. 9.^) According to what has 
been sai^ cos*^ has the value 1 all along JP-4J?, and the value 0 at 
every point of PBP, Therefore oxir last expression really takes the 
two values given by (279) and (280). 

Now ihe difference of phase that is due to the motion of the 
must be reversed if, by a rotation of the apparatus, the path 
of the first xay is made to become perpendicular to the translation, 
that of the second to be parallel to it. Hence, ,if the phenomena 


1) ¥ote 72. 
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the above theory, such a rotation must produce 'a change 
in eel by 

(282) 


1 (inferences of phase, and a corresponding shifting of the 
rence bands. 

i the original apparatus of Michelson thv length L was rather 
lall to bring out the effect that was sought for, but in the 
experiments made with Morloy the course of the rays was 
sued considerably. Tliey were repea te(.lly thrown forwards and 
oj mirrors having suitable positions on different Sides of the 
Vj and which, together with the otluu* parts of th(‘ apparatus, 
urce of light and tlie telesc^ope iiichided, were nionuted on a 
t* stone floating on mercury. For each of the rays the lines 
which it had to travel successively nearly coinended, so tliat 
may be regarded as constant for the entire ('.ourse of a ray. 
values of this constant for the two beams' are first 1 and 0, 
terwards, after a rotation of 90**, 0 and 1, the changes under- 
)j the differences of phase can be found from (281); it may 
e represtoted by (282), if we iindersttind by 2L the whole 
of one of the rays. A.s this lengtli amounted to about 
tres, the value of (282) is eq\ial to 0,4 times the time of 
on of yellow light, and a sensible shift of the bands could 
)re be looked for. In no case, however, the least tlisplacement 
a a kind that it could ])e attributed to the cause above exphuu- 
.s observed. A similar result was subsecpumtly obtaiuod by 
jy and Miller^), wdio came to the conclusion that, if there is 
feet of the mituro expected, it is less than one humlredth part 
computed value. 


88. In order to explain this absence of any effect of the earth^s 
fion, I have ventured the hypothesis, which has alao been pro- 
by Fitz Gerald, that the dimensions of a solid body undergo 

ehangea, of the order , when it inovea through the ether. 

asa\mie that the lengths of two linos nnd i, in a ponderable 
the one parallel and the other perpendicular to the trauHlation, 
would bo equal to each other if the body were at rest, arc 
h other in the ratio 


L, 

X, 


1 



(288) 


: the motion, the negative result of the experiments is easily 
ited for. Indeed, these changes in length will produce an 

fe. W. Morloy and D. C. Miller, Report of an experiment to detect 
tz Gerald-Lorentz effect, Phil. Mag. (6) » (1006), p. 680. 
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alteration in the phases of the interfering rays, amounting to a rela- 
tive acceleration 

for the ray that is passed along the line having the direction of the 
earth’s motion, and this acceleration will exactly counterbalance the 
changes in phase which we have considered in the preceding para- 
graph. 

The hypothesis certainly looks rather startling at first sight, but 
we can scarcely escape from it, so long as we persist in regarding 
the ether as immovable. We may, I think, even go so far as to say 
that, on this assumption, Michelson’s experiment the changes 

of dimensions in question, and that the conclusion is no less legiti- 
mate than the inferences concerning the dilatation by heat or the 
changes of the refractive index that have been drawn in many other 
cases from the observed positions of interference bands. 

169 . The idea has occurred to some physicists that, like an 
ordinary mechanical strain, the contractions or dilatations of which 
we are now speaking, might make a body doubly refracting, and 
Rayleigh and Brace have therefore attempted to detect a double 
refraction produced by the motion of the earth. Here again the 
search has been in vain; no trace of an effect of the kind has 
been found. 

With a view to this question of a double refraction, and for 
other reasons, it seems proper to enter upon a discussion of the electro- 
magnetic phenomena in a moving system, n6t only, as we did at 
first, for velocities very small in comparison with the speed of light 
c, but for any velocity of translation smaller than c. Though the 
formulae become somewhat more complicated, we can treat this pro- 
blem by much the same methods which we used before. 

Our aim must again be to reduce, at least as far as possible, 
the equations for a moving system to the form of the ordinary for- 
mulae that hold for a system at rest. It is found that the trans- 
fonnations needed for this purpose may be left indeterminate to a 
certain extent; our formulae will contain a numerical coefficient /, 
of which we shall provisionally assume only that it is a function 
of the velocity of translation w, whose value is equal to unity 
for w 0, and differs from 1 by an amount of the order of magnitude 
^ for small values of the ratio ^ • 

^ ^ are the coordinates of a point with respect to axes 

t „absolute^^ coordinates, and 

If the translation takes place in the direction of OX, the coordinates 
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with respect to axes moving with the system, and coinciding with 
the fixed axes at the instant 3^ = 0 , will be 

( 284 ) 

Now, instead of x, y, we shall introduce new independent variables 
differing from these „relative^^ coordinates by certain factors that are 
constant throughout the system. Putting 

c® 


( 285 ) 

( 286 ) 

( 287 ) 

( 288 ) 

We shall again understand by U the velocity relative to the moving 
axes, so that the components of the absolute velocity are 

U^ + tO, U^, u„ 

and we shall introduce a new vector u' whose components are 




— 10^ ’ 

I define the new variables by the equations^) 

x' = Jclx^, y = / =- Iz, 

or 

X -=^'kl{x--ivt), y^lyj z'^lzj 
and to these I add as our fourth independent variable 


t' ^ ■ 

K 


Id 


= u{t~ 


u;= 7 c^u,, u;= 7 :Uy, u;=^u. 


Let US put, similarly, 

and let us define two new vectors d' and h' by the equations 
d* = jv i* (•*» ~ "c~ **5) > “ J» , 

Then the fundamental equations take the form^) 
div'd'=.(l-“^')p' 
div^ =» 0 , 


( 289 ) 

( 290 ) 

( 291 ) 


rot' d' 


1 

c dt' 


( 292 ) 


The meaning of the symbols div', rot' and grad', the last of 
which we shall have to use further on, is similar to that which we 
formerly gave to div, rot and grad, the only difference being that 


1) Note Ta*'. 2) Note 78. 
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the differential coefficients with respect to x, z (taken for a co in- 
stant t) are replaced by those with respect to x\ y, z (takeD fox’ ^ 
constant value of 

As to the force f with which the ether acts on unit of elect.x‘X<^ 
charge^ its components are found to be 


f. - cd; + v 1 ( 0 ; h; - u; h,') + j> i (o/V + u/n.'), 

f, - 1 1; + ? ■ 7 - T ? 

u, + ‘ (^a; ”a: ) F C* * 


( 293 ) 


The determination of the field belonging to a system of electiroxxs 
may again be made to depend on a scalar potential (p and a vecijof 
potential a'. If these are defined by the equations 


A'^'_ _L 


A'a'- 


ll!iL 


1 / 
jQ^, 


( 294 > 


in which the symbol A' stands for 
we shall have^) 

d' = - - grad' 90 ' + y grad' a/, (i?9 5) 

h' -rot'a'. (290) 

The analogy between these transformations and those which we JFox"- 
merly used^ is seen at a ;glance. The above formulae are changed into 
those of §§ 44 and 45 by neglecting all terms which are of an ovd-err 

higher than the first with respect to by which k and I both take 

the value 1. In the present more general theory, it is the variable 
defined by (288) thslt may be termed the local time. 

It is especially interesting that the final formulae (292) arxd 
(294) — (296) have exactly the same form as those which we dedncecl 
for small values, of w. They differ from the equations for a systeni 
without translation in the manner pointed out in §§ 44 and 45, but, aB 


1 ) In a paper „tTber das Doppler’ ache Princip“, published in 1887 (GJ-Otti, 
Nachrichten, p. 41) and which to my regret has escaped m 3 ' notice all Llxeao 
yearSi Voigt has applied to equations of the form ( 6 ) (§ 3 of this book) a tra,n«- 
formation equivalent to the formulae (287) and (288). The idea of the trttams- 
formations used above (and in § 44) might therefore have been borrowed Prora 
Voigt and the proof that it does not alter the form of the equations foir Pke 
free ether is Icontained in his pai>er. 

2) Note 74, 
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170 . The problem is greatly simplified when we consider an electro- 
ic system, i. e. a system of electrons having no other motion 
i the common translation w. In this case a' ~ 0, and consequently 
^ 0. The scalar potential (p\ the vector d', and the electric force 
*e determined by 

(297) 

d' = — grad' 9?', (298) 


f = f 

X y 



se equations admit of a simple interpretation. Let us compare 
moving system g, the position of whose points is determined by 
rela-tive coordinates with a system Qq that has no 

islation, and in which a point with the coordinates x', <ior- 
)onds to the point in g, so that, as is shown by (286), 

s changed into So if the dimensions parallel to the axis of x are 
tiplied by fcZ, and the dimensions which have the direction of y 
:hat of Bj by I Then, if rfi? and dS' are corresponding elements 
i^olume, we shall have 

dS'^klHS, (299) 

that, if we suppose corresponding elements of volume to have 
al charges, the density at a point of will be given by the 
ntity Q that has been defined by (290). 

It follows that the equation which determines the scalar potential 
has the same form as the equation (297) which we have found 
(pj and that, therefore, this latter quantity has, at a point P of 
the same value as the ordinary scalar potential at the coiTespond- 
point Pq So* The equation (298) further tells us that the 
e is true of the vector d' at the point P and the dielectric dis- 
:ement at the point Pq, But, in order to find the components 

ihe electric force in g, we must multiply those of d' by Z®, 

whereas, in the system the components of the electric force 

immediately given by those of the dielectric displacement Hence, 
re is between these electric forces a relation that is conveniently 
ressed by fche formula 

F(S)“(?*, t)F(So), (300) 

coefficients between the brackets being those by which we 
3t multiply the components of the force in in order to get 
36 of the force in S Since corresponding elements have equal 
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5 s, the same relation exists between the forces acting on cor- 
iding electrons. 

t is to be observed that corresponding electrons in the two 
IS occupy corresponding parts of space, and that, while their 
}s are equal, they are geometrically dissimilar; if the electrons 
are spheres, those in leligthened ellipsoids, 

let us also remember that the potential at a point of 
consequently, the quantity q)' at the corresponding point jP of 
1 be calculated by means of the formula 



we have denoted by / the distance between a point of the 
it dS' and the point Pq, The integration is to be exteiided to 
sments in where there is a charge. 

he comparison of a moving system with a stationary one will 
ind of much use in the remaining part of this chapter, and 
therefore proper to settle once for all that, if we speak of 
[ go, we shall always mean two systems of this kind, and that 
idex 0 will constantly serve to denote the stationary system. 

71 . With a view to later developments it will be well to put 
regoing statements in yet another form. Let us, for a while, 
1 all thoughts of the imaginary system and confine ourselves 
system g with which we are really concerned. We may intro- 
br this, as we have already done, the quantities x\ y\ and 
ay even use them' for the determination of the position of a 
because they are related in a definite manner to the values of 
Let them be called the effective coordinates, and let us 
the effective distance between two points whose effective coordi- 
are rr/, h the quantity 

»•' - 1/(^1 -^,0*+ 

y ^Vry infinitely small increments of the relative coor- 

s, the corresponding increments of the effective coordinates 

dx=lcldx^.j dy'-^ldy^j d/^ldz^j 

)f conrse, the parallelepiped having dx^ dy, dz for its edges 
e said to be determined by these increments dx'y dy\ dz\ If, 

[ of the ordinary unit of volume, we choose a unit Jcl^ times 
f, the volume of the parallelepiped will be expressed by the 
t dx dy dz j and, on the same scale, an element of any form 
given in ordinary measure by dS, will have a vplume 

dS^WdS, ( 302 ) 
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is equal to the dS' in the equation (299), but the symbol has 
new meaning. Having already used several times the word 
;ive^^, I shall now — only for the sake of uniformity and without 
ing any further meaning to the words — call dS' the eflfective 
at of volume. A point within dS will also be said to belong 
^ effective element dS\ 

'inally, if the charge ^dS of an element dS is divided by the 
tude of the effective element dS', we get the quantity q' that 
ned by (290). For this reason it is not inappropriate to call q' 
Pective density of the charge. 

t will now be clear that the operations involved in the symbol 
e right-hand side of the equation (*^01) may be described in 
relating only to the real system, the denominator / being the 
ve distance between a point of the effective element dS' and 
unt P for which we want to calculate (p\ This jmtential having 
ietermined, its partial differential coefficients with respect to the 
ve coordinates, taken with the signs reversed, will represent 
^mponents of the vector d'. 

b is only for moving systems that we hav(* had reason to 
juish between the effective coordinates and the „true'‘ coordi- 
the effective elements of volume and the „true'' ones, etc.; as 
as w ^ Of we shall have o:' ^ x, y y, z 

dSf etc. Yet, for the very reason of thes<^ (MjualitieH, 

0 free also to speak of the effective coordinates, tlu' eflbo.tive 
etc. in the case of a stationary systtun; only, wt* juust not 
that in this case these quantities are identical with l;lu^ true 
nates, the true density, etc. Similarly, w(‘ may alM^ays spt^ak 
vector d', remembering that it is identical with d when there 
translation. 

have dwelled at some length on these questiouH of denomi^ 

, because in intricate probliras a proper choice of bunus in 
ch value. That wliich we have now* mnd(* eniibleH uk to con- 
into few words what was said in the hist paragrajjh ahout the 
IS S and Sq, namely: In two electro.static systeniH, tlu* one moving 
[le other not, in which the eflbctivc^ dennity of the eVloctric 
is the same functiou of the effective coordinatf‘H, the vcctiu* d' 
0 the same at corresponding points, and the forces will bo re- 
.0 each other in the way expressed hy (JUKI). 

72 . Let us now return from this digression to the hypotUcsiH 
ich we have tried to account for the result of Michelson’s 
neat. We can understand the possibility of the asHunuHl 
> of dimensions, if we keep in mind that tlu^ form of a 
)ody depends on the forces between its molecules, md that, in 
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all probability*, these forces are propagated by the intervening ether 
in a way more or less resembling that in which electromagnetic 
actions are transmitted through this medium. From this 2mint of 
view it is natural to suppose that, just like the electromagnetic forces^ 
the molecular attractions and repulsions are somewhat modified by a 
translation imparted to the body, and this may very well result in a 
change of its dimensions. 

Now, it is very remarkable that we find exactly the amount of 
change that was postulated in § 168, if we extend to molecular 
actions the result found for the electric forces, i. e. if, comparing two 
svstems of molecules g and in which the particles have the same 
effective coordinates, we admit for the molecular forces the relation 
expressed by (300). 

Lideed, this equation implies that if F(So) = ^(8) is so like- 

wise, so that when, in the system each molecule is in equilibrium 
under the actions exerted on it by its neighbours, the same will be 
true for the system g. Hence, taking for granted that there is but 
one position of equilibrium of the particles, we may assert that, in 
the moving system g, the molecules will take of themselves the 
arrangement corresponding, in the manner specified by (286), to 
the configuration existing in Since x*', s' are the true coordi- 
nates in this latter system, and x,., y,., the relative coordinates in 
g, the change of dimensions in different -directions is given by the 
coefficients in (286), and the two lines of which we have spoken in 
§ 168 will be to each other in the ratio 



which agrees with the value (283), if quantities of an order higher 
than the second are neglected. 


173 , It is a matter of interest to inquire whether our assump- 
tions demand the same change of dimensions for bodies whose shape 
and size depend in a smaller or greater measure on their molecular 
motions- As a preliminary to this question, I shall consider a 
system of points having, besides a common translation w;, certain 
velocities U. For each of them the coordinates x,., z,. are definite 

functions of the time t, and 


dt 



But we may also say that for each the effective coordinates x', y, z 
are functions of the local time which I shall henceforth also term 
the effective time, and we may calculate the differential coefficients 
of x'j y\ z with i-espect to t' in terms of those of x^, with 
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)ecfc to t In doing eo I shall suppose the velocities to 

lo small that terms that are of the order of magnitude compared 

h those I am going* to write down, may be neglected. Then the 
lit is^) 

— 72 T. ^Vr 1 

d^x'" _ d^Xj . y' ^ fc* d^y^ d^z' d^Zr 

s first set of equations shows that ^ are the compo- 

ts of the vector u' that has been defined in § 169, and it appears 
n the second set that, if there are two systems of points g and 
moving in auch a way that in both the effective coordinates are 
same functions of the effective time, we shall have the following 
iion between the accelerations j 

i(S)-(p, p, F)i(S.). (304) 

s formula, in which the mode of expression is the same as that 
ch we have used in (300), follows immediately from (303), the 

iponents of the acceleration in being -g^i, an<l those 

(he acceleration in g 

174. ^)It remains to apply this to a body in which molecular 
lions are going oru. At ordinary temperatures the velocities of 
te are so small in comparison with that of light, that the approxi- 
ions used in the above formulae seem to be allowable. On the 
e ground We may regard the interactions of the molecules to be 
jpendent of the velocities U, and to he determined solely by the 
tive positions and the velocity of translation w. 

Let g and be two systems of molecules moving in such a 
mer that in both the effective coordinates are the same functions 
he effective time. Let us fix our attention on two corresponding 
deles P and P^ in the positions which they occupy for a definite 
le, say 7, of the effective tima If we wish to know the simuL 
50US positions of the neighbouring particles of which are suf- 
ntly near P^, sensibly to act on it, we have only to consider the 
les of their coordinates x\ y\ 0 for the same value 7 of the effec- 
i. e. in this case, the true time. It is otherwise with the moving 
em Here the instants for which the effective (i. e. now, the 
1) time, has a definite value 7 at different points, are not simul- 


1) Note 75. 2) See for several questions discussed in this article Note 75^ 
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taneous, and this would greatly complicate the comparison of g and 
go, were it not for the relative slowness of the molecular motions^ 
to which we have already had recourse a moment ago. As it is^ we 
may, I think, skip over the difficulty. If A is the distance between 
the molecule P and another Q near it, the interval between the 
moments at which the effective time of P and that of Q have the 

chosen value is of the order of magnitude , as appears from 

(288). The changes which the relative coordinates of Q with respect 
to P undergo during an interval of this length, are of the order 

— ^ or of the order compared with A. The corresponding 

changes in the components of the force between P and Q are of the 
same order in comparison with the force itself, and may therefore be 

neglected since ^ is very small. In other terms, in order to find 

the force acting on the molecule P, we may consider as simultaneous 
the positions which the surrounding particles occupy at the instants 
at which their local times have the value In virtue of our as- 
sumption, the relative coordinates in these positions bear to x\ y\ 
i. e. to the corresponding coordinates in g^, the ratios determined by 
(286), so that, within the small compass containing P and the mole- 
cules acting on it, the body may he said to have its dimensions 
changed in the way that has often been mentioned. We infer from 
this that the forces acting on corresponding particles, in g and go, 
are subjected to the relation. (300). 

On the other hand we have the relation (304) between the 
accelerations. Now, if the ratios occurring in (304) und (300) were the 
same, we might conclude that, if the state of motion existing in g^ 
is possible one, so that for each particle the force acting on it is 
equal to the product of its acceleration and its mass, and if the par- 
ticles have equal masses in g and g^^, the state of motion in the 
former system which corresponds to that in the latter will also be 
possible. 

As it is, however, the ratios in (300) and (304) are not equal. 
The above considerations cannot, therefore, lead us to a theorem of 
corresponding states existing in g and go, unless we give up the 
equality of the masses in these systems. We need not, I think, be 
afraid to make this step. We have seen that the mass of a free 
electron is a function of the velocity, so that^ if the corpuscle has 
already the translation lo of the body to which it belongs, the force 
required for a change of the velocity will thereby be altered; we 
have farther been led to distinguish between a longitudinal and a 
transverse mass. Now that we have already extended to the mole- 
cular interactions the rule that had been deduced for the electric 
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forces, it will perhaps not be too rash to imagine au alteration in 
the masses of the molecules caused by the translation, and even, if 
it shotilcl prove necessary, to conceive two different masses, one m 
(the longitudinal mass) with which we must reckon when we con- 
sider the accelerations parallel to OX, and another, m' (the trans 
verse mass) which comes into play when we are (‘.oucerued with an 
acceleration, either in the direction of 01" or in that of OZ, 

Dividing the ratios in (300) by the corresponding ones in (304), 
wo see that, if is the mass of a mole<;ule in the absence of a 
translation, the formulaic 



or 

m Icim^^ (305) 

contain the asBiimptioiiB r(‘quired for the (‘fitahUshment of the theorem, 
that the systems and So nioleciihir motions of 

such a kind that in both th(^ effective coordinates of the molecules 
are the same functions of the effective time.M 

Now, if the molecules ol‘ in their irn^gular motion, remain 
confined within a surface* Imving n constant pusiliion, those in ^ will 
be eoiitinually enclosed I>y the corresponding surface, i, e. by the one* 
that is determiued by the sanu^ (uiuation in y) /. H6n<‘.e, the 

translation produces tln^ same changes in the dimensionB of the 
bounding surface as in those of a body without molecular motions. 

The result may be oKtended to bodies whose shape and uho are 
partly determined by external forces, such as a pn'SHure exerted by 
an adjacent system of molecuIt^tH, provided only that these forces be 
altered equally with those befewtum the particles of the body itself 

175 . We are now j^nqiared for a theorem concerning correspond“ 
ing states of electromagnetic vibration, similar to that of § 1()2, but 
of a wider scope. the assumptions already intrtxluced, 1 shall add 
two new ones, namely 1. that the elastic force's which govern the vibra 
tory motions of the electrons are Huhjected tti the relation (300), and 
2. that the longitudinal and transverse maHses m* and m'* of the 
electrons differ from tixi) mmn which they have wlien at rest in 
the way indicated by (305). The theorem amounts to this, that in 
two systems So* moving and tlu^ other stationary, 

there can he motions of such a kind, that not only the effective co- 
ordinates which deterraine the', positions of the rnolecuie.s are in both 
tlie same functions of the effective time (so that the translation is 
attended with the ehange of dimenaionn which we have discussed) but 

1) Note 75^ 
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that the same rule holds for the effective coordinates of the separate 
electrons. Moreover, the components of the vectors d' and h' will be 
found to be identically determined by y, t\ both in g and in gg. 

In our demonstration we shall regard the displacements of* the 
electrons from their positions of equilibrium, and the velocities of 
vibration as very small quantities, the squares and products of which 
may be neglected. We shall also leave aside the resistance that 
may tend to damp the vibrations. 

Let M and Mq be corresponding particles of g and g^, and let 
us calculate for these, and for a definite value of the effectiye time, 
say the value the vector whose components are 

p; == Uex\ p; ^ Eey\ p/ He/, (306) 

where the sums are extended to ail the electrons of the particle con- 
sidered. If we suppose the positions and the motions of the electrons 
to be such as is stated in the theorem, this vector p' will be found 
to be the same for M and for For the latter particle, p' 

is obviously the electric moment at the time chosen. As to the 
particle Jf, it is to be noticed that if we calculate the sums for the 
chosen value f of the effective time of each electron, the values of 
x'y y'y z in the sums will not be, strictly speaking, the coordinates which 
the different electrons have simultaneously. On account of the small values 
of the vibratory velocities u, we may however simplify the meaning of 
the sums by considering y, z as the effective coordinates of the 
several electrons, such as they are at one and the same moment, nainel}’^ 
the moment when the effective time, taken for a definite point of 
the molecule, which may be called its centre, has the special value f . 
Then, since the components of the moment of M at that instant 
may he represented by 

Eex^, pj^=- Zey^y p,-= Zez,, (307) 

‘ we shall have, in virtue of (286), 

px'=^-^p*, p;=^p„ p;=^p.- 

It may be shown that the values df the potentials q)' and a' of 
which we have spoken in § 169, are given by the equations, similar 
to (35) and (36), 

"'-ik./ 7 

where r is the effective distance between the point P considered and 
a point of the effective element d8\ The square brackets mean that, 
if we wish to determine (p' and a' for the value f of the effective 
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we must understand by and u' the values existing in dS' at 
jfPective time t' — * 

With the aid of these formulae the electromagnetic field produced 
molecule may be shown to be determined in rather a simple 
ler by the vector p', which we may call the effective moment, 
final formulae^ whose form is identical with that of our previous 
fions (271) and (272)^ are^) 




dt'^ 


iBp + 1 g,ad' + ^ [PJI 

r 4.%^ [dx r ' dy r ' dz r 


9 [P/] , 9 [p/] 


h' 


4cnc 


dx T ' dy' T' 

rot' 


±, Ml 

dz T 


(308) 


e r is the effective distance between the centre of the molecule 
the point (x\ y\ z) considered. The square brackets mean that, 
3 want to know the values of d' and h' for the instant at which 
ocal time belonging to this point is we must take the values 
n P P/ instant at which the local time of the centre 

' y ^ 7 *' 

le molecule is t' ^ — . The dot indicates a differentiation with 
c 

>ct to and the equations apply as well to the system Qq as 


176 . We have next to fix our attention on some molecule M 
le body g, and on the one movable electron which we shall 
oae it to contain. The field produced in M by all the other 
cules of the body may be represented by and -Sh' (cf. § 160), 
to this we must add the field due to causes outside the body, 
vbich the equations are 


div' do' == 0, 
div' ho' 0, 

rot ho' — do ; 

rot' do' ‘-= 7’ ho'. 


(309) 


I seen by putting p' = 0 in the formulae (292), 

After having found the total values of d' and h', we can use 
equations (293), which, however, may be replaced by 




r 

k 





(310) 


ed, so far as cl' and h' are due to the vibrations in the other 
cules of the body, these vectors are proportional to the ampli- 


1) Note 70. 
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tildes^ so tliat all the terms in which their components are multiplied 
bj ujy uj or u/ may be neglected. The corresponding terms with 
components of do' and ho' may likewise be omitted, if the intensity 
of the external field is Sufficiently small, if, for example, this field is 
produced by vibrations of very small amplitude in a source of light. 

Returning to the comparison of our two systems, we can finish 
it in few words. On account of what we know of the accelera- 
tions, and of what has been assumed of the masses, it is clear that 
the state of things we have imagined can exist both in g and in go? 
if all the forces acting on the electrons satisfy the condition (300). 
We have assumed this for the elastic forces, and we can deduce it 
for the electric forces from the equations (310), (308) and (309). 
The effective moments being the same functions of f in corresponding 
particles of g and g^, the vectors 2^'d' will be so likewise at corre- 
sponding points, and we may suppose the same to be true of the 
Tector do', since one and the same set of equations, namely (309), 
determines it (together with Hq'), both for g and for g^. As the com- 
ponents of the force acting on unit charge are given by d^', d^,', d^' 
for go, and by the foimulae (310) for g, the condition (300) is 
really fulfilled. 

177 . The generalized theorem of corresponding states may now 
serve for the same conclusions which we have drawn from it in its 
more restricted form (§ 165). Attention must, however, be called to 
the difference in frequency between the corresponding vibrations in 
g and g^. If, for definite values of the effective coordinates, i. e. 
at a definite point of the system, a quantity varies as cos nt\ n will 
be the frequency in the stationary system, because here t' is the true 
time, but for the moving system we shall have 

cosn^'== cos»^^-|-^ — 

so that here the frequency at a definite point of the sj'^stem is 

I 

It is remarkable that, when the source of light forms part of 
the system, so that it shares the translation w, this frequency will 
be. produced by the actions going on in the radiating particles, if 
these actions are such that the frequency would be n if the source 
did not move. At least, this is true if we make the natural 
assumption that in the source the masses of the electrons and tlie 
elastic forces to which they are subjected, are altered in the same 
manner as in a body through which the light is propagated. Then we 
may assert that in the source of light too, the effective coordinates 
of the electrons can be the same functions of the effective time. 



otn cases oy lormiuae conxainmg tne lactor ni, tue ireqiieney 
be n when the source is at rest^ and y n when it moYes. This 

s that in all experiments made with a terrestrial source of light, 
phenomena will correspond quite accurately to those which one 
d observe, using the same source on a stationary planet; the 
36 of the relative rays, the position of interference fringes, and, 
^neral, the distribution of light and darkness will be unaltered. 
The case of experiments made with a celestial source of light is 
what different. In these, the relative frequency w at a point of 
ipparatus is equal to the frequency of the source, raodifiecl accord- 
:o Doppler’s principle (a modification that will not exist when we 
oy sunlight, as our distance from the sun may be considered as 
;ant), and the phenomena will correspond to those taking place 
h 

the frequency -j U in a stationary system. Thus, in a dispersive 

urn the courses of the relative rays observed with the D- lines 
inlight and with a sodium flame, would not coincide exactly. If, 
osing the sun to be at rest relatively to the ether, we call n 

relative frequency in the first case, it will be in. the second 

It is scarcely necessary to add that this is of a purely theoretical 
est, as no phenomenon that can he accurately observed can be per- 

10 ^ 

bly altered by this change in the frequency of the order 

It should further be noticed that, in an experiment planned for 
letection of an influeiice of the earth’s translatiou, in which we 
round our apparatus, or repeat our observations after a certain 
Der of hours, during which it has rotated on account of the 
’s diurnal motion, we are constantly working with the same 
ive frequency (whatever be the source of light employed). This 

h 

;ant frequency v will correspond to a determinate frequency j v 

system without translation, and the rotation can no more pro- 

an effect than it would do if we rotated our instruments on a 

without translation, on which we were working with rays of 

, fe 

requency ~^v. 

But perhaps I am dwelling for too long a time upon these 
e questions. What must now be pointed out particularly, is, 
our theorem explains why Rayleigh and Brace have failed to 
t a double refraction. In the experiments of the latter of these 
Icists the beam of light that was received by the observers eye 
sted of two parts, travelling side by side, and having the same 

rentz, Theory of olectrona. ii"*' Kd. 14 
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&tate of polarization and also, though they had been passed through, 
different media, the same intensity. It is clear that, whenever this 
equality exists for two such beams in a system without translation, 
it must, by our theorem, also be found in the corresponding state 
in a moving system. 

178 . When, in our comparison of two electrostatic systems 
and So (§ 171), it was stated that, in both of them, the effective 
density of the charge had to be the same function of the effective 
coordinates, this implied that the electrons in the two systems are 
not of the same shape. In the discussion given in § 175, however, 
we have not assumed this, confining ourselves to the two assumptions 
stated in the beginning of that paragi*aph. Indeed, in dealing with 
the motion of the electrons we are concerned only with their charges, 
their masses and the elastic forces acting on them; aU other par- 
ticulars are irrelevant to our final results. Consequently, we may 
very well conceive the electrons not to change their form and size 
when a body is put in motion (though the dimensions of the body 
itself be altered in the above mentioned manner), provided only that 
the necessary relations between the elastic forces and the masses of 
the electrons, before and after the translation is imparted to the 
system, he maintained. 

Now, in a theory that attempts to explain phenomena by means 
of these minute particles, the simplest course is certainly to consider 
the electrons themselves as wholly immutable, as perfectly rigid 
spheres, for instance, with a constant uniformly distributed surface- 
charge. This is the idea that has been worked out by Abraham, 
and ‘ on which many of the formulae I have given in Chap. I are 
based. But, unfortunately, it. is at variance with our theorem of 
corresponding states. This requires, as is seen from (305), that the 
longitudinal and the transverse mass of an electron be to each other 
in the ratio 




or, up to quantities of the second order, 


m* 

m 


= 1 + -- 
T .1 , 


whereas, according to the formulae (68) and (69), and with the same 
degree of approximation, it would be 


m 

rn" 


= 1 + 


4 


170 . It is for this reason that I have examined what becomes 
ot the theory, if the electrons themselves are considered as liable to 
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same changes of dimensions as the bodies in which they are con- 
si This assumption brings out the proper ratios between the 
es m"y provided that we assign the value 1 to the coeffi- 

5 I, which we have hitherto left undeterminate. 

The electromagnetic mass of the deformable electron is easily 
ced from the theory of electromagnetic momentum, since we can 
ys apply the general formulae of § 24, whatever be the changes 
le form and size of an electron taking place during its motion, 
calculating the electromagnetic momentum G and its rate of 
ge G, we shall find the force acting on the electron; next, 
1 we divide by the acceleration, the electromagnetic mass, either 
longitudinal or the transverse one, will become known. 

In our calculations we shall* ascribe to the electromagnetic mo- 
}ura the value which it would have, if the electron wej*e con- 
lUy moving with the velocity that exists at the moment con- 
ed, a procedure the legitimacy of which will be discussed in a 
squent paragraph. 

The determination of the momentum is even more simple than it 
in the case of a rigid sphere. We have seen that the field of a 
ing electrostatic system is known, when the field of another system 
is supposed to be at rest, and whose dimensions differ in a de- 
3 manner from those of the moving one, is given. Now, if the 
im consists of a single electron, of spherical shape and with 
^rmly distributed surface charge, so long as it stands still, hut 
Boidal when in motion, as determined by (286), the stationary 
jih to the consideration of which the problem is reduced, is found 
e precisely the original sphere, so that the field is determined 
easily. 

Calling e the charge, and JR the radius of the sphere, 1 find for 
electromagnetic momentum corresponding to the velocity w'^) 


G 




rp 


(311) 


I which, using the formulae (64) and (65), we deduce 
/ €* d{kUv) ,t €* 7 1 


65tc*jR 




dlkluf) „ jy 


(312) 


latter formula agrees with the second of the equations (305), so 
the only remaining condition is, that the value of m' shall be 
il to that given by the foi‘mer of those equations. Hence 

d(k Iw) ^ 

dw ^ ‘ 


1) Note 77, 


14 


svliich, on account of 

djJcw) ^ JJ.3 
div ’ 

"er 

~ =0, Z = const. 
dw ' 

^alne of this constant must be unity, because, as we know, 
for w? — 0. 

V'e are thus led so far to specialize the hypothesis that was 
led for the explanation of Michelson’s experimental result, 
admit, for moving bodies, only a contraction, determined by 
^efficient fc, in the direction of the line of motion. The elec- 
bhemselves become flattened ellipsoids of revolution, their limiting 
which they would reach if the translation had attained the speed 
at, being that of a circular disk of radius ii, perpendicular to 
le of motion. 

lU this looked very tempting, as it would enable us to predict 
Lo experiment made witb a terrestrial source of light will ever 
ns an influence of the earth’s motion, even though it were 
:e enough to detect effects, not only of the second, but of any 
of magnitude. But, so far as we can judge at present, the 
ire against our hypothesis/) 

Lccording to it, the longitudinal and the transverse mass of an 
)u would be 

m= 

we put ” = /3, 

m' = (1 — Wq, m" ==== (1 — (313) 

j3 becomes greater, these values increase more rapidly than those 
we have formerly found for the spherical electron. Therefore, 

itennination of. for the high velocities existing in the )3-rays 

5 the means of deciding between the different theories. Kauf- 
, who, as early as 1901 ^), had deduced from his researches on 

ubject that the value of increases most markedly, so that 

ass of an electron may be considered as wholly electromagnetic, 
ipeated his experiments with the utmost care and for the ex- 
purpose of testing my assumption His new numbers agree 

) This can no longer be said now. [1915.J 

) W. Kanfmann, Die magnetische und elektrische Ablenkbarkeit der 
relatrahlen nnd die scheinbare Masse der Elektronen, GCtfc. Nachr., Matb.- 
ii. 1901, p, 143; Ober die elektromagnetische Masse des Elektrons, ibid. 
3. 291; 1903, p. 90. 

\ Kaufiiiann, Cher die Konstitntiondea Elektrons, Ann. Phya. IS) (1906), p. 487. 
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thin the limits of experimental errors with the formulae given hy 
3 raham^ but not so with the second of the equations (313), so 
it they are decidedly unfavourable to the idea of a contraction, 
3 h as I attempted to work out.^) Yet, though it seems very likely 
it we shall have to relinquish this idea altogether, it is, I think, 
>rth while looking into it somewhat more closely. After that, it 
U be well also to examine a modification of the hypothesis that 
s been proposed by Bucherer and Langevin. 


180 . In the preceding determination of the mass of the deformed 
iCtron we have availed ourselves of the electromagnetic momentum, 
fc we have not considered the energy. This was done by Abraham 2), 
io found that, besides the ordinary electromagnetic energy, the 
ctron must have an energy of another kind, whose amount is 
sened when the particle is made to move. The truth of this he- 
mes apparent when we consider a rectilinear motion of the electron 
th variable velocity. The mass is given by 

m' - - (i „ 

ejcc^jR 67tc*jR \ ’ 

i the work of the moving force during the element of time dt by 
'gtcc^R ?■) wwdt, (314) 


ereas the electromagnetic energy is found to he^) 




24.jtE V ?“/ 


(315) 


w, the increment of the first term during the time dt is exactly 
lal to the expression (314). 

Hence, there must be another energy JS of such an amount that, 
en added to the second term of (315), it gives a constant sum, and 
ich is therefore determined by 


JE- 


243rJ< 


ere (7 is a constant. 



7*7 + 


0, 


(316) 


181 . The nature of this new energy and the mechanism of the 
itraction are made much clearer by the remark, first made by 
incare*), that the electron will be in equilibrium, both in its ori- 

1) See, however, Note SG. 

2) M. Abraham, Die Grundhypotheaon dev Elektronentheorie, Phys. Zeit- 
:ift 5 (1904), p. 670. 

3) Note 78. 

4) H. Poincar^, Sur la dynamique de Tdlectron, Rendicoiiti del Circol(j 
.ematico di Palermo 21 (1906), p. 129. 
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ginal and in its flattened form, if it has the properties of a very 
thin, perfectly flexible and extensible shell, whose parts are drawn 
inwards by a normal stress, having the intensity 

per unit of area, and preserving this magnitude however far the con- 
traction may proceed. 

The value of S has been so chosen that, so long as the electron 
is at rest and has therefore the shape of a sphere with radius JR, 
the internal force exactly counterbalances the electromagnetic stress 
on the outside which is due to the surrounding field.^) Now — and 
herein lies the gist of Poincare’s remark — the electron, when 
deformed as has been stated, will still be in equilibrium under “the 
joint action of the stress S and the electromagnetic forces. 

In order to show this, we shall fix our attention on the com- 
ponents of the internal stress acting on a surface element of the 
shell; these are found if we multiply S the projections of the 
element on the planes of yz, zx, xy. Now, when the deformation 

takes place, these projections are multiplied by the factors 1, 

from which it appears that the components of the stress are altered 
in the same ratios as those of the electromagnetic force (cf. (300)), so 
that the equilibrium will still persist. When it is stable, the electron 
wiD necessarily have the configuration corresponding to it; the electro- 
magnetic forces exerted on its surface by the ether, modified by 
the translation according to our formulae, conjointly with the in- 
variable internal stress, will make the electron take the flattened 
ellipsoidal form. 

Corresponding to the internal stress S there must be a certain 
potential energy U, and the above result implies that this energy is 
e^qual to the expression (316). Indeed, if v is the volume of the 
ellipsoid, we obviously may write 

Sv + const oo "T da ^ + const, 

Oi TT' Jx 

and we have 

4 „o/.- 

182 , Abraham^) has raised the objection that I had not shown 
that the electron, when deformed to an ellipsoid by its translation, 
would he in stable equilibrium. This is certainly true, but I think 
the hypothesis need not he discarded for this reason. The argument 

1) Note 79. 

2) Abraham, 1. c., p. 678- 
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.ves only that the electromagnetic actions and the stress of vrhich 
have spoken cannot be the only forces which determine the 
ifigiiration of the electron. 

If they were, each problem concerning the relative motion of 
parts of the moving ellipsoidal electron would have its counter- 
i in a problem relating to the spherical electron without trans- 
Lon, because the forces of both kinds would satisfy the relation (300). 
w, it is easily seen that, under the joint action of the stresses in 
, surrounding field and the constant mternal stress S, a spherical 
>11 would be in stable equilibrium as regards changes of volume, 

; that its equilibrium would be unstable with respect to changes 
shape. The same would therefore be true of the moving and 
tened shell. In the' case of the latter there would even be in- 
bility of orientation, because after a small rotation the electron 
js no longer correspond [after the manner indicated by the for- 
lae (286)] to the original sphere, but to a slightly deformed one. 

Notwithstanding all this, it would, in my opinion, be quite 
itimate to maintain the hypothesis of the contracting electrons, if 
its means we could really make some progress in the understanding 
phenomena. In speculating on the structure of these minute par- 
es we must not forget that there may be many possibilities not 
amt of at present; it may very well be that other mternal forces 
re to ensure the stability of the system, and perhaps, after all, 
are wholly on the wrong track when we apply to the part^ of 
electron our ordinary notion of force. 

Leaving aside the special mechanism that has been imagined by 
iucare, we are offered the following alternative. Either a spheri- 
electron must be regarded as a material system between whose 
fce there are certain forces ensuring the constancy of its size and 
n, Ox’ we must simply assume this constancy as a matter of feet 
ch we have not to analyze any further. In the first case, the 
XI , size and orientation of the moving ellipsoid will also be 
xitained by the action of the system of forces, provided all of 
xa have the property expressed in our relation (300). In the other 
i we may rest content with simply admitting for the moting 
tron, without any further discussion, the ellipsoidal form with 
smaller axis in the line of translation. 

183 . I must also say a few words about another queetiou that 
connected with the preceding one. In our calculation of the 
ses m' and in § 179 we have assumed that at any moment 
electromagnetic momentum has the value corresponding, in a 


1) Note 80 
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stationary state of motion, to the actual velocity. Particularly, in the 
application of the formula (311), >fc has been presupposed that in a 
curvilinear motion the electron constantly has its short axis along 
the tangent to the path, and that, while the velocity changes, the 
ratio between the axes of the ellipsoid is changing at the same time. 

Strictly speaking, it is not absolutely necessary for our results 
that the orientation and shape of the electron should follow in- 
stantaneously the alterations in direction and velocity of its trans- 
lation; they may be supposed to lag somewhat behind. But it is 
clear that, at all events, if we want to apply the values of m and 
m" to optical phenomena, as we have done, the time of lagging must 
be small in comparison with the period of the vibrations of light. 

Now, if we choose the latter of the alternatives that presented 
themselves in the last paragraph, we may as well simply assert that 
there is no lagging at all. But we must not proceed in this summary 
manner if we prefer the first alternative. If the form and the orien- 
tation of the electron are determined by forces, we cannot be certain 
that there exists at ever}^ instant a state of equilibrium. Even while 
the translation is constant, there may be small oscillations of the 
corpuscle, both in shape and in orientation, and under variable 
circumstances, i. e. when the velocity of translation is changing either 
in direction or in magnitude, the lagging behind of which we have 
just spoken cannot be entirely avoided. The case is similar to that 
of a pendulum bob acted on by a variable force, whose changes, as 
is well known, it does not instantaneously follow. The pendulum 
may, however, approximately be said to do so when the variations 
of the force n-re very slow in comparison with its own free vibra- 
tions. Similarly, the electron may be regarded as being, at every 
instant, in the state of equilibrium corresponding to its velocity, pro- 
vided that the time in which the velocity changes perceptibly be very 
much longer than the period of the oscillations that can be performed 
under the influence of the regulating forces. If these vibrations are 
much more rapid than those of light, the values (313) of the masses 
m' and m' may be confidently applied to the electrons in a body 
traversed by a beam of light, and with even more right to free elec- 
trons that are deflected fi'om their line of motion by a magnetic or 
an electric field. 

Of course, since we know next to nothing of the structure of 
an electron, it is impossible to form an opinion about the period of 
its free oscillations, hut perhaps we shall not be far from the mark 
if We suppose it to correspond to a wave-length of the same order 
of magnitude as the diameter. 

It appears from these considerations that the idea of a deforma- 
bility of the electrons would give rise to several new problems. One 



undergoes a cliange, ana it would be neeessary to obtain an insight 
into the peculiarities of the motion imparted in cases of this kind 
to our flattened ellipsoids. 

184 . As has already been observed (§ 178), the often mentioned 
changes in the internal forces, and consequently in the dimensions 
of a body can be imagined without extending the assumption to the 
electrons themselves and the question therefore naturally arises, 
whether after all we may not get a satisfactory theory by simply 
adhering to the idea of rigid spherical electrons. This course would 

be open to us, if the discrepancy between the values of ~ given at 

the end of § 178 could be shown to have no perceptible influence 
on observed phenomena. In examining this point we are led hack 
to the question of doiible refraction of which we have already 
spoken. 

A glance at the formulae that have served us in Chap. IV for 
treating the propagation of light in a system of molecules, shows 

that the term m'n^ == in equation (201) is the only one which 

contains the mass of an electron. Moreover if, confining ourselves 
to perfectly transparent bodies (not subjected to an external magnetic 
force), we leave aside the resistance to the vibrations, that term 
is also the only one in which there is any question of the frequency. 
It follows that all depends on the product and that a change 
of m, say in the ratio of 1 to ot, will have the same effect as a 
change of n iii the ratio of 1 to aVa. 

Let us now suppose for a moment that the values of the two. 
masses of an electron, though not exactly equal to the expressions (SIS), 
are at least proportional to these, say 

akm^^ . (317) 

where the coefficient a is a certain function of the velocity of trans- 
lation Wy equal to unity for iv ^ 0, and differing from 1 by a quantity 
of the second order when w is small. Then, the phenomena in a 
moving systeni ^ and those in a stationary one will correspond 
to each other as formerly explained, provided that the mass of the 
electrons in the system be not but If the body considered 

were originally isotropic, a ebango of the mass of its electrons from mjj 
to certainly would not make it doubly refracting. Hence, the 
moving body whose electrons have the masses (317), can be so 
neither. It must be singly refracting, and we may be sure that 
practically it will present the sann^ phenomena, in experiments, that 
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is, in which the source of light moves with it, as it would do when 
kept at rest. It is true that there wiU be a difference equivalent to 
that which could be caused by a change of the mass of an electron 
from to or by one of the frequency to a corresponding 

amount (of the second order), but certainly this can have no per- 
ceptible influence. 

We shall next consider the case that the longitudinal and the 
transverse mass of an electron bear to each other a ratio different 
from Let us write for their values 

m == 

where K and K' are factors having similar properties as the above 
coefficient Then the phenomena in the body g correspond to 
those in a body in which the electrons would have a mass 

K 

with respect to accelerations parallel to OX, and a mass 

h" 

with respect to accelerations at right angles to that line. A. body 
of this kind would undoubtedly show a double refraction, and so 
would the moving body g corresponding to it. If, for example, a 
ray of light were propagated along a line perpendicular to OX, say 
in the direction of OY, the velocity of propagation would he different 
according as the vibrations were parallel to OX or to OX. The 
frequency of the light used being denoted by w, the velocity of pro- 
pagation of one vibration would be (by the theorem with which we 
have begun this paragraph) as if the frequency were 

and that of the other as if it were 

rV2ifc-i/2w, 

the masses being taken equal to in both cases. 

185 . For a spherical electron we hav^e, according to the for- 
mulae (70) and (71), if we neglect terms of an order higher than 
the second, 

and, as we may put 

the above values become 

and 
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showing a difference of 

since the velocity of tlie earth is one ten-thousandth part of the 
speed of light. In the case of water, and for yellow light, this 
change of frequency would produce a change in the index of refrac- 
tion of about 2* 10“^^, and this, therefore, would be the diflEerence 
between the two principal refractive indices which we might expect 
in the double refraction experiment. 

It is scarcely necessary to say that Rayleigh’s') and Brace’s-) 
observations were conducted in such a manner that a double refrac-. 
tion in which one of the principal directions of vibration would be 
parallel to the eai*th’s motion could manifest itself. As I mentioned 
already, the results were invariably negative, though Brace’s means 
of observation were so sensitive that a difference between the prin- 
cipal refractive indices of could not have escaped him. This is 

about the twentieth part of the value which we have just computed. 

It is true that we have based our calculations on certain 
assumptions that could be changed for others, and Brace himself 
has made the calculation in a different manner. Yet, I think, we 
may confidently conclude that it will be extremely difficult to reconcile 
the result of his observations with the idea of rigid spherical electrons, 

It must be added that, if we adhered to this idea, our con- 
siderations concerning the molecular motions in a moving system 
would also require some modification. 

186 . We have seen in § 184 that there would be no contradic- 
tion with Brace’s results, if the ratio between the longitudinal and 
the transverse mass had the value This raises the question as 
to whether this latter ratio can be obtained without the assumption 
1, which has been the origin of ail our difficulties. Unfortunately, 
this way out is barred to us, the equation 

^ : U = 

aw 

being satisfied only by a constant value of 2. 

For this reason the optical experiments do not allow us to 
suppose, as has been done by Bucherer®) and Langevin''), that a 

1) Rayleigh, Does motion through the aether cause double refraction? 
Phil. Mag. (6) 4 (1902), p. 678. 

2) D, B. Brace, On double refraction in matter moving through the aether, 
Phil. Mag. (6) 7 (1904), p. 817. 

8) A. H. Buoherer, Mathematische EinfClhrung in die Elektronentheorie, 
Leipzig, 1904, p. 67 a. 68. 

4) P. Langevin, La physique des Electrons, Revue g^n^rale des sciences 
pures et appliqudes IB (1906), p. 267. 
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moying electron is deformed to an ellipsoid of the form and orien- 
tation which I have assigned to it^ but having the original volume^ 
instead of the original equatorial radius. This assumption obviously 
amounts to putting so that the dimensions of the electron 

would be altered in the ratios When we use this 

value of ly the two electromagnetic masses become 


giving for the ratio 
instead of 


If we apply to this hypothesis the same mode of calculation as 
to that of rigid spheres^ we are led to a double refraction that is 
even a little stronger, so that the contradiction with Bracers experi- 
ments would jemain the same. 

This is certainly to be regretted as the new assumption has 
unmistakeahle advantages over my original one.^) It is in sufficient 
agreement with Kaufmann^s results, and the idea of a constant vo- 
lume is indeed very simple. Following it we should not he obliged, as 
we were in § 180, to admit the existence of another energy than the 
ordinary electromagnetic one. This is confirmed by the magnitude 
of the electromagnetic energy^) 

and the expression 

derived from (318), for the work of the force, in case the electron 
has a rectilinear motion of variable velocity. The latter quantity is 
equal to the increment of the former in the time dt 

187 , It is interesting, now to turn once more to the hypo- 
I combined with the formulae (305) for the massCvS (assu- 
a matter of fact the influence of the translation on the 
expressed by these equations), and to consider the equations 

liih a view to the principle of relativity I should no longer say so. [1916.1 
rote 81 . 




(318) 


F = 


i-p 
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for the propagation of light in moving transparent bodies to which 
it leads. We have seen that the vectors d', h', p' can be the same 
functions of x, y, t’ both in a moving system g and in a statio- 
nary one So- The same must be true of some other vectors that 
can be derived from them, viz. 1. the vector E' which we define as the 
mean value d' of d', taken, in for a spherical space, infinitely 
small in a physical sense, with its centre at the point considered, 
and in g for the space corresponding to that sphere, 2. the mean 
value h' defined in the same way, and to be denoted by H', 5. the 
vector 

P' “ Wp', (319) 

where, in the formulae for both systems, we understand by N the 
number of molecules which g, contains per unit of volume, and 
4. a vector D' defined by the equation 

D'=E'-|-P'. (320) 

Since all these vectors can be, in g, and in g, the same functions 
of X, y, z, t', the equations by which they are determined must he 
such that they can be written in the same form. 

Now, for the system g^, x', y, /, t' are the true coordinates and 
the true time, whereas the above vectors are what we formerly called 
E, H, P and D. As we know that they satisfy the equations 


(liv D = 0; 
div H = 0^ 

4. u ^ dD 

rotH = --- , 

. c 1 aH 

« ot ^ 


(321) 


we may be sure that, for the moving system, 


div' D' 0, 
div' H' 0, 


rot' - 


ao' 

dt ^ ' 


rot' E' 


1 dW 
G Tt' ’ 


(322) 


where the symbols div' and rot' have the meaning that has been ex- 
plained in § 11)9. 

To (321) must be added the relation between E and D, and to 
322) a corresponding relation between E' and D', so that, if we write 

D ^ F(E), (323) 
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we shall also have 

D'«F(E'). (324) 

Here^ the symbol F must be understood m a very general sense; 
it is meant to include aU forms which the equations may take 
according to the special properties of the body considered. If the 
first formula contains, as may very well be^), differential coefficients 
with respect to t, we shall find in the second the corresponding 
differential coefficients with respect to t'. 

Putting D = E, and similarly D' E', we obtain the equations 
for the free ether. These, however, may be left in the form 


div d 0, 
div h ^ 0, 


rot h = 


1 U 
c dt ’ 


rot d = — 


L 1!l 

c dt 


(325) 


for the system there being no necessity for consideriiy^ mean 
values when there are no molecules, and we may write for them 


div^ d' «« 0, 

div' h' — 0, 

£ ££ 

c dt' ^ 

1 

c dt' ^ 


rot' h' * 
rot' d^ = — 


(326) 


when we are concerned with 

As the ether does not share the translation Wj the two last sets 
of equations serve for exactly the same phenomena. The one is 
derived from the other by purely mathematical transformations, the 
only difference between the two being, that the electromagnetic field 
is referred to axes fixed in the ether and to the „trae^‘ time in (325), 
but to moving axes and „locaP^ time in (326), and that it is de~ 
scribed in the two cases by means of different vectors. On the con- 
trary, the phenomena to which the equations (321, 323) and (322, 
324) apply, though corresponding to each other, cannot be said to be 
identical. 


188 . Having got thus far, we may proceed as is often done in 
theoretical physicst We may remove the scaffolding by means of 
which the system of equations has been built up, and, without 
troubling ourselves any more about the theory of electrons and the 


1) Note 82. 
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difficulties amidst which, it has landed us, we may postulate the 
ahoye equations as a concise and, so far as we know, accurate de- 
scription of the phenomena. From this point of yiew, E, H, D 
in one system, and E', H', D' in the other, are simply „certain^^ 
yectors, about whose meaning we say just so much as is necessary 
for fixing unequiyocally for every case their directions and magni- 
tudes. 

As to the grounds on which the equations recommend thera- 
selves, these are: 1. that the formulae (321), combined with suitable 
assumptions concerning the relation between E and D, can serve for 
the explanation of optical phenomena in transparent bodies, whether 
singly or doubly refracting, 2. that the identity in form of (321, 323) 
and (322, 324) accounts for the failure of all attempts to discover 
an influence of the earth^s motion by experiments with terrestrial 
sources, and 3. that the equations (322, 324) give the right value 
for FresneFs coefficient. 

189 . The denominations „effective coordinates^^, „effectiTe time'^ 
etc. of which we have availed ourselves for the sake of facilitating 
our mode of expression, have prepared us for a very interesting 
interpretation of the above results, for which we are indebted to 
Einstein.^) Let us imagine an observer, whom we shall call and 
to whom we shall assign a fixed position in the ether, to be engaged 
in the study of the phenomena going on in the stationary system 
We shall suppose him to be provided with a measuring rod and a 
clock, even, for his convenience, let us say, with a certain number 
of clocks placed at various points of and adjusted to each other 
with perfect accuracy. By these means he will be able to determine 
the coordinates a?, y, 0 for any point, and the time t for any instant, 
and by studying the electromagnetic field as it manifests itself at 
different places and times, he will be led to the equations (321, 323). 

Let J. be a second observer, whose task it is to examine the 
phenomena in the system and who himself also moves through 
the ether with the velocity 5?^, without being aware either of this 
motion ur of that of the system 

Let this observer use the same measuring rod (or an exact copy 
of it) that has served the rod having acquired in one way or 
another the velocity w before coming into his hands. Then, by our 
assumption concerning the dimensions of moving bodies, the divisions 
of the scale will in general have a length that differs from the on- 

1) See Aim. d. Phys. 17 (1906), p. 891; 18 (1905), p. 680; 20 (1906), p. 627; 
21 (1906), p. 688; 28 (1907), p. 197, 371, and the comprehonaive exposition of 
Einstein’s theory: tJber das Rclativitiltaprinzip und die aue demselben gc- 
zogenen Folgerungen, Jahrb- d. liadioaktivitat u. Elektronik 4 (1908),. p. 411. 
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ginal one, and will even change whenever the rod is turned round, 
the law of these changes being, that, in corresponding positions in 
Sq and S; the rod has equal projections on the plane YOZ, but 
projections on OX whose ratio is as /c to 1. It is clear that, since 
the observer is unconscious of these changes, he will be unable 
to measure the true relative coordinates os^ of the points of the 
system. His readings will give him only the values of the effec- 
tive coordinates x and, of course, those of y\ z which, for ?=== 1, 
are equal to z^. Hence, relying on his rod, he will not find the 
true shape of bodies. He will take for a sphere what really is an 
ellipsoid, and his cubic centimetre will be, not a true cubic centi- 
metre, but a parallelepiped Tc times smaller. This, however, contains 
a quantity of matter, which, in the absence of the translation, would 
occupy a cubic centimetre, so that, if A counts the molecules in his 
cubic centimetre, he will find the same number N as JIq. Moreover, his 
unit of mass will be the same as that of the stationary observer, if 
each of them chooses as unit the mass of the water occupying a 
volume equal to his cubic centimetre. 

With the clocks of A the case is the same as with his measu- 
ring rod. If we suppose the forces in the clock-work to be liable 
to the changes determined by (300), the motion of two equal clocks, 
one in and the other in will be such that the effective coordi- 
nates of the moving parts are, in both systems, the same functions 
of the effective time. Consequently, if the hand of the clock in go 
returns to its initial position after an interval of time 6), the hand 
of the clock in g will do so after an increment equal to S of the 
effective time Therefore, a clock in the system ^ will indicate 
the progress of the effective time, and without his knowing anything 
about it, A^h clocks will go k times slower than those of A^ 


180 . It follows from what has been said that, if the moving 
observer measures the speed of light, by making a ray of light travel 
from a point P to a point and then back to P, he will find the 
value c. This may be shown for every direction of the line P^O; 
hut it win suffice to give the proof for the case that the line is 
either parallel to OX, or at right angles to it. If L is the distance 
between P and Q as measured by A^ then in the first case the true 

distance is y, and, as both points move through the ether with the 


velocity w, the time required by the ray of light is 

A /_i_ 1. I \ ^ 2cX ^ UL 
Jc \C-f- W c — w) fc(c* — w^) c 


(327) 


1) Note S3. 
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In the second case the light has to travel along two sides of an 
isoscele triangle (cf. § 167), whose height is L and whose half base is 
to one of the sides as to to c. The side is therefore 



and the time taken by the beam of light to return to its starting 
■point is again given by (327). As A’s clock goes Tt times too slow, 

it will mark an interval of time , so that the observer will con* 

elude that the velocity of the rays is equal to c. 

Let us now suppose him to be provided with a certain number 
of clocks placed at different points of hrs system, and to adjust these 
clocks to each other by the best means at his disposal. In order to 
do so with two clocks placed at the points P and Q, at a measured 
distance L from each other, he may start an optical signal from P 
the moment at which the first clock marks the time = 0, and 
so set the second clock that, at the arrival of the signal, it marks 

the time making allowance in this way for the time of passage 

of the light which he judges to be y- 

Let us suppose that P lies at the origin of coordinates, and Q 
on the positive axis of a?; farther, that a clock without translation and 
therefore indicating the true time, marks the instant 0 at the moment 
of signalling. Then, on account of the different rates of a moving 
and a stationary clock, we shall have continually for the clock at P 



At the moment of arrival of the vsignal the true time will be 

L 

k{c — wj ^ 

since this is the interval required for the passage of the light be- 
tween the points P and Q, which move with the velocity tv and 

whose true distance is • 

Now, since at this moment the time indicated by the clock at Q 
is — , its indication, at any other true time will be 






or, since L 


+ t[ 


t- 


k\c — ac). 




1 J W f 
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This agrees exactly with (288), so that we see that when th.® 
clocks are adjusted hy means of optical sipials, each of them will 
indicate the local time t' corresponding to its position. 

The proof may easily be extended to other directions of the 
line joining the two places.^) 

191 . It is of importance not to forget that, in doing all tliat 
lias been said, the observer would remain entirely unconscious of 
his system moving (with himself) through the ether, and of tlae 
errors of his rod and his clocks. 

Continuing his researches he may now undertake a study of the 
electromagnetic phenomena in his system, in exactly the same manner 
in which has done so in his. We can predict what his resnlte 
will be, because we know the phenomena by our theorem of corre- 
sponding states. From this we can. infer that, if the moving observer 
determines velocities and acceleration? in terms of his effective co- 
ordinates and his effective time, if he deduces the intensity of forces 
from the acceleration which they give to unit Of mass, and if he 
measures electric charges in the ordinary way by means of the electro- 
static actions which they exert on each other, his unit of electricity 
will be equal to that chosen hy Aq. His density of charge, on the 
contrary, wiU not be the true density p, but what we have called 
the effective density ()". Further, if he determines the force acting 
on unit charge at some point of the electromagnetic field, he will 
find the vector d'.^) Similarly he will be led to consider the vector h', 
and, pursuing his study, he will sooner or later come to establishing 
the equations that determine the field, namely the formulae (326) fox 
the free ether and (322, 324) for a ponderable body. 

He may attain this latter object by different courses. Perhaps he 
will be satisfied with the idea that D is a certain vector which he has 
for the first time occasion to introduce when working with a charged 
condensor. Or, if he develops a theory of electrons, he will get the 
notion of the electric moment of a particle, whose components he 
will naturally define by the expressions ^ey', so thai 

what he calls the moment is in reality the vector p' of our equa- 
tions (306), After having introduced it, the moving observer wil 
define P' and D' by the formulae (319) and (320). 

We may sum up these considerations by saying that, if both. A 
and A were to keep a record of their observations and the con 
elusions drawn from them, these records would, on comparison, b' 
found to be exactly identical. 

192 . Attention must now be drawn to a remarkable reeiprocit 
that has been pointed out by Einstein. Thus far it has been th 
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task of the observer to examine the phenomena in the stationary 
system, whereas A has had to confine himself to the system Let 
us now imagine that each observer is able to see the system to which 
the other belongs, and to study the phenomena going on in it. Then, 
will be in the position in which we have all along imagined 
ourselves to be (though, strictly speaking, on account of the earth’s 
motion, we are in the position of ,.1); in studying the electromagnetic 
field in he wdll l)e led to introduce the new variables x\ y\ g, 
d', h', etc. and so ho will establish the equations (320) and (322, 324). 
The reciprocity consists in this that, if the observer A describes in 
exactly tho same manner the field in the stationary system, he will 
describe it accurately. 

In order to see this, wo shall revert to the equations (287) and 
(288), which in our present hypothesis I «=*■ I take tho form 

x' -- h'ix-- wt), //'-(/, f -r, t' ‘‘’a-]. (328) 

Let .P bo a point holmiging to tin; system and lot us fix 
our attention on the coordinate x' which it has with respect to the 
moving axes (tf for two definite valueH t' and + At' of the 
local time. Hince x is constant for this point P, we have by the 
last of the above, equations 

At-..J, At', 

and by tlu* lirnt, 

A a/ ! • ' kwAl ivAt\ 

ifudging by bin lut'ann uf nbHt^rvatinn, tin* obaerver A will tbendbve 
ascribe to tho syntotn So velocity in a diroction opjxiHite to thab 
of tluj positive liXiH of :e\ 

Jusfc tm /1q» in his ih(K)ry of tin* olontnunagnctu* ticld in S» ban 
changed tho coordinatem x, y, the time t and the clcctromagnotic 
vectors d, h, E» H, P, D for the variables (J12K), the vaetorB d\ W, 
whose eompouent44 are 



and the vectors E\ P', D', so the observer A will introduce, in- 
stead of the qnantitipH j\ ti\ etc. which belong to hin systenu 

certain new’ (juantiticB whic^' we Bhall dintiugiuBh by double dashes, 
and which will serve him in \m theory the aystem S^. 

He will define these mw quantities by equations analogous to 
(328) and (329), replacing w by ir, which however does not aflPeet 
the constant k His transformation will therefiire b** as follows 

15 * 
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x" = li(x' wt'), y — y, s — z, t — (330) 
d/'= d;, d;'= A(d;+ yh;), d;'= i(d; - y h;), 

If he also defines the yeetors E", H", D" similarly to definition 
of £', H', B', the observer A will finally find the following equations, 
to be applied to the system and corresponding to (326), (322, 

tfkrwJN X'L - 


(331) 


324); for the ether 


div"d"=0, 

div"h"=0, 

1 // 1 -// I 
rot 11 = — -577- 

C 01 


rot"d"=- 


1 dW 


c d%"’ 

and for a ponderable body 

divD"=0, 
div H" = 0, 

JL 

c dr’ 


(332) 


rot" H 


t- 1 3H" 

rot E =-ygp7, 


(333) 


D" = J’(E") (334) 

The symbols div" and rot" will require no farther explanation. 


193 . It Temains to stovr that these formulae contain an accurate 
description of the phenomena in The proof of this is very 

simple, because, if we look at them somewhat more closely, tlie 
equations are found to be the same which has used for the 
purpose. 

Indeed, if we solve u^y y, Zy t from the equations (328) and d^, 
dy, dj, h^, hy, from (329), we find values agreeing exactly with 
(330) and (331), so that 

' f^ty 

d'-d, h'-h, 

by which the identity of the sets of equations (332) and (S25) is 
demonstrated. As to the equations (333, 334) and (321, 328), the 
only difference between the two sets is, that one contains the vectors 
and and the other the vectors E and D. If these four quan- 
tities are Qonsidered simply as „certain^^ vectors (represented by 
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symbols tbe choice of which is immaterial), this simOaritj in form, 
together with our knowledge that in free ether E"=E, D"=D, 
H"— H (since for this medium E"==D"=d", E = D = d, H"=h", 
H = h) must, and can, suffice for our conclusion that the phenomena 
in the system can be described by means of the equations (333, 
334) just as well as by (321, 323). 

We may go a step farther if we suppose that the moving and 
the stationary observer, or rather theorist, as they have now become, 
establish a theory of molecules and of electrons. Aq has defined 
E', as the mean values of d', h', and for the other vectors he has 
used the equations 

P*' = p/ = Se/, P,' = Hee', 

P' = Wp', 

0' = E' + P'. 

Similarly, A will define E" and H" as the mean values of d" and h", 
SO that these vectors become equal to the mean values of d and h, 
i. e. to E and H. He will put for each molecule 

P/^Se^" p/ = 2ey" p," = 

and further 

P" == 

W' = E" + P". 

Comparing these formulae with (307) '(for which we may write 
=« ^eXf etc.) and the equations P=»iv^p^ D^E + P, keep- 
ing in mind that x" ^ x, y" ^ yj £s" ^ 0j we see that really 

p" =s= p p" == p ~ D 

194 . It win be clear by what has been said that the impressions 
received by the two observers and A would be alike in all re- 
spects. It would be impossible to decide which of them moves or 
stands sfill with respect to the ether^ and there would be no reason 
for prefeiTing the times and lengths measured by the one to those 
determined by the other, nor for saying that either of them is in 
possession of the „true^'^ times or the „true^^ lengths. This is a point 
which Einstein has laid particular stress on, in a theory in which 
he starts from what he calls the principle of relativity, i. e. the prin- 
ciple that the equations by means of which physical phenomena may 
be described are not altered in form when we change the axes of 
coordinates for others having a uniform motion of translation rela- 
tively to the original system. 

I cannot speak here of the many highly interesting applications 
which Einstein has made of this principle. His results concerning 
electromagnetic and optical phenomena (leading to the same contra- 
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diction with Kaufmann’s results that was pointed out in § 179^)) agree 
in the main with those which we have obtained in the preceding 
pages, the chief difference being that Einstein simply postulates 
what we haye deduced, with some difficulty and not altogether satis- 
factorily, from the fundamental equations of the electromagnetic field. 
By doing so, he may certainly take credit for making ns see in the 
negative result of experiments like those of Michelson, Rayleigh 
and Brace, not a fortuitous compensation of opposing effects, but 
the manifestation of a general and fundamental principle. 

Yet, I think, something may also he claimed in favour of the 
form in which I have presented the theory. I cannot hut regard the 
ether, which can be the seat of an electromagnetic field with its 
energy and its vibrations, as endowed with a certain degree of sub- 
stantiality, however different it may be from all ordinary matter. In 
this line of though^ it seems natural not to assume at starting that 
it can never make any difference whether a body moves through the 
ether or not, and to measure distances and lengths of time by means 
of rods and clocks having a fixed position relatively to the ether. 

It would be unjust not to add that, besides the fascinating 
boldness of its starting point, Einstein’s uheory has another marked 
advantage over mine. Whereas I have not been able to obtain for 
the equations referred to moving axes exactly the same form as for 
those which apply to a stationary system, Einstein has accomplished 
this by means of a system of new variables slightly different from 
those which 1 have introduced. I have not availed myself of his 
substitutions, only because the formulae are rather complicated and 
look somewhat artificial, unless one deduces them from the principle 
of relativity itself.^) 


1) Note 86. 2) See, however, Note 72*. 
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1 (Page 6). Equation (4) is equivalent to the three formulae 

ah. _ ^ 

dy dz c dt ^ 

dz dx c dt ^ 

ahy ^ d^ ^ 

dx dy c dt 

When the second of these, differentiated with respect to is 
subtracted from the third, differentiated with respect to we find 


a (dK ^d\iy ,dhA Ah __ L ^ 

dx \dx dy 'dz) c dt \dt 


a /ad. 


dy 


ddA 

d'z)’ 


(^) 


Ah = 


or, if (3) and (5) are taken into account, 

c* dt* ■ 

Corresponding formulae for h^, h^ and for the components of d 
are obtained in a similar manner. 

It may be noticed that the quantity 


_a_ /ajv 

dy \3i« 


dy 


y' 


d (Si>, 

ds \Je 


8h, 

dx 




which we have calculated in the above transformation, is the first 
component of the rotation of rot h, or, as we may say, of rot rot h, 
and that the expression on the left-hand side of (1) is the first com- 
ponent of the vector 

grad div h — A h . 


In sreneral, denoting by A any vector, we may write 
rot rot A === grad div A — AA, 

a theorem which enables us to perform in the terms of vector ana- 
lysis the elimination of cl from the fundamental equations. Indeed, 
we may deduce from (4) 

rot rot h ^ ^ rot d, 
c ^ 


1) The mimbers of the formulae in this Appendix will he printed in italics 
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rot d = -^ rot d, 

grad div h — Ah = rot d, 
i. e., if we use (3) Mid (5), 


Ah = 


Similarly, the equation 


Ad = 


1 a*d 


is obtained it we begin by considering the vector rot rot d. 

2 (Page 16). The definitions- given in § 2 lead to the general 
formula 

div rot A = 0. 

Hence the equation (19) requires that 

div c = div Td -f- ^v) = 0, (s) 

i, e. that the total current, which is composed of the displacement 
current d and the convection current pV, be solenoidaily distributed. 
In order to show that it is so whenever the condition mentioned in 
the text is fulfilled, we shall fix our attention on an element of the 
charged matter, situated at the time t at the point (x, y, and 
therefore, at the time t + dt, at the point y + s^dt, 

g v.dt). By a well known theorem of the theory of infinitely 
small deformations, the volume of the element, if initially equal to dS, 
will have become 

at the end of the inteiTal dt 

On the other hand, the time having changed by dt and the 
coordinates by ^ydt, ^^dty the density of the charge, which at 

first was Q, has become 

p + (it + + ''-If) 

The product of this expression by {4) must be equal to the 
original ' charge QdS of the element, so that we have 

^\dx ^ dy Zz} fit • ® 3a: ^ dy ' ‘ dz ’ 


+ div (p V) = 0, 
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from which, taking into account (17), we are at once led to the 
equation (5). 


3 (Page 17). The method of elimination is exactly like that 
which we used in Note 1. We may infer from (20) and (19) 

rot rot d rot h, 

c ^ 


rot rot h ^ rot d + rot (() v), 

or, using {2), 

grad div d — Ad “ “ y (rot h), 

grad div h — Ah.== i (rotd) + -3- rot(pv). 

and we get the formulae (24) and (25), if we substitute the values 
of div d, rot h, div h and rot d taken from (17), (19), (18) and (20). 


4 (Page 18) The following considerations, showing, not only 
that the function (30) satisfies the differential equation (29) (which 
might be verified by direct differentiation), but also under what con- 
ditions it may be said to be the only solution, are taken from a 
paper by Kirchhoff on the theory of rays of light. ^) 

They are based on Green\s theorem and on the proposition 
that, if r is the distance from a fixed point, and F an arbitrary 
function, the expression 

has the property expressed by 


dt^' 


(^) 


This follows, at once from the formula 


Av — ^ ^ 

“■ T ^ ^ ^ a-..* 


r dr 


dr* 


which is true for any function of r, not explicitly containing the 
coordinates, and in virtue of which (6) assumes the form 

d\rx) . 1 a^(r;^) 
ar* ■“' dt* 

It is well known that 

are solutions of this equation. 



1) Ann. d. Phys. u. Chem. 18 (18«3), p. 668. 
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Let 6 be the bounding surface of a space S throughout which 
i{j is subjected to the equation (29), P the point of S for which we 
want to determine the function, dS aji element of volume situated 
at the distance r from P, 2^ a small spherical surface having P as 
centre, n and N the normals to ^ and both drawn towards the 
outside. 

Introducing the auxiliary expression 



where P is a function to be specified further on, we shall consider 
the integral 


extended to the space between o' and Z!, 

In the first place we have by Greenes theorem 

-*!?)■'« -/(♦H- *!!)«> 

and in the second place, on account of (29) and (6), 

-fx(odS + (K’IjI - X^) dS 
= -J^odS+j, - X^)d8. 

Hence, combining the two results, 


This equation must hold for all values of t After being mul- 
tiplied by dty it may therefore be integrated between arbitrary 
limits and 4? 


-j dtj[^-ll^ _ = -JdtJxwdS 





Prom this equation we may draw the solution of our problem 
by means of a proper choice of the function P, which has thus far 
been left indeterminate. 
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We shall suppose that .F(f) differs from zero only for values 
of £ lyiiig between 0 and a certain positive quantity d, this latter 
being so small that we may neglect the change which any of the 
other quantities occurring in the problem undergoes during an interval 
of time equal to €. As to the function F itself, we shall suppose 
its values between £ = 0 and £ d to be so great that 

fF(s)de^l. 

0 

Since, for a fixed value of r, 

r 

fF{t + ^)dt=fF{^ds, 

it. is clear that on the above assumptions 

k- 

i, 

and 





if we understand by x one of the functions of t with which we are 
concerned, and by and ^3 values of t, such that 

+ — < 0 and - 1 - Y > ^- 

It will presently be seen that, in the discussion of the equation (7), 
the formula (<!i?) enables us to select as it were the values of V? and 01 
corresponding to definite moments. 

Let have a fixed positive value and tj, a negative one, so 

great that even for the points of 0 most distant from P, 

Then all values of % occurring in the last term of (7) are zero. So 

are also the values of -tt- in that term. Indeed, 

rU ^ 



and this vanishes for t ^ and ^ = ^2 because F'^s), like F^e) itself 
vanishes for all values of e outside the interval (0, d). The last 
term on the right-hand side of (7) is thus . seen to be zero. 



?36 NOTES. 

The term containing m may be written 

h 




wh^re 




dt 


relates to a particular element of volume dS^ at the distance r 
from P. HencC; on account of (S) 

By similar reasoning it is found that 

We have next to consider the integral containing This 

differential coefficient being equal to 


f.(7)4 + T)+r.M‘+v). 


we have 


Pf' 


' ^ 

The first integral is 

and the second expression may be integrated by parts: 

(, + r) j, _ Ji ‘^d,ftF '(, + { ) * 

tl h 

-J't f:^'|*^(‘+7)t-/7l^^«/V(' + f)" 

because both and + vanish. 
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Combining these results we find for the right-hand member 
of (7) 



We shall now suppose the radius B of the sphere 2] to dimmish 
indefinitely. By this the first integral in our last, expression is made 
to extend to within the immediate neighbourhood of the point P. 
The remaining terms remain unchanged, but for the quantity on the 
left-hand side of (7) we must take its limiting value for lim J2 0. 

As the integral over the sphere has the same form as that over 
the surface 6 which we have just considered, we may write 



or, since the normal JV has the direction of r, and since, at the 
sphere, r == JR, 



Now, when B tends towards 0, the integrals with vanish, so 
that the expression reduces to 



Let and xj/^ be the extreme values of on the surface 

of the sphere. Then (P) is included between 

47tx/.»j^ and AiJtxp^. 

But both xp^ and xp^ have for their limit the value of xp at the 
point P for the instant t ^0, say 'fpp^f^Qy so that the limit of (9) 
ie seen to be 

and equation (7) ultimately becomes 
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*n.v 

+ (l*)(,=.r.) - Ur)*(....) + i ls*(, 

This determines the value of ^ at the chosen point P for the 
instant # = 0. We are, however, free in the choice of this instant, 
and therefore the formula may serve to calculate the value of ijjj, 
for any instant t; for this we have only to replace the values of a, 

r\ 

£x and ij; on the riglit-hand side by those relating to the time 

Distinguishing these by square brackets, and omitting the 
index P, we find 


♦ — ''» + i,/!7 K] - r. (f ) W + 17 fs (« 1 I") 


The formula (30) given in the text is obtained by making the 
surface 6 recede on all sides to infinite distance, by which in many 
cases the surface integral is made to vanish. We may suppose, for 
example, that in distant regions of space, the function ^ has been 

zero nil til some definite instant The time ^ ~ to which the 

quantities [i/;], [|^]y M relate, always falls below when r in- 
creases, so that, finally, all the quantities in square brackets become 0. 


5 (Page 19). When a vector A, whose components we shall 
suppose to be continuous functions of the coordinates (cf. § 7) is 
solenoidally distributed, so that 

div A == 0, (11) 

we can always find a second vector B such that 

A — rot B. 


It suffices for this purpose to put 

R = ~ f ^dS. 

litj r 

Indeed, we find from this, if we use equation (3) of Note 1 and 
the above equation {11), that 

rot B = /- == - ^ r ^dS, 

\nj r iMj r ’ 

and this is equal to A in virtue of Poissou^s theorem. 
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In this demonstration we ha^e used the theorem that, if o is 
continuous, a potential function of the form 



may he differentiated with respect to one of the coordinates by simply 
differentiating to under the sign of integration with respect to the 
corresponding coordinate of the element dS. 

Now, equation (18) shows that the magnetic force h is solenoi- 
dally distributed. Therefore we can always find a vector a such that 

h-=rota. (12) 

After having done so, we may write for the equation (20) 

rot (d + ~a) = 0, 

showing that the Vector 

d + ia 

must he the gradient of some scalar function — 9, so that 

d a-- grad (13) 

It must he observed, however, that the vector a and the scala?* 
function 9 are left indeterminate to a certain extent by what precedes 
(though in each special case h and d have determinate values). 
Understanding by and (pQ special values, we may represent other 
values that may as well be chosen by 

a == ao - gi'ad %, 9 “ 9°o + j X, 

where % is some scalar function. We shall determine it by sub- 
jecting a and (p to the condition 

diva ---J 9, (i^) 

which can always be fulfilled because it leads 0 the equation 

A;i: — -It it = div ao + “ 9 oj 

which can be satisfied by a proper choice of 

The differential equations (31) and (32) follow immediately 
from (17) and (19), if in these one substitutes the values (13) and (12). 
Indeed, (l7) assumes the form 

— div4 A9 «=.p, 



i. e., in virtue of (14) 
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6 , 7 

and (19) becomes 

rot rota = — -^a — y grad^ + 

or (cf. Note 1) 

grad diva - Aa = - --a — gracly + 
for which, on account of (J4), we may write 
Aa-^a = --9V. 

6 (Page 20). Our solution is not a general one because we 
have made the assumption that the surface integral in (10)^ Note 4 
vanishes when the surface <? recedes to infinite distance. It is to be 
observed, however, that any other solution may be put in the form 

where is some function satisfying the equation 

In the terms of the physical problem with which we are con- 
cerned, we may say that the electromagnetic field determined by 
(33) — (36), (which may be considered as produced by the electrons), 
is not the only one that can exist; we can always add a field satis- 
fying at aU points of space the equations (2) — (5) for the free ether. 
Additional terms of this kind are excluded by the assumption made 
in the text. 

Of course, a state of things for which the foraiulae (2) — (5) 
hold, can exist in a limited part of space; the beam of plane polarized 
light represented by the equations (7) is a proper example. Such a 
beam must however be considered as having its origin in the vibra- 
tions of distant electrons, and it is clear that, if we wish to include 
the source of light, we must have recourse to equations similar to 
(33)-(36). 

7 (Page 21). Let the centre of the electron move along the 

axis of X. Then it is clear that «= 0, = 0, and that (p and 

may be regarded as functions of x and the distance r from the 
origin of coordinates. Indeed, cp and a^ must be constant along a 
circle having OX for its axis. 

Putting 

9P - /; {t, r, x); a^. - r, x), 
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OBe finds 

(j iiA df^ _ dj\ 

^ c ^ dx c dt dx r Bt ^ 

d H _ ^ ^fi 

^ dy r dr ’ ‘ dz r dr ' 


Hence, d may be considered as the resultant of two vectors, one 

having the direction cl OX and the magnitude and 

^ c dt dx ^ 

the other the direction of r and the magnitude — * 

° dr 

The components of the magnetic force are 


cy 



h 


y 


^as- z df^ 

dz dx r dr ’ 


h == — ^ ~f- 

* dx dy r dr ’ 


so that h is at right angles both to OX and to the line r. 

What is said in the text about the electric and the magnetic 
lines of force follows immediately from these results. 


8 (Page 22). In establishing the equation of energy we shall 
start from the formula (23) For an element of time dt the work 
of the force exerted by the ether on an element dS o{ the charge 
is represented by the scalar product of the force f^dS and the path 
ydt Hence, the integral 

, A =«* • v) dS 

represents the total work done by the ether per unit of time, but 
this work depends entirely on the first part of the vector (23), since 

the second part •?- [v * h] is perpendicular to the velocity V. Consequently 

A^fQ{f-\)dS^jQ{fi-\)dS^f(6 ■ Q\)dS, 
and, if the value of 9 V is taken from the equation (19), 

rot h) dS -J\a • A)dS . (IS) 


/■{(- 


Written in full, and with the terms rearranged, the first integral is 


dUp 

dx 


. ah, 

^^dx 




dy 


dy 


) + 


y dz 


d ^ 

* dz 


(16) 


md here each term may be integrated by parts. Thus,' denoting by 

liorentz, Theory of eleotrone. Ed. 16 
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tiy )3, y the angles between the normal n to the surface 6 and the 
positive axes, 


/ -/d.h, -/ 

/(".^ _ d,||) dS - -/[d <. +/(l.,|| - 



where [d-hl means the first component of the vector product [d • h]. 
If the remaining parts of (16) are treated in a similar way, 
the first integral in (15) becomes 


/(d-rot h)dfif = 

= — { [d • h]^ cos « -h [d • h]y cos /3 + [d ■ h], cos y ] 

+ /(h • rot i)dS = -/[d • h]„ do +J(h ■ rot A)dS. 


{17} 


^ The formula (37) is now easily obtained if it is taken into 
account; 

1^ that, in virtue of (20), the last term of (17) may be re- 
placed by 

-lf(h.h)ds-, 

2“ that 


(d-d) 


1 8(<»*) 

2 di ’ 


(h.h) = 


1 a(h*) 

2 at 


We may notice in passing that the equation (17) expresses a 
general theorem. Denoting by A and B any two vectors and by 
the hounding surface of a space S, we always have 

f A . rot B) dS = -/[A • B]„ dtf +f ;B • rot A) dS. 


B (Page 26). The deduction of the formulae for F is much like 
that of the equation of energy. Instead of (43) we may write 

F=j{pd + |[pv.h])d5, 

and here, in virtue of (17) and (19), we may replace q by div d, 
and ()V by c rot h — d. Hence 

F -=J’(divd . d + [roth • h] - i [d • h])d|S. 
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But 

[d.h] = A[ci.hJ_[d.h] = A[d.h]-c[rotd.{|], 


SO that, if we determine the part Fg of the resultant force by the 
formula 







lA 

c* dt 


rJ^dS^ 



the remaining part is given by 

Fj {divd • d + [rot h • h] + [rotd • d])rfS'. 

Leaving aside for a moment the term depending on the magnetic 
force, we have for the first component of F^ 


, d^y I d d. 
dx dy ^ dz , 

1 d 

2 


/(( 

-/I 

-/{tC.* 

■/i {2cl,d,-d2 COS o:} 




^«l,> - V - d.’) + |-(d.d,) + 


d 2- 

.V 


d/) cos a + d^d^ cos j3 + d^d^ 


The part of F^l that depends on h leads to a result of the same 
form, the reason being that F^ becomes symmetrical in d and h when 
we add the term div h • h, which is zero on account of (18). 


10 (Page 29). The stress on a surface element of any direction 
and situated anywhere in the space considered can be calculated by 
means of the formulae (48); if one takes the mean values for a long 
lapse of time, it will be found to be at right angles to the element. 
In other terms, there is a normal pressure whose magnitude is given by 

JP = 1 { (d/) + - (d»=) } + + { (h/) + (N/) - (h.O } , ^ 

if we lay the axis of x normally to the element, and denote by (d^^), 
etc. the mean values in question. 

We shall now apply to two particular cases the result found in 
§19, In the first place, we may take for eJ a closed surface wholly 
lying within the envelop. Then (cf. § 20, b), since F «= 0 and, in the 
mean, Fg = 0, the pressures p acting on the surface must destroy 
each othpr. This requires that p be constant all trough the ether, 
ISText, considering a flat cylindrical box that contains an element 
of the wall (cf. Pig. 1, p. 28), we can show that the pressure p really 
may be said to be the force exerted on the walls 


16 
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11 , 12 


The pressure p having the same intensity at all points, we may 
as weU replace it by the mean of the values which, for determinate 
directions of OX, OF, OF, the expression (18) has at different pla- 
ces. ‘Hence, if mean values of this kind are denoted by a horizontal bar 

P = - (5?)} + i{(v) + (»^) - (S?))- 

But it is easily seen that the order of the two operations of 
taking the mean — one relating to time and the other to space — 
may be inverted, and that in the stationary state which we are con- 
sidering the mean values indicated by d/ etc. are independent of the 
time, so that, after having calculated them, it is no longer necessary 
to take their time-averages. Our formula therefore takes the form 

P = 1 ( v + - d7) 4- i ( V + h7 - h?) 

11 (Page 30). The formula (51) is obtained if, in the trans- 
formations given in Note 9, we omit all terms containing q. We 
may, however, also proceed as follows. 

The resultant force in the direction of so far as it is due to 
the electric field, is given by the surface integral 

~J {2(l^d„-(J^ cosa}^(?, 

for which we may write (see the end of Note 9) the first component of 
f {divd-d + [rotd-d]}(iS, 

and to which we must add a similar expression depending on the 
magnetic field. Hence, since ' div h 0, and, on the assumption now 
made, div d = 0, 

Fi =/{ [rot h • h] + [rot d • d] } dS, 
or, if we use equations (4) and (5), 

fi-7/ |[li.h] + [d.h]liS 

12 (Page 32). Let a, w be the components of the velocity 
of the ether at the point (x, y, 0 ) and the time t. Then, by a well 
known theorem, the acceleration in the direction of x is given by 

, du , du , du 

dt ' ox dy 03 ^ 
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So that, if (I is the density, and X the force acting on the element 
(iS in the direction of we have 



When u, v, w are very small, we may neglect the terms etc., 

and add the term which is likewise of the second order of 

i^aagnitnde, because in the case of slow motions, the change of the 
density per ainit of time is very small. It follows that 

th.e mathematical expression for the statement made in the text. 


13 (Page 35). The value <p of the scalar potential that exists 
at the time i at the point (rr, y, z) of the ether, will be found at 
the time t + dt at a point whose coordinates are x -f- ^dt^ y, z. As 
the value of the potential for these new values of the independent 
variables may be represented by 

we have 

^dt + ^glwdt=^0, 


dqi 

It 


dx 


Applying the same reasoning to the function 


d(p 

df^ 


one finds 


dt^' 




d^q> ^ 


14; (Page 36). Let S' be a system without translation, and let 
two points, the one in the moving system S, with the coordinates 
«/, Zj and the other in S' with the coordinates x\ y, z — the re- 
lation between x and x' btung as shown in (58) — he said to cor- 
respond to each other. Then corresponding elements of volume, 
dS and dS', are to each other in the same ratio as x and x, so that 

ds' ^{1- ^^y^i^ds, 

and if they are to have eqj^al charges, the density q in dS' must be 
related to the density q in dS as follows 
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Poisson’s equation, wliicli determines the scalar potential g?' in 
the stationary system may therefore he written in the form 


fp' . q>' , cp 

dx'^ ’ dy^ ' dz'^ 





= 0, 

a. 

= 0, 


w ^ 
ox 

= _ 

iS^c 



dx 

= _ 

(1- 

-/3^) 

dcp 
dx ^ 

dq? 

ri — 


dq 


dy ’ 



Tz^ 



, h. 

: = 

_ ^ 
dy 

= — 


showing; on comparison with (59), that at corresponding points 

g,' (1 ^ (p = (1 ^ (^19) 

The quantities relating to the moving system S may now be 
expressed in terms of those that belong to S', 

In the first place we have, on account of (58) and (19\ 

dx dx'^ dy ^ dy^ 

Further, by (33) and (34), since 


d. - - - a, 

* c? * 


h-=:0 h=— 

^ dz P dz> dy~ ^ dy 

The electric energy is therefore given by 

and the magnetic energy by 

^ -«■/((!?)■+ (If)’)" 

Finally, we have for the components of the flow of energy 
^ - d . h ,) » .^(1 - , 

8, » c(d.h, - d,h.) = - Ci3(l - /3*)-V2 I?:, 

8. - <d,h^ - d,h.) = — cpii - /3r 
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and for those of the electromagnetic momentum 

{(1^^) +(|f')’) <! 3 ', 

g qp ^ qp T gf 

c Pj dx' dy ’ 

G.— 


( 32 ) 


15 (Page 37). A charge uniformly distributed orer the surface 
of a sphere may be considered as the limiting case of a charge distri- 
buted with uniform volume density over an infinitely thin spherical 
shell having the same thickness at all points. When the moving 
system S is of this kind, the stationary system S' of which we have 
spoken in the preceding Note, is an elongated ellipsoid of revolution 
whose semi-axis a and equatorial radius J are equal to 

a==(l l = {23) 

and which carries a charge uniformly distributed through an infinitely 
thin shell bounded by the ellipsoid itself and another that is similar 
to it and similarly placed with respect to the centre. The total 
charge must be taken equal to e, the charge of the sphere, because 
corresponding elements of volume in S and S' have been supposed to 
carry equal charges. 

Let the centre of the ellipsoid he chosen as origin of coordina- 
tes, OX.' being placed along the axis of revolution, and let x', y, z 
be the coordinates of an external point P. If we understand by I 
the positive root of the equation 


where 


i" 




V, 


the potential at P is equal to 


^ Snp 


{ 24 ) 


It is to be noticed that, for a given value of X, the equation 
{24) represents an ellipsoid of revolution conforal with the given one; 
therefore, the equipotential surfaces are ellipsoids of this kind. The 
charged surface itself is characterized by the value X = 6^, and X in- 
creases from? this value to oo as we pass outwards. The potential 
is equal to 




e 1 cb-\- P 

— log ^ 
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at the charged surface, and has the same value at all internal points. 
The integrals to which we have been led in the preceding Note need 
therefore only be extended to the outside space. 

In effecting the necessary calculations we shall avail ourselves of 
the theorem that the integral 



is equal to the electric energy ^etpQ oi the charged ellipsoid. Hence, 
putting 


we have 


-/I (¥)’+©') 




{2S) 


In order to find the integral J^, we shall divide the plane X'OY 
into infinitely small parts by the series of ellipses 


+ l ' 


1, 


and the system of hyperbolae 



(26) 

(27) 


where ^ ranges from 0 to p^. .Confining ourselves to the part of the 
plane where co' and y are positive, we have for the coordinates of 
the point of intersection of (26) and (27) 

= (28) 

and for the area of the element hounded by the ellipses X + d/^ 
and the hyperbolae ft, y, dy, 


d6^ 


dx' dx'^ 

JT^ 

dy dy 
dk ^ dfi 


dkdfi == -- 


X + y 


)/X(i(p^+X)Jp^ 


:—:dkdll . 


We shall now take for dS'^ in our integral the annular element 
that is generated by the revolution of this plane element around OX', 
80 that 


dS' = 2xyd0 


dkdy . 


Since <p' depends on k only, we have 
d<p' . d(p' dk 
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and here the last factor has^ in all parts of the ring, the Talue de- 
duced from (26) for a constant y, 

^ X)x 

d X X^x* * + -f- XYy^ ^ 

oi:, in virtue of {2S)^ 

It follows from these results that, in order to find we must 
integrate the expression 

(^ydkdfv. 

If we take 0 and as the limits of and oo as those of A, 
we shall find the part of that is due to the field on the positive 
side of the y^~plane; we must, therefore, multiply the result by 2. 
Since 


■*»* 2!> + 


643r*i*(jp*+.l)^ 


the final result is 


l/i»*+^+jp _ 2j) 1 

Vp* + 


The indefinite integral is 

and since this vanishes for A =» oo, and is equal to 

hHog 2 ap 

for A = ' the integral has the value 



In our present problem the values of a and h are given by (23), 
so that 
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- iiT*p- - |i‘r [2^ (1 - - log , 

- P'>'" [- + (^ + « 

SubstitutiBg these yalues in the formulae {20)^ (21) and {22)y 
we get the equations (61), (62) and (63). 


16 (Page 38). The electromagnetic momentum G and the velo- 
city w having the same direction, we may write 

G =-* cuW, 


where a is the ratio between their magnitudes | G | and | w | . It is a 
function of [w|. 

Differentiating with respect to ty we find 


F 

But 
so that 


dG dlw dec dw dec d\^ \ 

— ■3-r = — — — -rrm — — ' W. 


dt 


dt dt 


W 


d I w I 


dt 


w 


I’ dt 


dt (2 1 w I dt 


y+\", 


« (i'+ j") - 1 w 1 d 1 j'= - TO { « I 1 1 i' «j" 


1 G 1 1 G 1 


d Iwi 


W' 


j = ^ m I — m I 


16 * (Page 44) [1915]. In these last years highly interesting ex- 
periments have been made, especially by Ehrenhaft^) and Millikan^), 
in which small electric charges carried by minute metallic particles or 
liquid drops could be measured. 

It is weU known that the velocity v acquired by a small body 
falling in a gas is determined by the rule that the resistance to the 
motion ultimately becomes equal to the weight G of the particle. 
For slow motions the resistance is proportional to the velocity and 
we may therefore write 

Q==liv, 

where /it is a coefficient which, in the case of a spherical particle, may 
be deduced from its radius and the coefficient of viscosity of the 
surrounding gas. 


1) F. Ehrenhaft, Wiener Sitzungsber. (TIa) 123 (1914), p..b3. 

2) R. A. Millikan, Phye. Zeitsohr. 11 (1910), p. 10^. 



17 


NOTES. 


251 


A similar equation holds when the particle is subjected to a 
Yertical electric force E. Let e the charge of the particle^ and let E 
be positive when it is directed downward. Then the velocity of fall 
win be determined by 

G + eE — ^v' 

It can be made much smaller than if eE is negative. 

It is clear that by measuring v and we can determine the 
ratio between eE and G] hence, the value of e becomes known if 
E and G are measured. 

Millikan has found values fox e which can be considered as 
multiples of a definite ;,elementary^^ charge. Ehrenhaft, however, has 
been led to the conclusion that in some cases the charges are no 
multiples of the elementary one and may even be smaller than it. 

The question cannot be said to be wholly elucidated. 


17 (Page 48). Take the simple case of an infinitely long cir- 
cular metallic cylinder of radius surrounded by a coaxial tube 
whose inner radius is When a current i is passed along the core 
and returned through the tube, the magnetic energy, so far as it is 
contained in the space between the two conductors, is equal to 


4 7tC 


log- 


per unit of length-, this expression is of the order of magnitude 


4 7tC“ 

when — is some moderate number. 

On the other hand, if, per unit of length, the two conductors 
contain and electrons, moving with the velocities and v^j 
the sum of the amounts of energy that would Correspond to the mo- 
tion of each of them is 



-I- 


12 tcBc^ 




if we suppose the mass of the corpuscles to he wholly electromagnetic. 
The current being 

we may write for our last expression 

+ w) ’ 

The experiments on self-induction have never shown an effect 
that may not be accounted, for by the ordinary formulae for this 
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phenomenon. Therefore, in ordinary cases, the Talue of (30) must be 
much smaller than that of from which it may he inferred that 
and great numbers. 


18 (Page 49). In the following proof of the formula (76) we 
shall confine ourselres to an electron having a rectilinear translation 
parallel to OX with variable velocity v. Let Q he a definite point 
of this electron and P a point the ether, within the space occu- 
pied by the particle at the time t for which we wish to calculate 
the force. Let x\ y\ / be the coordinates of P, and y, z those of 
the point Q at the time t. 

Among the successive positions of Q there is one such that 
an action proceeding from it the moment it is reached, and travelling 
onward with the speed of light c, will arrive at the point P at the 
time t If we denote by ^ — r the time at which this „effective" posi- 
tion, so we may call it, is reached, we have for the coordinates of 

x^=^ X — vr + -{ (31) 

Ve-y, 


and, since Q^JP must he equal to or, 

{x, - xj + (y, — yy + {0, — 0y = c*T». ( 32 ) 

By means of these relations and r may be expressed in terms 
of Xj z. Putting QP so that 

r® -•= (x — x'f -t- 0 — y'f H- (0 - zy, 


and considering i/v j . . . as so small that terms of the second order 
with respect to these quantities may be neglected, we may substi- 
tute in (51) T = \ by which^ we find 




2 c* 


6 c' 




(33) 


Substituting this value in (32), we get 

r = ^ -~(x-x)+,-^j,(x-x)r-—,(x~x)r^ 

It follows from (33) that the points Q which, at the time 
^re situated in an element dxdydz^ have their effective positions in 
an element dx^dydZy where 

dx,=^[l- J --- + J(a; - x ') - + • • •) 
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Hence, to each element dS of the electron taken in the position 
wh-ich it has at the time t, there corresponds an element of space 




V X — X . V ^ 

V r 


2c' 


(x — x')r * j dS. 


in which, at the time t — r, there was a density q equal to that 
existing at the time t in the element dS, this charge haring a velocity 

V — vr — * • * ; 

or, with a sufficient degree of approximation 

— ( 54 ) 


The distance of the element dS^ from the point P is given by 

f . V X — X. V / V . /N , 1 

cr==r{l- — 3(ir_a:)>- + -..I, 


dS . 


so that the quotient — in the equation (35) must be replaced by 




The factor here enclosed in square brackets may be omitted in 
tlie formula for the first component of the vector potential; here, 
liowever, we must replace v hy the expression {34), In this way 
we find 


~oo')r + 


“ J r ^ 


a 




the integrations being extended to the space occupied hy the electron 
at the time t 

Whe shall now proceed to calculate the electric force f at the 
point P. It may be observed in the first place that we need not con- 
sider the term i [v * h] in (23), because the magnetic force h itself 

is proportional to v. Hence, hy (33), the first component of f, to 
which we may limit ourselves, is equal to 
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As the differentiations may be effected under the sign of inte" 
gration, we have 



In order to find the resultant force we must multiply this by* 
Q'dS', where dS' is an element of volume at the point P, and q' tb-O 
density at this point; we have next to integrate with respect to 
From the first term in (35) we find 0, and from the last term 

e^v 

6^' 


agreeing with the expression (76); these results are independent of 
the shape of the electron and the distribution of its charge. As to 
the middle term in (35), it leads to the force 


ir.pdS'f, 


r ' I 


In the case of a spherical electron the charge of which is distri- 
buted symmetrically around the centre^ we may write instead of 
(x — x'y, so that we get 

^ (HO-) 

Now, if the charge lies on the surface, the integral J -yd S has th.o 

value ^ at all the points where the density q' is different from zero. 
Therefore (36) becomes 

gr ^ nr __ cH 

^ QtcEc^^ 


in accordance with the result expressed in (72). 

What has been said in § &7 about the representation of the re- 
sultant force by a series, each term of which is of the order of 

jK 

magnitude — in comparison with, the preceding one, is also confirmed 
by the abote calculations. 
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19 (Page 50). Let us fix our attention on tlie effectiye' posi- 
tion M (cf. Note 18) of a determinate point of the electron, for in- 
stance of its centre. If this position is reached at the time pre- 
"vious to the time t for "which we wish to calculate the potentials at 
tHe distant point P, and if the distance MP is denoted by r, we have 

(37) 

Choosing M as origin of coordinates, we shall understand by 
Vpy coordinates of P. 

Let us further seek the effective position (x^j z^) of a point 
of the electron whose coordinates at the time are Xy y, z. This 
effective position M.' will be reached at a time a little different 
from if we put 

l/g =“ “f* 5 

fixe interval t will be very small. The coordinates x, y, z are so 
lilcewise, and a sufficient approximation is obtained if, in our next 
formulae, we neglect all terms that are of the second order with 
respect to these four quantities. 

The condition that M' he the effective position of the point con- 
sidered is expressed by 

M'P ^ c(t — f^) = c(t r), (38) 

But, if V is the velocity of the electron at the time tQ, we may 
"write for the coordinates oi M' 

x,==x-\- V^ir, t/, = y -t- V^T, «, = if •+■ V^r, {39) 

SO that ‘(58) becomes 

(jX7^ — X — + {yp — y — Vj,r)* + (ifp — if — \,xy = — #0 - t)*, 

or^ on account of (87) , and because 

^pyx + Vp^y + 

r 


is the component of v along the line ikfP, 


gi"ving 


'i(x^x + y^y + z^z) + 2v,.rtr = 2 err, 

a;p,r + 2/p2/ -h 
(c-~v^)r 




The points of the electron which, at the time lie in an ele- 
rnent dSy have their effective positions in an element of space dS^y 
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whose magnitude is equal to the product of dS bj the functional 
determinant of the quantities (89) with respect to x, z. The value 
of this determinant is 




dx 

Tz^ 


or, in virtue of (4^), 


1 , + + I _yr C 

* f ' C — C V,. 

As to the distance r in the denominators of (35) and (36), we 
may take for it the length of AfP, and in the latter of the two for- 
mulae we may understand by V the velocity of the electron at the 
instant In this way the general equations take the form 

which is equivalent to (79) because (p being equal to the density 
existing at the time in the element dS) 



20 (Page 51). As the field depends oli the differential coefficients 
of the potentials, we have first to determine these. In doing so, we 
shall denote by a;, y, z the coordinates of the distant point P for 
which we want to know d and h. 

If we change hj dt the time t for which we seek fp and a, 
keeping x, y, z constant, it will no longer he the same position of 
the electron which is to be called the eff'ective one. Besides, the new 
Effective position will be reached at a time slightly differing from tQ 
and will lie at a distance from P different from r, the changes being 
connected with each other by the formula 

dr = - 

where has the meaning explained in § 38. 

Differentiating equation (87) ^ we find 

— ^c(dt — dQ, 

dL = — —dt, 

0 c — V,. 

It appears from this that, by the change now considered, the 
value of some quantity corresponding to the time is altered by 
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HO that we may write 

^ W ^ _ C rd'in 
dt c* — 

the squaro brackets always having the meaning formerly assigned 
to them. 

Ill applying this to the expressions (79), we shall suppose the 
(liatanco r MP to be bo inuidi greater than the dimensions of the 
el(‘ctro.n thali, iu the final formulae for d and h, we may neglect all 

tiTins of the order . Doing so wo may treat as constants the 
thrim cosines iu the equation 


V,. V^C()s(r, x) + VyCOH(r, y) -j- v^(ios(r, e)-, 

indof'd, i;hcir dill'iTcuitiiil coefticioiitH aro of thi' order , and in there 
is ulriHidy a faeior ^ . (Jonsequently, 

i t ^ 

and since the factor iu g) may be considered as constant 


d(p 

It: 






dIV;.] 


4 TfC 




(ij- 


If, finally, we neglect all terms that are of the second order 
with respect to the velocity and the acceleration of the electron, we 
have the further simplification 


d<p 

Jt 


Similarly one lindH from the 


^ fj “1 , 

iTTCr 

socoiid of tho formulae (79) 


dt 


iner 


[i1. 


\V(‘ liavo nt»xt ht calculate the differential coefliedentB with respect 
to tho e.oordinatoH. (^oneider first an inlinitely small displacement of 
i' in a direction h at right angles to M P. The distance JkfP not 
being altered by this, and t being kept constant, neither the instant 
nor tho effective position M are changed. As wo may again leave 
out of account the change in the direction of r, we conclude that 

zh ■ ' W 


. 0 . 


The differential ct'eflicients with respect to the direction of r 
are easily found by the following device. If P is displaced over a 

. Iiot*ni«, Taeory of •iHOtron*. 8»<l Kd. 
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distance dr along 3IP prolonged, t being increased at the same time 
"by the effective position of the electron and the time re* 

main unaltered, so that, since the denominator r need not be diffe- 
rentiated, 

dfpdr ^ ^ ^ 1 

^ dt c ^ dr c dt ^ dr c dt 


Combining this with the former result, we find for any di- 
rection /c, in the case both of the scalar and of the vector potential, 

^ = co8(r,fc)g-, 

and particularly 


dx 


-cos(r,a;)^, - cos (r, 2 /)^-, g- = cos (r, 


Using these relations one will find without difficulty the for- 
mulae (80) and (81). 


21 (Page 51). . In the formulae (80) each component of d is 
represented as the difference of two terms. The terms with the 
negative sign may be considered as the components of the vector 


and the terms with the positive sign as those of the vector 


e 




(jr)^ 


where we have used the parentheses in order to indicate that the 
component is here itself regarded as a vector. Understanding (j^) 
in a similar sense, so that 


, i = (jr) + (JV), 

we have 

The magnetic force is therefore perpendicular both to d and 
to k, and its direction is sucli that the flow of energy c[d ■ h] has 
the direction of k, away firom the electron. The intensity of the 
flow is cld| jh] = cd*. 
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21 * (Page 52) [1915]. The experimeiits an the diffraction of 
flontgen rays by crystals first made by v. Lane^ Knipping and 
Friedrich^) and afterwards by W. H. and W. L. Bragg“) hare shown 
that these rays are much more like light than was formerly thought^ 
the only difference being the wave-length, which is of the order of 
10“^ cm. Part of the Rontgen radiation consists of homogeneous 
rays characteristic of the metal of the anti- cathode. Another part is 
continuously spread over a certain interval of frequencieSj so that it 
may be compared with white light. 

22 (Page 53). As an interesting application of the formula 
found for the resistance, we shall calculate the damping of the 
vibrations of an electron. Suppose the particle to be subjected to 
an elastic force where q is the displacement from the position 

of equilibrium, and f a positive constant. The motion in the direc- 
tion of OX ist determined by the equation 

a particular solution of which is found by taking for the real 
part of 

cOC t 
* ; 

where s is the basis of natural logarithms, and a a complex constant 
determined by the condition 

= (41) 

If the last term has but a small influence, we may replace in 
it a by the value given by tbe equation 

Hence, putting 
we have 


and introducing two constants a and y?, 

== a£ cos {nt -f y>). 

1) Friedrich, Kcipping u. Laue, Ann. Phya. 41 (1913), p. 971. 

2) W. H. a. W. L. Bragg, X Kays and crystal Btrncture London, 1915. 
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This formula shows that in a time equal to 




the amplitude falls to y of its original value. 

Taking for m the value {T2\ and writing T for the lime of 
vibration I for the wavo-lougth, W(i find 

^ fp 

2 jr®i; 

If we substitute for U the vahu* given in § 35 W(* hare for 
yellow light (A ««« 0,(K)()()l) cm ) 

r-y • 10^7; 


showing that the- damping would be vi^ry feeble , and that we have 
been right in supposing the last term in { //) to he very Hinall 

1'his question of the damping of the vihrationn is important be- 
cause, the slower the damping, tin* niijn* will tin* radiation present 
the character of truly lu)mf)geneous light. Wt* euu form an (Opinion 
of the degree of Innnegeiu'ouHnesH hy making e^peninmifH on the 
visihility of interferoms' friagas for vuritms valnen of (In? dilferenca 
of phase; in fact, when this dinenmeM in t uniinnall) imn-eaHed, the 
fringes can remain cb*arly visihle for a hmg tinn» onl\ if the light is 
fairly homogemumH. A small <iegree <if damping thiir^ found hi la* 
conducive to a g<H)d visihility of the iVuiges, a eonclu'unn that is 
readily understood if one consuhTs iliat the interfrnmet* becomes in- 
distinct wdien the iutenHities of (he twti ravn ar<» ver\ ditlereni Thin 
must he the case whenever the viliration^ in the Hourcf' have con 
fliderahly diminished in amplitude ln^twiMm llu* iu4ant?i at which tlie 
interfering rays have* heem enutted. 

'^rhe result of tlu^ almve caleulation in m sati dmioiw agrmniient 
with tin* e^eperiments of huinmi*r and tii hrcke in wlindu tinder fa 
vourahle couditiouH^ interferent’es up to a {duiHt* ditfertuici* of two 
millionH of perhidn were oliserved. Simdat leadti Inuc Ih^cu ohtained 
hy Huisson and Kahrv who studied lln* emneuMn uf helium, krypton 
and uecui etmtuiuetl in vacuum tuhes 


23 in each sueei.ecirvc dil!erintiiatif»n with ri^speet to 

one of the I'oordiimte^, of the mpr«^«'Uon hmnd for we have to 

ditft'reritiate both the goniometrir fniniion lifid the fn*i>u' preceding it. 
rheie operatioiiH introduce of thi^ order »»f imignituilc 
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(if X denotes the wave-length) and — ' Consequently, in as much 

as r is very much greater than a, we may confine ourselves to the 
differentiation of the goniometric function. 

Thus, for example, 


JL A[eJ 

Atc dx r 


A in’ ^ /f 


nh 

Atzct 


X . [ 

-sml 


a [p J 


a, = = — 


Anc ct r 


nh 

Atcct 




d = 


1 n’^h ( 

a;* 


dx 

a, 

1 

^,2 

It is 

easily 

verified by means 

of 


-(-fr + l)cos{»(<- ^)+p] 


and h are at right angles both to each other and to the line r, and 
that they have equal amplitudes. The formulae represent a system 
of plane polarized waves, whose amplitude changes in the inverse 
ratio of the distance r as we pass along a straight line drawn from 

the radiating particle. The flow" of energy changes as • 


24 (Page 58). Considering any one of the dependent variables, 
say first as a function of x, y, and then as a function of 

X, y'j z'j t\ we have the following relations, arising from (96) com- 
bined with 

as we may write instead of (97) if the square of is neglected, 


d'iff dx dip dy' , dip dz' . d'lp df dip 

dx dx' dx dy' dx ' dz' dx ' dt' dx dx' 


dip dip Wydip dip dip 

dy dy dt' ^ dz dz' c* dt' ^ 


dip 

dt 


— w 

df ^dx‘ 


^ _ w w ^ 

vdy' ‘d/ 


c* di'^ 


By this the equation (17) becomes 

d^x I I ^ 1 r... ^da; , Sdy 


^ 1 uy I ^ d 

dx' dy' ' dz‘ 


?■- r w + w — 

C^i ^dt' ^^Vdf 



In the terms multiplied by W^, W , we need not distinguish 
between the differential coefficients with respect to x, y\ z\ and 
those with respect to if, a;, y, z. Hence, in virtue of (19), we write 
for the terms enclosed in square brackets 
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In the last term v may be replaced by because we are con- 
stantly neglecting the square of w, and we are led at once to equa- 
tion (100) if we keep in mind that 

d.+ yKh,- w^hy)^d;, etc. 

Let UB next transform the first of the three equations taken 
together in ( 19 ), namely 

Ifov 

dy dz c V ^ ' dt) 

It assumes the form 


dy 


dh. 

V df 


dhj 

dz' 


w, dh^j 
~dt' 




or, if is replaced by 

w 4- 

* \do:' ^ dy ^ dz' / ^ 

and if the terms are arranged in a different order, 


dy' 


7(h,-|(w.d,-w,djl-A{h 


-kw,d,- w,d,)l 


T + I" ^ 1 I 


This is the first of the equations contained in (102). 


25 (Page 59 ). We shall begin by observing that the potentials 
(p' and a' satisfy the differential equations 

(«!) 

d^ d^ d^ 

(ct. Note 4 ), where A is now an abbreviation for + ^-—2 + ^73, 
and that they are mutually connected in the following manner: 

diya' = -|-|f + ^l-(w-a'). { 44 ) 

In order. to prove this latter formula we shall start from equa- 
tion ( 5 ) of Note 2 , which, in terms of the new variables, may be 
written 


dt' 


w. 


dg 

'dx 


— w 


vdy 


*■1? + Si’Cev) 



- » 


; 
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or, if the square of W is agam neglected, 

W + (w • = 0. (45) 


If, in an integral of the form (104) or (105), the factor by 
which — is multiplied is a continuous function of the local time f 

and the coordinates rr', y, / of the element dS, the partial deriyatiyes 
of the integral with respect to t' or to the coordinates of the point 
for which it is calculated, are found by simply differentiating the 
said factor with respect to or x\ y, z, the differential coefficient 

being again taken for the yalue ^ of the local time. 

According to this rule 


from which we infer that 


If -«/i 

hat 


In yirtue of (45) these yalues verify the equation (44) and it is 
further found by direct substitution that the fundamental equations 
(100) — (103) are satisfied by (106) and (107) (see, however, Note 6). 
We have, for example, 


divd' 

But by (44) 


- — div A — i\(p' + ~ A(w . a'). 
c c 


SO that the foregoing equation assumes the form 

div d' = i- _ A^' - i (w • a') +. ; A(W . a'). 


The two terms containing a' are equal to 


1 

c 



{Aa'- 



I). 


and in virtue of (42) and (45), the right-hand side of the equation 
becomes identical with that of (100). 
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^0 difficulty will be found in the verification of (101) and (103)* 
i equation (102), we find from (107) (cf. Note 1) 

rot h' = rot rot a' = grad div a' A a', 
if we use (44) ^ (43) and (106), 

’ = — -7 gi’ad 9 ' + -^ gi'ad (w • a') + 7- (> u — ^ a' = -^ (d' + () u ) 

26 (Page 59), The problem may be reduced to that of deter- 
:g the field due to a single moving electron (ef. §§ 38, 41, 42 
jfote 19). Let F be the distant point for which we want to 
'ate the potentials g)' and a' at the local time t', and a de- 
point of the electron, say its centre, in its effective position, 
lat, if t-Q is the time (local time of M) at which it is reached, 
• the length of ilZP, 

r = c{t' — tf)'). (4.6) 

Dhoosing M as origin we shall call x y p, ^ the coordinates 
x\ y, / those of some point Q of the electron at the time 
time of M), y/, 0 ' the coordinates of the effective position 

this point, and + t (local time of. M) the time at which it 
iched, so that, according to (97), the local time of itself is 
represented by 

t' ^ “a ^ 

rhe condition that be the effective position of the point con- 
id is expressed by an equation similar to (46), namely 

iing the square on both sides, 

(x'^-x:f-}-{y'^-y:y+(z^-z:r 
=■ c®(r - — xy -I- 2(#' — V — r) (v/^x' + .Wyt// + v/X)- 

rhe interval t being very short, we may write 

hich, if teigns of the second order with respect to x', /y', 0 , t 
eglected, and if (46) is used, our condition becomes 

— (x'p x' + y'p y ^ /pZ) — ru^x 
rex + ^ (w^x' + .Wyi/' + w,/) + ^ (w • u)t, 

{X'p »'+ y'p y+ z'p z) + y j/'+ W^') 

r(c— uj — .-~(W‘ u) 


r * 


(47) 
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Here means the component of U in the direction of JfP, the 
product ru^ having replaced the expression 

Having got thus far we can again distinguish between an ele- 
ment dS of the electron in its position at the instant tQ (local time 
of M) and the element dS^ which contains the effective positions of 
the different points of dSp the ratio between the magnitudes of these 
elements being given by the functional determinant of y^y 
with respect to x', y', i. e. by 




— 4 - 


\ ^ 


We shall retain only the terms of the first order with respect 
to Uy, u^. Doing so, we may neglect in ^ 7 , the terms 

containing these velocities, so that (47) gives for the determinant 

-l+”f + ;pr(liw). 

Finally we have the following equations, similar to those which 
we found in Note 19, 



Now, if we put 




we find 


. .S e_{ 

(49) 

and, in virtue of (106), 


d' = -^a'-grad(^')- 

(50) 


Comparing the formulae (^P), (48) j (50) and (107) with (79), 
(33) and (34), keeping in mind that, when V is very small, the 

V 

factor 1 — ^ may be omitted in the second of the equations (79), 

V 

and replaced by 1 -f in the numerator of the first, we see that 

there is perfect equality of form. Hence, if we speak of oorrespond- 
ing states when the dependency of d', h' on x\ y\ f in a moving 
system is the same as that of d, h on Xy y, Zytms. stationary one, 
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we may draw the following conclusion. The field produced at distant 
points of a moving system by an electron whose coordinates x\ y\ z 
are certain functions of t' (the local time belonging to the instantaneous 
position of the electron) corresponds to the field produced in a system 
without translation by an equal electron whose coordinates rr, z 
are the same functions of t 

Of course, this theorem may be extended to any number of 
electrons, so that we may also apply it to a polarized particle. We 
shall suppose this latter to be so small that the differences between 
the local times of its various parts may be neglected. Then it makes 
no difference, whether we sa> that the coordinates x', y\ z of an 
electron moving in the particle are certain functions of the local 
time belonging to the instantaneous position of the electron itself, 
or that they are the same functions of the local time belonging to 
some fixed point, say the centre, of the particle, and we have the 
proposition: The field produced in a moving system by an electric 
moment whose components are certain functions of t' (the local time 
of the centre of the particle) corresponds to the field existing in a 
system without translation in which there is an electric moment 
whose components are the same functions of t. But, in the latter 
case, the field is determined by (88) und (89). Therefore, we shall 
have for the moving system 


(9>0 


1 

47e 




dx' 


dy' 


+ 


dz' r 


). 


a'= 


i.Pj... 

iTfcr ^ 


and we shall find d' and h' by using the formulae {50) and (107). 

It follows from this that the expressions for the field belonging 
to the electric moment represented by (108) may be found as stated 
in the text. 


27 (Page 60). In a stationary system the condition at the sur^ 
face of a perfectly conducting body is, that the electric force be at 
right angles to it. This follows from the continuity of the tangential 
components of the force, combined with the rule that in a perfect 
conductor the electric force must be zero, because otherwise there 
would be a curient of infinite strength. 

Now, in a moving system, an electron that is at rest relatively 
to it is acted on by a force whicli according to (23), is given by 

d + }[W.h]. 

As this is equal to the vector d' defined by (98), d' plays 
exactly the same part as d in a system without translation, and by 
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going somewhat further into the phenomena in ponderable bodies^ 
one can show that, in a moring system, d' must be normal to the 
surface of a perfect conductor. Moreover, for the free ether, the 
equations which determine d' and h', when referred to moving axes 
and local time, are identical in form with those which we have for 
d and h, when we use axes having a fixed position in the ether. 
This appears at once from the equations (100) — (103). 

28 (Page 62). Since dy and = — dy(r), we have 

and for the energy per unit of volume 

We + Wm=^ (dy + dy(r))^ + (H^ + h.(r))* } 

= i'(d/ + h/) + i(dy(r) + hl(r)). 


29 (Page 67). Problems relating to the motion of the innumerable 
electrons in a piece of metal are best treated by the statistical method 
which Maxwell introduced into the kinetic theory of gases, and 
which may he presented in a simple geometrical form so long as we 
are concerned only with the motion of translation of the particles. 
Indeed, it is clear that, if we construct a diagram in which the 
velocity of each electron is represented in direction and magnitude 
hy a vector OP drawn from a fixed point 0 , the distribution of the 
ends P of these vectors, the velocity points as we shall say, will 
give us an image of the state of motion of the electrons. 

If the positions of the velocity points are referred to axes of 
coordinates parallel to those that have been chosen in the metal 
itself, the coordinates of a velocity point are equal to the components ' 
S, rj, 5 of the velocity of the corresponding electron. 

Let dX he an element of volume in the diagram, situated at the 
point (I, rjj S), so small that we may neglect the changes of 17 , J 
from one of its points to another, and yet so large that it contains 
a great number of velocity points. Then, this number may be 
reckoned to be proportional to dX. Representing it by 

m, n, t)di (51) 

per unit volume of the metal, we may say that, from a statistical 
point of view, the function f determines the motion of the swarm 
of electrons. 

It is clear that the integral 

f m, 71, t)dx, 
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extended over the whole space of the diagram, gives the total num- 
ber of electrons per unit of volume. In like manner the integral 

/ %m> % ^)dk {52) 

represents the stream of electrons through a plane perpendicular to 
OXj i. e. the excess of the number passing through the plane to- 
wards the positive side over the number of those which go in the 
opposite direction, both numbers being referred to unit of area and 
unit of time. This is seen by first considering a group of electrons 
having their velocity points in an element dX] these may be re- 
garded as moving with equal velocities, and those of them wh.ich 
pass through an element dts of the said direction between the mo- 
ments t and t dty have been situated at the beginning of tliis 
interval in a certain cylinder having d^ for its base, and the height 
The number of these particles is found if one multiplies the 
volume of the cylinder by the number 

Hence, if means an integration over the part of the diagram 
1 ^ 

on the positive side of the Tj^-piane, and J an integration over the 

2 

part on the opposite side, the number of the electrons which go to 
one side is 

dadt f m> n, t)dk, 

1 

and that of the particles going the other way 

dsdt f - lf{%, ri, i)dX. 

2 

The expression (52') is the difference between these values divided 
by dadt 

If all the electrons have equal charges c, the excess of the 

charge that is carried towards the positive side over that -which, is 

transported in the opposite direction is given by 

J== e f IfdX, {53) 

and it is easily seen that, denoting by m the mass of an electron 
and by -f* f ^ the square of its velocity, we shall have 

f ^r^fdX {6i) 

for the difference between the amounts of energy that are carried 
through the plane in the two directions. The quantities (53) and (54) 
are therefore the expressions for the^flow of electricity and for that 
of heat, both in the direction of OX 



proceed to establish, on the assumption that the electrons are subjected 
to a force in the direction of OX, giving them an acceleration X 
equal for all the corpuscles in one of the groups considered. 

Let us fix our attention on the electrons lying, at the time tj 
in an element of volume dS of the metal, and having their velocity 
points in the element dk of the diagram. If there were no encounters, 
neither with other electrons nor with metallic atoms, these electrons 
would be found, at the time t dtj in an element dS' equal to dS 
and lying at the point (x ^dt, y + iqdtj z + At the same 

time their velocity points would have been displaced to an element 
dX' equal to dX and situated at the point (| + Xd^, % g) of the 
diagram, so . that we should have 

X^^, X ^dtj y '•f- ^ddj z ^dt^ t d£)dS dX 
= y? t)dSdX, 

The impacts which take place during the interval of time con- 
sidered require us to modify this equation. The number of electrons 
constituting, at the time t + dt^ the group specified by dS' and dX\ 
is no longer equal to the number of those which, at the time i, be- 
longed to the group (dS^ dX), the latter number having to be dimi- 
nished by the number of impacts which the group of electrons under 
consideration undergoes during the time di, and increased by the 
number of the impacts by which an electron, originally not belonging 
to the group, is made to enter it. Writing adSdXdi and IdSdXdt 
for these two numbers, we have, after division by dSdX = dS'dX', 

/'(I Xdtf rjy X ^dtj y + ridt^ z t + dt) 

= Vy Vy ^y ^ 

or, since the function on the left-hand side may be replaced by 


y, z, t) + + + + + 


( 55 ) 


This is the general equation of which we have spoken. 

We have now to calculate the values of a and 6. We shall 
simplify this problem by neglecting the mutual encounters of the 
electrons, considering only their impacts against the metallic atoms. 
We shall further treat both the atoms and the electrons as perfectly 
elastic rigid spheres, and we shall ascribe to the atoms masses so 
great that they may be regarded as unmovable. 
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Among all the encounters we shall provisionally consider onl/ 
those in which the line joining the centra of the atom and th^ 
electron has, at the instant of impact, a direction lying within a de- 
finite cone of infinitely small solid angle do. If is the sum of 
the radii of an atom and an electron, and n the number of atoms 
per unit of volume, the number of electrons of the group {51) which- 
undergo an impact of the kind just specified during the time dt^ is 

equal to nE^f{^, g)r cos %'dldcodt. {56') 

Here # is the sharp angle between the line of centra and the direc- 
tion of the velocity r. 

The velocity of the electron at the end of a collision is found 
by a simple rule. After having decomposed the original velocity into 
a component along the line of centra and another at right angles to 
it, we have only to reverse the direction of the first component. 
Hence, the new velocity point P', whose coordinates I shall call 
f', and the original one (^, g) lie symmetrically on both sides 
of the plane W passing through 0 at right angles to the axis of 
the cone do, and when the point P takes different positions in the 
element dX, the new point P' will continually lie in an element 
that is the image of dl with respect to the plane and is there- 
fore equal to dX. 

This last remark enables us to calculate the number J, so far 
as it is due to collisions taking place under the specified conditions. 
By these, a velocity point is made to jump from dX' to dX^ and tho 
number of these ,,inverse‘^ encounters is found by a proper chango 
of the expression {56), While we replace g by g', wo 

must leave the factor ro.osd'dX unaltered, for we have dX'^dX 

r (if r' is the velocity whose components are g'j, and thej 

line joining the centra makes equal angles with r and r'. 

We get therefore 

nR^f{^\ rj', g')r cos %'dXdodt. 

Subtracting {56) from this and integrating the result over all 
directions of the axis of the cone do which are inclined at sharjj 
angles to the direction of r, we shall obtain the value of (h — a) dXdt, 

When the force which produces the acceleration X has a con- 
stant intensity, depending only on the coordinate x, there can exist 
a stationary state, in which the function f contains neither y nor z, 
For cases of this kind, which occur for instance when the ends of b 
cylindrical bar are kept at different temperatures, or when it is sub* 
jected to a longitudinal electric force, the fundamental equation (55*' 
becomes 

nR^rf {fd; V, 0 - g) } cos ft = X !!■+ 1 II . (5^ 
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In performing the integration we must leave ^ unchanged, 

so that r is a constant, hut we must not forget that the values of 
g', rf, depend on the direction of the line joining the centra. 
Denoting by /*, g, h the angles between this line (taken in such a 
direction that the angle with r is sharp) and the axes, we have 

fc' === I _ 2r cos 0" cos /J y' ^ t] — 2r cos <0- cos ?' == S — cos d’ cos h. 

So long as the state of things is the same at all points of the 
metal, the electrons will move equally in all directions. It is natural 
to assume for this case Max well’s well known law expressed by 

fil ri, (58) 

where A and h are constants. 

Using the formulae 

+ 00 

^1= 

— . 00 

•{- 00 _ 

— 00 

we find from (58) for the number of electrons per unit of volume 

+ QO +00 -1-00 

N-aJ j j {59) 

— 00 — CO — 00 

and for the sum of the valued of |^, for which we may write 
if we use a horizontal bar to denote mean values 


+ 00 + oo + oo 

Nl^==A Iff e-M^+'i^^i"-n^didtidl^AJ,J,^ = lAyil 

— 00 — 00 — eo 


It follows from these results that 




2h^ 


and that the mean value of the kinetic energy of an electron is 
equal to ^ 

4:h 


But we have already made the assumption that the mean kinetic 
energy is equal to aT. Therefore 


3 m 

I^f’ 


(60) 


an equation which, conjointly with (5.9), tells us in what manner the 
constants li and A are determined hy the temperature and the nuniber 
N of corpuscles per unit of volume. 
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It is clear that the formula (5Sj can no longer hold when there 
is an external force or when the ends* of a metallic bar are unequally 
heated. Yet, whatever be the new state of motion, we shall always 
have a definite number N of electrons per unit of volume, and a 
definite value of the mean square of their velocities, and, after having 

3 

assigned to /^ and A such values that is equal to this mean square 
and AJ/^ to the number 2V, we may always write 

where qp is a function that remains to be determined. For this we 
have the fundamental equation (57) and in addition to it the con- 
ditions 

f<pdl = 0, fcpr"-dl=^Q, {62) 

which must be fulfilled because the term As^^'^ has been so chosen 
that it leads to the values of N and r'^ really existing. 

The function qp is the mathematical expression for the change 
which an external force or a difference of temperature produces in 
the state of motion of the system of electrons. Now, this change 
may be shown to be extremely small in all real cases, so that the 
value of cp is always small in comparison with that of 
Hence, on the right-hand side of equation (57) we may replace f 
by Ab~'^^^''. On the left-hand side, on the contrary, we must use the 
complete function {61), because here we should find zero, if we 
omitted the part qp(^, t;, £). 

The equation therefore becomes ^ 


nB^r j' 1)', 0 ~ V> 01 



(63) 

Let us try the solution 


9(^5 n-, t) = h(f), 

{6d) 

where % is n. function of r alone. This assumption is in accordance 
writh the conditions (62), so that we have only to consider the prin- 
cipal equation {6S). Substituting in it the value • (64) we first find 


n, t') - 9(5? S) } cos dm x{r)J{^' — I) cos d'dcj 
= — 2r%{r)J^co^^ O' eosfd(D. 


Let us imagine two lines OP and OQ, drawn from the origin 
of coordinates, the first in the direction of the velocity (|, rj, and 
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tlie second in that of the line of centra at the moment of impact, 
the angle POQ=‘^ being sharp. Denoting by the angle POX 
and by ^ that between the planes POX and POQ, we have 


cos f ^ cos (jL cos O' + sin sin O cos 

2 ^ 2 7t 

J* ^os^d‘Cosfd(o = J* J cos^ O (cos ^ cos 0 + sin /tain O cos sind' dd'd'ij/ 


0 0 


2 

== 2^ cos ft J cos^O sinOdO = ^ 2 

0 

by which (GS) assumes the form 

- ^nmin(r) = (- 2hAX + 


showing (because | disappears on division) that our assumption really 
leads to a solution of the problem. 

If we put 

^ 1 

7tnR^ 

the result is 

x(r)-l(2hAX-^^ + r>Af^-'- ,(«5) • 


Finally we find from (55). and (54) for the currents of electricity 
and of heat 

J = e f^^%{r)dX, 

In these formulae J" may be replaced by and dX by 
the integration is thereby reduced to one with respect to r from 0 
to oo. Next substituting the value (6*5), and choosing s as a 
new variable, we are led to the integrals 





and 





The values of these are 
1 


2 A ^ 

1? 


SO that the two currents are given by 
J=^~otel [~{2}iAX- 

W ^\ %ml[l;;,(2hAX- 

Lorentz, Theory of electrons. 2“^. Ed. 


dA\ I 9 j£ 1 

dx\^ 

dA\ ^A dh] 
dx) dx i 
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The coefficient of electric conductivity 6 is easily found from 
the first of these equations. Let the cylindrical bar be kept at uni- 
form temperature throughout its length. Then ^ = 0, and 

when there is an electric force E producing an acceleration 


the electric current will 




m ^ 


be 


47 eZJ[e® jP 


We conclude from this that 

4^7tliA.e^ 

® ’ 

of, if we use the relations (59) and (60). ^ introducing at the same 
time a velocity u whose square is equal to the mean square r®, so 

, T . 2 a T 

that m == — , 


■■V-- 

V ^7( 


eHNu 

ocT 


In order to find the conductivity for heat we shall consider a 
bar between Whose ends a difference of temperature is maintained, 
these ends being electrically insulated, so that no electricity can enter 
or leave the metal. Under these circumstances the unequal heating 
will produce a difference of potential which increases until the electric 
force called forth by it makes J vanish. The final state Tvill be 
characterized by 


givmg 




dA _ 

dh 

"" h dx^ 


dx 


A dh _ 

StvIAcc 

dT, 

dx 


dx 


where we have also used the relation (60), From this we infer the 
coefficient of thermal conductivity 

7 %7cl Ad 8 t /2 7 ^., 

It remains to add that the quantity I may be considered as a 
certain mean length of free path. 


30 (Page 77). As a preliminary to the deduction of Wien’s 
law, we shall extend to the case of an oblique incidence the reasoning 
given in § 46. A beam of light propagated in a direction lying in. 
the plane XO and making an angle with OX may be represented 
by expressions of the form 


X COB -O' + sm 
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and when it falls upon a fixed mirror whose surface coincides with 
the plane YOZ^ we shall haye functions containing the factor 

COS n U H h p] 

for the quantities j-elating to the reflected light. 

Now, the theorem of corresponding states (§ 45, Note 26) tells 
us that when the mirror has a translation with velocity w in the 
direction of OX, there can be a state of things represented by equa- 
tions in which the above goniometric functions are replaced by 

X cos -O' 4- 2 sin d" 

,„(t — ± — 


cos J 


and 

where 


cos n 


(t' + 


x' cos 9- 


sin 9- 


+ p) 

( 66 ) 

+ i’) > 

( 67 ) 


X == X — wt and f ==^ t ^ x 


The frequencies of the beams are given by the coefficients of t 
in these expressions {66) and (67) 

n ^1 + ^ cos and n(l cos , 

so* that, if the frequency of the incident rays is 

n ^1 -f ^ cos 0’^ = n , 

that of the rays reflected by the moving mirror is given by 

n ^ cos . 


It follows from this that a wave-length A is changed to 
A (l + cos . 

ft 

We shall also have to speak of the pressure acting on a per- 
fectly reflecting mirror receiving under the angle # a bundle of 
parallel rays. As it will suffice to know the pressure exerted on 
the mirror when at rest, we may apply the formula found in § 25. 
Since all the light is reflected, we have s" = 0, and js'j = |8|, the 
magnitude of these last vectors being equal to the product hy c of 
the energy i existing in the incident beam per unit of volume. 
Moreover, if A is the area of the mirror, we have 2J = 2?' = JL cos O’. 
As the vectors s and s' are in the direction of the rays, it is easily 
seen that the vector s — s' is directed towards the mirror along the 
normal. The resultant force is therefore a normal pressure whose 
magnitude is 2J.icos^O, or 2icos^O per unit of area. 
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Turning now to the proof of Wion^B law, we shall consider a 
cylindrical vessel closed by a moYabl*! piston and void of ponderable 
matter. We shall conceive the internal space to be travc^rsed in all 
directions by rays of light or heat, it being our objtait to examine 
tlie changes in intensity and wave-length that are %rouglit about by 
the motion of the piston. We suppust^ tJie latter to be perfee^tly 
reflecting on the inside, whereas the walls and the bottom of the 
cylinder are „perfectly white‘', by wliieh we mean that tlu^y rcllect 
the rays equally in all dirijctlons and without any change in wave- 
length or any loss of intensity. By making thest^ assumptions, and 
by supposing the motion of the piston to bo extremely slow, we 
secure for all instants the isotropy of the states of radiation. 

Let us fix our attention on the rays (‘xisting at a certain time t 
with wave-lengths between the limits I and X and Ic^t us de- 

note by il)(X)dX the energy per unit of volume bedonging to these 
rays, or, as shall say, to the group (X, X t dX). If A is the 

surface of the ])iHtou and h its height above the bottom of the 
cylinder, the total em‘rgy belonging- to the group in c|uestion is 

r/ /l/n/»(A)^/A, (6’iS) 

and we may find a (lilhu-ential iuiuaiinu proper for the detormiuatiou 
of ^ as a function of X and if, by examining tiie ([uantities of energy 
that are lost and gained by the group (A, A fiAh 

In the first ])lace a loss is caused l)y the rellexion of part of 
the rays against the moving piston, for eveuw ray which falls upon 
it, has its wave-length changed, ho that, after the retlexion, it no 
long(U‘ beloAgs to ilu^ gnmp (A, A -h dX), In order to cahmlate the 
loss wo may observe that the rays of which we art*, speaking are 
travelling equally in all directions; hence, if wt* confine ourselves to 
those whose direction lies within an iniinittdy narrow cone of solid 
angle dm, we have for the energy per unit of volume 

^^4){X)dmdX. 

and for those rays whose direction makes an angle beiwtu*u # uutl 
'O' + r/O- with the normal to the piston (drawn towards t\w outside) 
the corresponding value is 

ilf(X) sin i>d{>dX, 

During the interval dt the piston is struck by tht*He rays in ho 
far as, at the time t, they were within a distance r cos lYdi from the 
piston, i. e, in a part of the (flintier whos(^ volume is cA vml>di, 
so that the energy falling upon the piston is 

}cAilf{X) sin4> mB^dd'dXdt. 
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Integrating iBrom 'O’ === 0 to O’ ~ one finds for the energy 
that is lost by the group {X, X dX) 

\cAif{X)dXdt. {69) 

On the other hand a certain amount of energy is restored to 
the group because rays originally having another vrave-length^ get 
one between X, and X dX by their reflexion against the moving 
piston. 

Let us begin by especially considering the rays whose direction 
before reflexion, is comprised within a cone c?c3 whose axis makes 
an angle \7t) with the normal to the piston. If X is their 

wave-length before reflexion, it will he changed to 

X==(l+ ^GOSd-'jX', 

where w is to. be reckoned positive when the motion of the piston 
is outward. Hence, if the new wave-length is to lie between X and 
X + dXj the original one must be between X' and X' + dX\ where 

r=(l_?i«cos#)A, 

dX' = ^1 — ^ cos ■9'^ dX. 

The energ*y of these rays per unit of Volume is 

i = ^'il){X‘)da)dX' 

and one sees by a reasoning similar to that used above that the 
amount of energy belonging to the group of rays defined by A', 
dX^ which falls upon the piston during the time dty is equal to 

cAi Qo^d'dt. 

Part of this energy is spent in doing work on the piston, and 
it is only the remaining part that is gained by the group (A, X + dX), 
The pressure exerted on the piston by the rays of which we 
are now speaking being 

2Ai cos- d', 

and its work during the time dt 

2tvAi Gos^ 

the amount of energy restored to the group (^, X -j- dX) is given by 
cAi cos ^dt — 2wAi cos^d'dt. {70) 

As we constantly neglect the square of Wy we shall replace i 
in the second term by 

■^tp{X)d(X)dX 



278 NOTES. 30 

and in the first term by 

^1 — ^ cos 

= ^ ^ cosfi’ • 

since 

By this we get for the expression {7G) 

~ l^cosO- • ilf(l) — ^ cos®# |2^(A) + l^^]^’^^d(odXdt. 

Extending the integral of this with respect io d(o over all direc- 
tions of the rays for which # < we find the energy that is 
restored to the group (vl, X + dX) atid must be subtracted from {69), 
Since 



the result of the integration is 

I cA [^(X) _ { 2 1 (A) + A II) ] , 

and we have for the change of the energy existing in the cylinder, 
so far as it belongs to wave-lengths between X and A + rfA, 

d Ji 

But, since -r^ = tv, we see from {68) that 

^ = wAtlj{X)dl + Ah^dX, 

so that 

/ I -L 2 1 -t d'0 

OT, if we put 

|s__,(s* + ,||). („) 

This differential equation enables us to calculate the change 
which the motion of the piston produces in the distribution of the 
energy over the different wave-lengths. In order to put it in a form 
more clearly showing its meaning, we shall first deduce from it the 
rate of change of the total energy per unit of volume 



NOTES. 


279 


For this purpose we have only to multiply (71) by dXy and to 
integrate each term from = 0 to ^ = cx). Since 

0 

and 

00 00 00 

0 ~ 0 0 

we find 

dt ’ dt 

In deducing this equation I have supposed that for X = oo the pro- 
duct Xf tends towards the limit 0. 

Now, when the velocity w is given for every instant, jfc is a 
known function of the time and so will loe K. We may therefore 
introduce this latter quantity as independent variable instead of t 
Putting 

logZ = I 

and considering as a function of this quantity and of 

logX = 1?, 

•we find from (71) after division by — hijj, 

4 = 5 4- . 

' dn 

This is simplified stiU further if, instead of | and 17, we introduce 
I' = I and 1?' = 1 + 4ij 

as independent Tariables. The equation then becomes 

^(iog^-ir) = o, 

showing that the expression 

logt^f — f = log , 

and therefore 

itself must be a function of rj' alone. But 

V = I + 4t? - 41og(AZl-), 

BO that ■^K~i may also be represented as a function of The 

solution of our equation is thus seen to be 


( 72 ) 
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where we have expressed that is a function of X and Ky and where 
the function F remains indeterminate. 

If, in the course of the motion of the piston, the value K' of K 
is reached, we shall have, siipilarly to (73), for any wave-length 

The right-hand side of the first equation becomes equal to that of 
the second, if we replace X hy 



so that 

Hence, if in the original state the distribution of energy is given 
by the function y(A),'i. e. if, for all values of X, 

^(A, J5Q = 93(A), 

we find for the corresponding function in the final state 

♦■a I') -(§)*,((§ )*x). 

31 (Page 80). Planck finds in 0. Gr. S.-nnits 

cc^ 2,02 

(so, that the mean kinetic energy of a molecule would be 2,02 • 
ergs), for the mass of an atom of hydrogen 

1,6 « 10“®^ gramni 

and for the universal unit of electricity expressed in the units which 
we have used 

1,6 * 10-20 c ]/ 4 ”^ 

(see § 35). 

32 (Page 81). In a first series of experiments Hagen and 
Rnhens deduced the absorption hy a metal from its reflective power; 
they found that for 1 *= 12fi, 8^ and even for X ^ the results 
closely agreed with the values that can be calculated from the con- 
ductivity. In later experiments made with rays of wave-length 25,5 ^ 
(,,Rest8trahlen^^ of fluorite), which led to the same result, the omis- 
sivity of a metal was compared with that of a black body, and the 
coefficient of absorption calculated by our formula (122) (p. 69). 

33 . (Page 81). Let us choose the axis of x at right angles to 
the plate, so that rr = 0 at the front surface and x ^ J at the back; 
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further, let a be the amplitude of the electric vibrations in the in- 
cident beam, this beam being represented by 

dy = a cos n(t^ 

The electric force in the interior of the thin plate may be 
considered as having the same intensity at all points. It produces a 
current of conduction 



and a dielectric displacement in the ether contained in the metal. The 
variations of this displacement, however, do not give rise to any ther- 
mal effect, and the heat produced will therefore correspond to the 
work done by the force while it produces the current J^. Per 
unit of time and unit of volume this work is equal to 

J E = E 2 

so that the development of heat in a part of the plate corresponding 
to unit of area of its surface is given by 

eE/J. 

Now, at the front surface, E^ is equal to the corresponding 
quantity in the ether outside the metal (on account of the continuity 
of tbe tangential electric force), i. e. to where relates 

to the reflected beam. Since, however, the amplitude of d^^^^ is propor- 
tional to and since we shall neglect terms containing we may 
omit In this way we find for the development of heat 

cos^ (nt 

and for its mean value during a time comprising many periods 

The coefficient of absorption A is found if we divide this by the 
amount of energy \a?c which, per unit of time, falls upon the portion 
of the plate . considered. 

34 (Page 85). This is confirmed by the final formula for a/ 
(p. 89), according to which this quantity is proportional to s®, and 

therefore to ~ • 

35 (Page 87). The truth of this is easily seen if we consider 
both the metallic atoms and the electrons as perfectly elastic spheres, 
supposing the former to be immovable. Let a sphere whose radius JB 
is equal to the sum of the radii of an atom and of an electron be 
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described around the centre 0 of an atom, and let a line OP be 
drawn in a direction opposite to that in which an electron strikes 
against the atom. Then, the position of the point Q on the sphere 
where the centre of the electron lies at the instant df impact may 
be determined by the angle P 0 Q — ^ and the angle (p between the 
plane POQ and a fixed plane passing through OP. The probability 
that in a collision these angles lie between the limits d' and '9* + d-d’, 
q) and q + dq, is found to be 

“ sinfi* coS'9’d'9'(Z^, {73) 

where ranges from 0 to and q from 0 to 23t. 

Let us also represent the direction in which the electron re- 
bounds, by the point S where a radius parallel to it intersects the 
spherical surface. The polar coordinates of this point are = 2^ 
and q = 9 ?, and if these angles vary between the limits d'' and 
-O’' + dd'\ q and q + dq ^ the point S takes all positions on the 
element 

d6 = P? sin %''d%''dq' 

of the sphere. But we may write for the expression {73) 

~ dd'" dq\ 

4,‘jt ^ ^ 

so that the probability of the point 8 lying on the element d6 is 

de 

This being independent of the position of dor on the sphere, we 
conclude that, after an impact, all direction* of the velocity of the 
electron are equally probable. 

36 (Page 88 ). Considerilig a single electron which, at the time tj 
occupies the position P, we can fix our attention on the distance 
PQ = l over which it travels before it strikes against an atom. If 
an electron undergoes a great number N of collisions in a certain 
interval of time, we may say that the experiment of throwing it 
among the atoms and finding the length of this free path I is made 
with it N times. But, since the arrangement of the atoms is highly 
irregular, we may just as well make the experiment with N different 
electrons moving in the same direction with a common velocity u. 
Let us therefore consider such a group, and let us seek the number N' 
of it, which, after having travelled ^ver a distance Z, have not yet 
struck against an atom, a number that is evidently some function of 1. 
During an interval dt a certain part of this number N' will be dis- 
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turbed in their rectilinear course, and since this part will be pro- 
portional both to N' and to dt, or what amounts to the same thing, 
to the distance dl we may write for it 

pWdh (74) 

where is a constant. Hence, while the distance dl is travelled 
over, the number N' changes by 

dN' - -- ^N'dl, 

so that we have 

because N' — ^ for Z == 0, 

The expression (74), which now becomes 

pNs-fi^dl (75) 

gives the number of electrons for which the length of path freely 
travelled over lies between I and I dl. The sum of their free 
paths is 

and we shall find the sum of all the free paths if we integrate from 
Z = 0 to Z = oo. Dividing by JV, we get for the mean free path 

oo 

The number (75) of 
I + dl is therefore equal 

or, since 
equ^il to 


37 (P^ge 89). This case occurs when the atoms and the elec- 
trons are rigid elastic spheres, the atoms being immovable, for it is 
clear that an electron may then move with different velocities in 
exactly the same zigzag line. Other assumptions would lead to a 
value of depending on the velocity u, but then we should also 
have to modify the formula given in § 50 for the electric conductivity. 

JBj 

The final formula for -j would probably remain unaltered. 


free paths whose lengths lie between I and 
to 


y~ dl, 






“P — B dl. 
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38 (Page 90). It may be noticed that the numbers given in 
Note 31 can be said to be based on formula (148), if in calcula- 
ting them one uses only the part of the radiation curve correspond- 
ing to long waves. 

39 (Page 92). According to what has been said, the potential 
and the kinetic energy may be represented by expressions of the 
form 

0’= iffliJPi- + • • • + 

immediately showing that the amounts of energy belonging to each 
of the n fundamental modes of vibration have simply to be added. 
Since for small vibrations the coefficients a and 6 may be regarded 
as constants, each mode of motion is determined by an equation of 
Lagrange 

. dt [dpj 

or 

hk — <hPi, 

the general solution of which is 

,3*= acos(]/-^i 4- /s), 

where cc and ^ are constants. 

In this state of motion there is a potential energy 

and a kinetic energy 

y = y % sia* (]/ yj + ^), 

both of which have the mean value 

40 (Page 94). Taking three edges of the parallelepiped as axes 
of coordinates, and denoting by f, g, h the direction cosines of the 
electric vibrations of the beam travelling in the direction (^u-^, Ug), 
we may represent this beam by the formulae 

= fa cos n(f— — ^ ^ + ^ ^ 

= ha cos n(t — — ^ . 
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If we assume similar formulae, with the same constants d and p for 
the seven other beams, replacing by the values indicated 

in (149), and fy g, h by 

fy — 9, — h\— fy g, — h-y — fy — 

f, — 9^ - M — M ~ /i — 9y M 

fy 9y 

respectively,, the total values of d^, d^, are given by 

d^ « — . 8 /a cos^^^^~ sin^^-^ sin^^^^ cosw(^ + p), 

dy «= — Bga sin cos cosn(^ +i>), . (76) 

d =9 — 8ha sin^^^!^ cos n(t +p). 

By these the condition that d be normal to the walls is fulfilled 
at the planes XOYj YOZ, ZOX, for at the first plane, for example, 
^ = 0 , and consequently d^ = 0 , dj^ = 0 . 

The same condition must also be satisfied at the opposite faces 
of the parallelepiped. This requires that, if ^3 have the meaning 

given in the text, 

0 sin^^ = 0 , sin^^ = 0 . 

‘C * c ^ c 

must be multiples of jc, and since ^ = 

2/^1 at 2 /^ 21 * 8^8 

X > X > X 

must be whole numbers. 

41 (Page 94 ). If one of these states, say a state A, is deter- 
mined by the formulae (76) of the preceding Note, in which f gy h 
relate to any direction at right angles to the direction (/i^, fig, fi^), 
a state of things A' in which the polarization is perpendicular to 
the former one is represented by equations of the same form (with 
other constants a and p')y in which f, g, h are replaced by the con- 
stants fy g\ K determining a direction at right angles both to (fy g, 
h) and to (fi^, fig, fig). It is easily seen that any other mode of 
motion represented by formulae like (76) with values of /*, g^ h such 
that 



+ M + = 0 



may be decomposed into two states of the kind of A and A', The 
total electric field will therefore consist of a large number of fields 
A and A\ each having a definite amplitude a and phase p. In 
order to find the total electric energy we must calculate for each 
mode of motion the integral 

and for each combination of two modes 

f((i-d')dS ( 77 ) 

Now, it may be shown that all the integrals of the latter kind 
are zero. For a combination of two states such as we have just now 
called A and A' (which are. characterized by equal values of 
Pa and of the frequency n), this is seen if one takes into account 
that in the integrals 

2 /sin^ M , 

c ’ J c ’ 

0 0 

the square of the cosine or the sine may be replaced by so that 
(77) becomes 

+ 99 + + P) (^08 n(t +p% 

which is 0 because the directions (f, li) and (/*', g\ fe') are at right 
angles to each other. 

In any other case at least one of the coefficients 

e ^ c ^ c 

will be different for the states d and d'. Thus, ^ may have the 
value Jk for one state and the value Tc for the other. The integrals 

sin(Jk — 

Jsm hx Bin Vxdx = - sin Qc + V) sin {1c - 1c')q^ 

both are zero, because Jcq^ and are multiples of ;r. Consequently, 
each of the three integrals 

/ dJ'^dS, etc. 

into which (77) may be decomposed vanishes. 


Jcos lex cos Ic X dx — 2 I ipy siu (Ic "i“ ^ ) “f“ 
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It is readily seen that similar results hold for the magnetic 
energy. It will suffice to observe that, in the state represented by 
the formulae (76), the magnetic force has the components 

^ = 8/^ a sin cos ~~ cos sin n(t + p), 
hy = 8/ a + P)) 

^ 8h' a COB - cos sin sin n(t + p), 

where 

f' = g - gji, li' ^ ^^g - 

are the constants determining a direction perpendicular both to 
P 2 } Ps) and to (f, g, h). 

If farther, one takes into account what has been said of the inte- 
grals (78), it will be found that the parallelepiped contains an amount 

4(r + ^" + 'h7)qig^q^a^GO^^n{t + p) ==■ 4cq^q^q^a^ n(t + p) 

of electric, and an amount ‘ 

4gi22«3^^sin^^(;^ +i?) 

of in$.gnetic energy. Each of these expressions has the mean value 

2q^q^q^a7. 


42 (Page 97). On further consideration I think that it will be 
very difficult to amve at a formula different from that of Rayleigh 
so long as we adhere to the general principles of the theory of 
electrons as set forth in our first chapter. But, on the other hand, 
it must be observed that Jeans’s theory is certainly in contradiction 
with known facts. Let us compare, for example, the emissivity 
for yellow light of a polished silver plate at 15® C. with that (Eg) 
of a black body at 1200® C., confining ourselves to the direction 
normal to the plate. Silver reflects about 90 percent of the in- 
cident light, so that the coefficient of absorption of the plate is 
and by Kirchhoffs law, if E^ denotes the emissivity of 

a black body at 15®. But, by Jeans’s theory (see § 74) the emissivity 
of a black body for light of a given wave-length must be proportional 

to the absolute temperature, so that we have -Eg - JSg > 


Now, at the temperature of 1200®, a black body v^ould glow 
very brilliantly, and if the silver plate at 15® had an emissivity only 
fifty times smaller, it ought certainly to be visible in the dark. 
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It must be noticed that we haye based our reasoning on Kirch- 
hoff’s law, the validity of which is not doubted by Jeans. In fact, 
the point in the above argument was that, at temperatures at which 
a black body has a perceptible emissivity for the kind of rays con- 
sidered, it can never be that, for some other body, only one of the 
coefficients E and A is very small. The silver plate might be ex- 
pected to emit an appreciable amount of light, because its coefficient 
of absorption shows that in reality the exchange of energy between 
its particles and the ether is not extremely show. 

From facts like that which I have mentioned it appears that, 
if we except the case of very long waves, bodies emit considerably 
less light, in proportion to their coefficient of absorption, than would 
be required by Jeans’s formulae. The only equation by which the 
observed phenomena are satisfactorily accounted for is that of Planck, 
and it seems necessary to imagine that, for short waves, the coimeo 
ting link between matter and ether is formed, not by free electrons, 
but by a different kind of particles, like Planck’s resonators, to 
which, for some reason, the theorem of equipai-tition does not apply. 
Probably these particles must be such that their vibrations and the 
effects produced by them cannot be appropriately described by means 
of the ordinary equations of the theory of electrons; some new as- 
sumption, like Planck’s hypothesis of finite elements of energy will 
have to be made. 

It must not be thought, however, that all difficulties can be 
cleared in this way. Though in many, or in most cases, Planck’s 
resonators may play a prominent part, yet, tlie phenomena of con- 
duction make it highly probable that the metals at least also contain 
free electrons whose motion and radiation may be accurately described 
by our formulae. It seems difficult to see why a formula like Planck’s 
should hold for the emission and absorption caused by these particles. 
Therefore, this formula seems to require that the free electrons, 
though certainly existing in the metal, be nearly inactive. Nor is this 
aU. If we are right in ascribing the emission and the absorption by a 
metal to two different agencies, to that of free electrons in the case 
of long waves (on the grounds set forth in § 60), and to that of 
„resonators^ in the case of shorter ones, we must infer that for inter- 
mediate wave-lengths both kinds of particles have their part in the 
phenomena. The question then arises in what way the equilibrium 
is brought about under these complicated circumstances. 

It must be added that, even in the case of long waves, there 
§re some difficulties. To these attention has been drawn by J. J. 
Thomson.^) 


1) J, J. Thomson, The corpuscular theory of matter, p. 85. 
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I ahall close this discussion by a remark on the final state that 
is required by Jeans’s theory. I dare say that it will be found 
impossible to form an idea of a state of things in which the 
energy would bo uniformly distributed over an infinite number of 
degrees of freedom. The final state can therefore scarcely be thought 
of as really existing, but the distribution of energy might be con- 
ceived continually to tend towards uniformity without reaching it in 
a finite time. 


42* (Page 97) [I9i5|. Later researches have shown that in 
all probability the theorem of equipartition holds for systems subject 
to the ordinary laws of dynamics and electromagnetism. A satis- 
factory theory of radiation will thcu-efore require a profound modi- 
fication of fundamental principles. Provisionally we must content 
ourselves with Planck’s hypothesis of quanta. 

We cannot speak hero of the development that has been given 
to his important theory, but one result ought to be mentioned. 

Planck finds that the mean energy of a resonator whose number 
of vibrations jier second is v, is given by 


If kT is much greater than hv, the denominator may be re- 
placed by 

hv 

Ft^ 

and the formula becomes 

E^kT. 

This is the value required by the theorem of equipartition. 
Wo Hoe therefore that this theorem can only be applied if the tem- 
jKirature is sufficiently high. Por lower temperatures E is smaller 
than kT and oven, kT is considerably below hv, we may write 

E hv ~l"j. 
kT’^kT^ 

which is very small. 

The resonators imagined by Planck are „linear“, each consisting 
f, i. of a single electron vibrating along a straight line. If the 
number of degrees of freedom of a vibrator is greater, the total 
energy becomes great too and it seems that we may state as a 
general rule that a system capable of a certain number of funda- 
mental vibrations, when in equilibrium with bodies kept at the tem- 
perature T, takes the energy E for each of its degrees of freedom. 

tiorewta, Theory of electrons. Ktl, 
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We may even apply tliis to the ether contained in the rectan- 
gular box which we considered in §§ 73 und 74.^) 

We found (pp. 94 and 95) 


for the number of fundamental vibrations whose wave-length lies 
between 4 and 1 + dX. Each of these corresponds to a degree of 
freedom and we have therefore to multiply 


E 


hv 


hv 



by tbe above number. 


Replacing v by y? "^^7 


STtch 

~~w~ 


qiiiis-dX 


If we want to know the energy per unit of volume we have stiU 
to divide by the volume of the parallelepiped The result is 

seen to agree with Planck’s radiation formula (132). 


43 (Page 102). In Zeeman’s first experiments it was not found 
possible neatly to separate the components; only a broadening of the 
lines was observed, and the conclusions were drawn from the amount 
of this broadening and the state of polarization observed at the 
borders. 


44 (Page 110). For great values of the coordinates, the coeffi- 
cients c might be functions of them. They may, however, be treated 
as constants if we confine ourselves to very small vibrations. 

45 (Page 112). The result of the elimination of q^, ... 
from the equations (176) is 


fl - 


• ) 

- 




• j 

- 


■ • 


• ? 


= 0. 



* i 

y 




Developing the determinant we get in the first place the principal 

dl = (4 - mi«^) (/i - m^n^) ... (f^- m^n^, 

1) P. Debye, Ann. Pbys. 3B (1910), p. 1427. 
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^ the second place terms containing as factors two of the 

1 c. These coefficients being very small, we may neglect 
^■^1-tlier terms which contain more than two factors of the hand, 
of the said terms is obtained if, in the principal term, the two factors 


fk 


and/;~Wjn^ are replaced by — Hence, 

— the product which remains when we omit from U 


ri / 1 

4 .t_ by JTj, -V. TT uxvjj^ X ^jua.cb^jj.o rYjj.cJLl vy o vriXlXL 

factors /jj — and /j — m,n*, we may write for (79) 

kl 


(80) 


^Tx ocj’oation that can be satisfied by values of differing very little 
fixe roots of tbe equation 

JI-0, 

wKiolx are determined by (172). 

TiLns there is a root 

n^^nl + d, ( 81 ) 

wlxoire ^ is very small. Indeed, if this value is substituted in (60) 
vvo xnsTby replace n® by n| in all the products 71^.,, and the same may 
bo done in the factors of the first term U, with the exception only 
foi* which we must write — rrij^d^ By this TI becomes 


-mjn^(nl), 


wlioiro the last term means the product 77 after omission of the said 
Istotoir, and substitution of nl in the remaining ones. 

In the sum occurring in (80) only those terms become different 
from, zero, in which the factor (corresponding to the par- 

ti onlaor Talue we have chosen for V) is missing. Our equation there- 
fore assumes the form 


- = 0 , 

from -which the value of d is immediately found. 

Tlais value may he positive or negative, but, as it is very small, 
tlxe right-hand side of (8i) is positive in any case, and gives a real 
valne for tbe frequency 


4:6 (Page 113). Equation {70) is somewhat simplified when 
we divide the horizontal rows of the determinant by ]/wi, etc., 

un.d Haen treat the vertical columns in the same manner. Putting 


=« p 

V^h 


(8.9) 


19 
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80 that 


and using (172), one finds 


9 f> 

— ine^^, . 

* > ^ ^ jU 

ifl 6.21, 


• 1 





Let us now suppose that a certain number jfc, say the first fc, 
of the frequencies ^ 2 ? * • • have a common value 1 /, and let us seek 
a value of n satisfying the condition (84), and nearly equal to v. 
When n has a value of this kind, all the elements of the determinant 
with the exception of — are very small quantities. 

Therefore, the part which contains these ^ — /c elements, namely the part 


••• 


greatly predominates. We shall therefore replace (84) by 


— n^, 





n\ — n% 




n\ 


— -meu, . 


' — 

tne^^, 

nl - n*, . 


— 



nl — w® 


Finally, since the quantities e are. very small, we shall replace n 
by V wherever it. is multiplied by an e, so that we find 


V* — n^, 

— *vei2> • 

-ive^^ 

- 

V® — n*, . 


- 


V* — 


an equation of degree k in n'^. 

Now, on account of the relations (83), the latter determinant 
is not altered when we change the signs of all the elements con- 
taining an e (the effect beinsr merelv that thA hnvi»7rk-»ital rows become 



equal to the original vertical columns). Hence ^ after development, 
the equation can only have terms with an even number of these ele- 
ments, so that it is of the form 

(^2 _ ^ q _ p ^^^2 _ ^ 2 y - 4 * q . . . . _ 0 , ( 86 ) 

where is made up of terms containing two factors of the form 
ive^ Pg of terms containing four such factors, and so on. 

It follows from this that the coefficients P are real quantities. 
But we may go further and prove that, if is considered as 

the unknown quantity, all the roots of the equation (66) or (86) 
are real. 

For this purpose we observe that, on account of (S5), if we take 
for one of its roots, the equations 

(v^ ^ n^)x^ — ive^^x^ ^ 

— ive^^x^ + (v^ — v?)x^ ive^j^Xj^ == 0 , 


— — ivef,^x^ ^ 0 

may be satisfied by certain values of %, cCj . . . which in general 
will be complex quantities. Let x^, x^y . .. x^ be the conjugate values. 
Then, multiplving the equations by x^, ... x^^ respectively and 
adding, we find 

(^2 _ ^2^ ^XjXj — V ^i(ej^XiXj + eyXjX^) -= 0. (87) 

Kow, putting 

Xj = ly + *5?y, = ly - iljy, — I, + i%, — hl> 

we have 

»y»y = ly* + 1/y*, 

and, in virtue of (83), 

i(ejiXjXj 4" ~ ^jVi)' 

The two sums in (87) are therefore real, and n* must be so 

likewise. 

We have now to distinguish the cases of Jc even and h odd. 
In the first case (86) is an equation of degree ^Jc, when (v^ — n^Y is 
considered as the quantity to be determined, and, since must 

be real, its roots are all positive. Calling them a®, yV* • 
have the solution 

n^-~v^^±a, ±./S, ±y, ... 

whence 

« = V±^, *'±^» ••• (SS) 

being k valuefe of the frequency. 
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Whien Ic is odd, equation (86) has the factor v® — w®, so that one 
root IS 


n = V, 


corresponding to the original spectral line. After haying divided the 
equation by we are led back to the former case, so that 

now, besides n ^ v, there are 1c — 1 roots of the form {88). 

In the particular case of three equivalent degrees of freedom, 
equation (86) becomes 

(v*— w*)“ H- (v® — «®)v*(ea8e82 4 - « 8 ifija + ^is^ai) = 0 , 

giving n* — i/® = 0 and 

m 2 _ 1/2 = + ef 2 , 


from which (177) immediately follows, if we replace v by and 
^ 31 , by their values (8J2). 

I am indebted to a remark made by Dr. A. Pannekoek for the 
extension of the foregoing theory to cases of more than three equi- 
valent degrees of freedom. 


47 (Page 113). That the distances between the magnetic com- 
ponents of a spectral line will be proportional to the intensity of 
the magnetic field (for a given direction of it) is also seen from 
the general equation (86). It suffices to observe that each quantity 
e is proportional to |K|. Therefore is proportional to H®, P^ to 
and so on. The values of which satisfy the equation 

vary as |H| itself, and as they are very small, the same is true of 
n — V . 


48 (Page 120). In the following theory of the vibrations of a 
system of four electrons we shall denote by a the edge of the tetra- 
hedron in the position of equilibrium, by I the distance from the 
centre 0 to one of the edges, by r the radius of the circumscribed 
sphere, and by the angle between the radius drawn towards one 
of the angles and an edge ending at that angle. We have 

co8# = ]/-|-, Z = la>/2, r-iaVe. 

In the state of equilibrium one of the electrons A is acted on 
by the repulsions of the three others, each equal to 


4 * 0 *’ 
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and by the force due to the positiye charge. The latter force is 
the same as when a charge e — placed at the point 0. 

Hence we have the condition of equilibrium 


3e^ ee 

5 cos 'O’ + 5 : 

4,7ca^ ‘ 45tr* 


= 0, 


or 


(>0 = - 


3€ 


The frequency of the first mode of motion is easily found by ob- 
serving that, after a displacement of all the electrons to a distance 
r + d from the centre, where d is infinitely small, the resultant 
force acting on any one of them would remain zero, if the attraction 
exerted by the positive sphere were stiE equivalent to that of a 
charge e at 0. As it is, there is a residual force due to the at- 
traction of the positive charge included between the spheres whose 
radii are r and r + d. The amount of this charge being 4 : 7 rr^pd, 
and the force exerted by it on one of the electrons epd, we have 
the equation of motion 

giving for the frequency 



Let us next consider the motion that has been described in the 
text as a twisting around the axis OX. The formula for this case is 
found in the simplest way by fixing our attention on the potential 
energy of the system. When the edges AB and CJD are turned 
around OX through equal angles <p in opposite directions, two of 
the lines ACj ADj BC, BD are changed to 

]/4Z® + a® ein^ — flo) = «(1 — 

and the two others to 

a(l + \q) 

The potential energy due to the mutual action of the corpuscles 
is therefore 

o . J_ f I .^1 ] == n _u 

la(l — — 49^) ^ +19’-"' ^ ^ /’ 

The potential energy with respect to the positive sphere having 
not been altered (because each electron has remained at the distance 
r from the centre), and the kinetic energy being equal to 



giving for the frequency 

^2 _ _ £ol1 . 

4.7ta^m 4w 

In examining the vibrations for which the equations (181) and 
(182) are given in the text, we may . treat the system as one with 
only two degrees of freedom, the configuration of which is wholly 
determined by the coordinates p and g. 

This time we shall apply the general theory of a vibrating 
system, starting from the formulae for the potential energy U and 
the kinetic energy T expressed as functions of p, g, p^ g. If we 
ascribe a potential energy zero to two corpuscles placed at the distance 
a, their potential energy at the distance a+ Sa will be 

4ar(a“j-d’a) 4jra 4;t I i 

The value of da being 2g for the pair AB, ~2g for GD, and 

<3® • 

for the f’emaining pairs, we find the f'^Uowing expression for the 
mutual potential energy of the four corpuscles 

(89) 

As to the potential energy w of a corpuscle with respect to the 
positive sphere, we may write for it 0(90 — cp^), if the potential due 
to the sphere has the value g)^ for the position of equilibrium of the 
corpuscle and the value 9 ? for its new position. Therefore, since (p 
is a function of the distance r from the centre, we may write, deno- 
ting by Sr the change of r, 

u^e[^dr + ^^(drY]. 

Taking into account that, by Poiss son’s equation, 

d^(p J dqp 

cir* ' r 5F 

and that the electric force acting on the electron in its ori- 

ginal position, is equal to 

e __ 1 

. ' 43i:r^ 3 

we find 

= e{_ + (^9o - 


( 00 ) 
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If A! Iff is the line AB displaced, and E' its middle point, we hare 


OE — Z + p, EA'^^(i-\-g, 
OA = yil pY + {^0, 4" oY ; 
and therefore for the electron A 


(2 + ag) - ^ (2 Zi) + agf + 5 ^ 0 * + . 9 '). 


The same value holds for B and we get those for C and D by 
changing the signs of p and g. Substituting in {90) and taking the 
sum of the four values, we find 

e ( Y (9o - (2 Ip + <' gf - Y Po (iJ® + /) } ; 


which, added to {89), gives 

^ = «t Y A - \ 9o(2r + 3p®)) 


= 2m{ap^ + 2^pg + y<7^), 

if we put 

^ ^ o ^ e(eo — e)1^^ ^ ^(go — ^e) 

3 ^ 3 m ^ 6 w 

The square of the velocity being Jp® + g^ for each- electron, we have 

T==2m(i»2+p^), {91) 


and the equations of motion 


A - 4 - 
dt \d^} "* dp 



assume the form 


dt \dg} dg 



If we put 


p + Ki) + = 0 , + jSjp 4 - = 0 . 

p^lcQOsnt, g~^8p, 


the constants n and s are determined by the equations 

j^{a + ^s)^0, - 5n- + {^ + ys)^0 

from which (181) and (183) are easily deduced. 

In the calculation of the influence of a magnetic field on the vibra- . 
tions to/ which the formula (183) relates, we may consider the three 
modes of motion, corresponding to a definite value of s, which, in the 
absence of a magnetic field, have the same frequency, say %, as the only 
ones of which the system is capable. Reverting to the formulae of § 90, 



298 


NOTES. 


48 


we shall call three displacements, common to all the 

electrons, which occur in the three modes, this displacement being 
parallel to OZ in the first mode, to OF in the second and to OZ 
in the third. It is to be understood that p^ is now what is called 
in § 100, and that in every case the displacements p are attended 
with transverse displacements ^ i Sj9. 

Equation (91) gives for each mode 

so that the coefficients introduced in § 89 have the 

common value 

*= 4 w (1 + s^) . {92) 


The coefficients f 2 , are also equal to each other, and if we 

substitute 


i>8 = 22«'”' = 


(cf. (175)), we find the following equations 

- i%<hsi3 = 0 ^ 

- WflCsA + %(V- = 0, 

- - ‘’■^CaA + »WoOV - 


{9S) 


corresponding to (176) and giving for the frequencies of the magnetic 
triplet (cf. (177)) 

% and n, ± I/cLTcL+'cL • 

It remains to determine the coefficients c, for which purpose we 
have to return to (173). 

The expression P^dp^ represents the work done, in the case of 
the virtual displacement dp^, by the electromagnetic forces that are 
called into play by the motion of the electrons in the magnetic field H, 
Consequently c^^p^^Px is the work of these forces in so far as they 
are due to the velocities of the particles in the motion determined 
hy Jpg. Calculating this work, we shall find the value of 

It will he well to introduce the rectilinear coordinates of the 
four corpuscles in their positions of equilibrium. If the axes are 
properly chosen, these are for A: I, I, Z, for B: Z, for C: 

— Z, Z, — Z, and for D: I, 

When the coordinate p^ is changed by Sp^^ tbe four particles 
undergo a displacement equal to dp^ in the direction of OZ, com- 
bined with displacements sdp^ directed along the line AB for A 
and B and along CD for C and D. Taking into acount that in 
the case of a positive sdpi, the distance from OZ is increased for 
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A and Bj and diminished for 0 and D, and putting s' ^ s}^, we 
find for the rectangular components of the displacement 


for A: s'dp^, 

„ B: 8p^, -sdp^, -s'Sp^, ‘ 

„ C: dp^j ^Pi) 

,, D: dp^, s' dp^j ~-s'dp^. 

If here; instead of 8p^j we' wrote p^^ we should get the com- 
ponents of the velocities occurring in the motion p^, Similarly, the 
velocities in the motion are 


for 

A: 

■ ^ Psi 

Pi) 

s' Pa, 


Bt 

-s'Pi, 

Pa, 

s' Pa, 

?> 

C: 

-s' Pi, 

Pa, 

s Pax 


J): 

sPa, 

Pa, 

-s' Pi- 


(96) 


We have now to fix our attention on the electromagnetic forces 
due to these velocities, and to determine the work of these forces 
corresponding to the displacements (95), The result is found to de- 
pend on the component only, and we shall therefore omit from 
the beginning aU terms with and Thus we write 


— -v^H. 


0 


for the components of the electromagnetic force acting on an electron, 
by which, taking. and from (96) ^ we find the following forces' 
acting on the corpuscles in the directions of OX and OZ: 


for A: 


-jH.s'i),, 

„ B: 

7 Ha, 


„ 0: 



„ B: 

i»xPi, 



Finally, in order to find the work c^^p^Sp^^ we muat take the 
products of these quantities and the corresponding ones in the first 
two columns of (95) ^ and add the results. This leads to the value 


0is = 4^H,(l-O = 4|H.(l-fs0, 
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and similarly 

SO that the last term of (94) is equal to 


•|H1 


1 — |s* 


iem 1 -(-s* 

Dividiug this by the corresponding term in (164), we find 

1 — is* 


a 


l+s* 


(97) 


from wliicli the yalues (184) and (185) are easily deduced. 


49 (Page 123). Let q be made to approach the limit 0 
from the positive side^ so that, by (182), v ^ oo. Taking into 
account tljiat 

4(p - g,)Y2(r+2^) = I (2 P - Po) 
and that the limit of 

V 

is 2, one will easily find that the formulae (183) — (185) lead to the 
values given in the text. 

The same results are also obtained when p — is supposed to 

approach the limit 0 from the negative side. / 

It must, however, he noticed that, as (97) shows, for one of the 

two solutions (namely for the one for which — I*) the coefficient 

s determined by (181) becomes infinite, indicating that for this so- 
lution p = 0 (since ff must be finite). The corresponding vibrations 
would therefore be ineffective in the limiting case (§ 99), beca,uae 
the radiation is due to the vibrations of the electrons in the di- 
rection of OX 

BO (Page 123). After having found the frequency w, we may 
deduce from the equations (^5) the ratios between which 

determine the form of the vibrations, and the nature of the light 
emitted. We shall abbreviate by putting 

SO that 

^23 ” ^81 ^ ^12 “ ^^§7 

and, by (94) and (92) y_ for the outer, lines Of the triplet 

= ,( 55 ) 

wbere we shall understand by 1H| a positive number. 



50 


NOTES. 


301 


If h is a unit vector in tlie direction of the magnetic force, the 
equations (93) assume the form 

±2i + KKq.2 “*■ = 0 / 

± ’ ( 100 ) 

Let 

be a set of complex values satisfying these conditions and let us con- 
sider etc. as the components of certain vectors a and b. 

Separating the real and the imaginary parts of (100) ^ we find 
the equations. 

± a — [b ^ h] = 0, + b + [a . h] = 0, 


showing in the first place that the vectors a and b must be at right 
angles both to the magnetic field and to each other, and in the 
second place that they must be of equal magnitude. 

We are now in a position to determine the nature of the light 
emitted by the vibrating system. As we found in § 39, the radia- 
tion of an electron depends on its acceleration only. We infer 
from this that, when there are a certain number of equal electrons, 
the resultant radiation will be the same as if we had a single corpuscle 
with the same charge, whose displacement from its position of equi- 
librium were at every instant equal to the resultant of the displace- 
ments of the individual electrons. Now, in the first mode of motion 
which we have considered in what precedes, the resultant displace- 
ment is obviously 4^ in the direction of OX. In this way it is 
seen that the radiation going forth from the tetrahedron when it, 
vibrates in the manner we have now been examining is equal to that 
from a single electron, the „equivalent^^ electron as we may caU it, 
the components of whose displacement are given by the real parts 
of the expressions 


i, e. by 


4a^ cosni^ — 4fa^ sinw]f,| 
4ay cosnt — 4by sinn.i^,? 
4 a, cos — 4 sin w ^ ; 


( 101 ) 


The equivalent electron therefore has a motion compounded of 
two rectilinear vibrations in the directions of the vectors a and b, 
with equal amplitudes 4|a| and 4|b| and with a difference of phase of 
a quarter period. Hence, it moves with constant velocity in a circle 
whose plane is perpendicular to the magnetic force, and the radiation 
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will be much the Bame as in the elementary theory of the Zee- 
man- effect. 

When we take the upper signs in our formulae we have 

a==[b.h], 

from which it follows that the circular motion represented by (101) 
has the direction of that of the hands of a clock, if the observer is 
placed on the side towards which the lines of force are directed. 
Therefore in this case the light emitted in the direction of the lines 
of force has a right-handed circular polarization. Its polarization is 
left-handed when we take the under signs. 

Now, the equation (99) shows that, when 0 is positive, the fre- 
quency is greatest for the right-handed, and least for the left-handed 
circular polarization, contrary to what we found in the elementary 
theory of the Zeeman -effect. The reverse, however, will bo the 
case, when 0 has a negative value. Since the charge e is negative, 
it follows from (97) and (98) that the signs of 0 and o are 
opposite. The sign of the Zeeman-effect will therefore he that which 
we found in the elementary theory or the reverse according as (» 
positive or negative. 


51 (Page 126). When the particle has a Velocity of translation Y, 
the forces acting on one of its electrons are 


Here, denoting by x, j/, 0 the coordinates of the electron with 
respect to the centre of the particle, and distinguishing by the index 0 
the values at that point, we may replace H, by 

(m) 


H 










etc. 


Substituting this in the expressions 

21{yZ-eY), etc. 

for the components of the resultant couple and using the equations 
of § 104, we find 




V 


dts 


etc. 


^ dH. 


SH. 
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When the field is constant and if in the symbol ^ we under^ 

stand by H the magnetic force at the point occupied by the particle 
at the time the couple is given by 

c dt ^ 

and, since the moment of inertia is 2 m the change of the angular 
velocity k is determined by 



dt 2mc dt 

Hence, on the a33umption that the particle did not rotate so long 
as it was outside the field, 

2mc 

In the above calculation no attention has been paid to the elec- 
tromagnetic forces called into play by the rotation itself. In as much 
as the magnetic field may be considered as homogeneous throughout 
the extent of the particle, these forces produce no resultant couple, 
just because the axis of rotation is parallel to the lines of force. 
This is seen as follows. If r denotes the vector drawn from the 
centre to one of the electrons, we have for the linear velocity of 
that corpuscle 

v = [kr], 

and for the electromagnetic force acting on it 

F-|[v.H] = j{(l(.H)r-(r.H)k}. 

The moment of this force with respect to the centre is 
[r-F] = -|(p-H)[r.k], 
so that its components are 

~ I + yH, + ^H.) (y k, - -^k^, etc. (103) 

From this we find for the components of the resultant moment 

etc., 

from which it is seen that this moment is zero when k has the 
direction of H. 

The problem is more complicated when we take into account 
the small variations of the magnetic field from one point of the par- 
ticle to another. I shall observe only that, if we use the values 
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{102), we must add to {103) terms of the third order with respect to 
Xy y, 0 , and that the sum of these terms vanishes in many cases, for 
instance when, corresponding to each electron with coordinates x, y, 
there is another with the coordinates — x, — y, — 

52 (Page 126). Let k and r have the same meaning as in the 
preceding Note and let Y he the absolute velocity of an electron, V' 
its relative velocity with respect to the rotating particle, so that 

V - [k • r] + v'. {lOi) 

Prom this we find for the acceleration 

q == V [k • f] + V' [k • v] + V'. 

The change of V consists of two parts 

v'^[k.v'] + q', 

where the second is the relative acceleration and the first the change 
that would be produced in v' if there were no such acceleration; in 
this case v' would simply turn round with the particle. Since, on 
account of {10i\ we may write 

[k-v'] -[k-v], 

when we neglect the square of k, we are led to the formula 

q-q' + 2[k. V]. 

53 (Page. 136). In this statement it has been tacitly assumed 
that the bounding surface 6 of tbe spherical space S does not inter- 
sect any particles. Suppose, for instance, tbe molecules to be 'so‘ 
polarized that eacb has a positive electron on the right and a neg 9 .tive 
one on the left-hand side, and draw the axis OX towards the fi-rst 
side. Then, when the surface 6 passes in all its parts through the space 

between the particles, the integral J^^xdS will be equal to the 
of the electric moments of the particles enclosed, and may with 
propriety be called the moment of the part of the body within the 
surface (cf. equation '195)). If, on the contrary, molecules are inteir 
sected, the value of the integral does not merely ^depend on the coni'- 
plete particles lying in the space S, but it must be tajken into account 
that, in addition to these, tS encloses a certain number of negative 
electrons on the right-hand side, and a certain number of positive elec- 
trons on the opposite side. Even when these additional electrons are 
much less numerous than those belonging to tbe complete particles, 
they may contribute an appreciable part to tbe integral, because the 
difference between the values of x for the positive and the negative 
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ones is comparable with the dimensions of the space S itself^ and 
therefore much greater than the corresponding difiPerence for two elec- 
trons lying in the same particle. 

The following remarks may, however, serve te remove aU doubts 
as to the validity of the relation 


Qy = P. 


When the molecules are irregularly arranged, as they are in li- 
quids and gases, some of them (and even some electrons) are cer- 
tainly intersected by the spherical surface 6 used in the definition of 


the mean values cp. But, on account of the assumptions made about 
the dimensions of o', the intersections will be much less numerous, 
than the molecules wholly lying wittin the surface, and if, in calculating 

J(pd8, we omit the parts of particles enclosed by o', this will lead to 


no error, provided that the function ip be of such a kind that the 
contribution to the integral from one of those parts is not very much 
greater than the contribution from one of the complete particles. 

This condition is fulfilled in the case of the integral 
because there is no reason why the velocities V should be exceptio- 
great near the surface 6. Without changing the value of the 
integral, we may therefore make the surface pass between the par- 
ticles (by slightly deforming it), and then we may be sure that 

J QOodSy and that the latter integral represents the total 

electric moment of aU the complete particles in the space S. 


64 (Page 188). We shall observe in the first place that the 
field in the immediate neighbourhood of a polarized particle may be 
determined by the rules of electrostatics, even when the electric mo- 
ment is not constant. Take, for instance, the case treated in § 43. 
It was stated in Note 23 that at great distances the terms resulting 
from the differentiation of the goniometric function are very much 

greater than those which arise from the differentiation of • These 

latter, on the contrary, predominate when we confine ourselves to 
distances that are very small in comparison with the wave-length; 
then (cf. (88) and (89)) we may write 



a 0, 


d » — grad (p y h = 0, 


from which it appears that the field is identical with the electro- 
static field that would list, if the moment p were kept constant. 

IiorentB, Theory of eleotroha. 2^4 Ed. 20 



306 


NOTES. 


54 


It is farther to be noted that the difference between the mean 
electric force E and the electric force existing in a small cavity depends 
only on actions going on at very short distances, so that we may 
deal with this difference as if we had to do. with an electrostatic 
system. 

Let ns therefore consider a system of molecules with invariable 
dectric moments and go into some details concerning the electric 
force existing in it. 

The field produced by the electrons being determined by 

d — grad (f , 

we have for the mean values 

E = d = — grad 

or^ in words: the mean electric force is equal to the force that 
would he produced by a charge distributed with the mean or, let us 
say, the „effective^^ density p. 

In the definition of a mean value ^ given in § 113, it was ex- 
pressly stated that the space S was to be of spherical form. It is 
easily seen, however, that we may as well give it any shape we like, 
provided that it be infinitely small in the physical sCnse. The equation 



may iherefore he interpreted by saying that for any space of the 
said kind the effective charge (meaning by these words the product 
of ^ and S) is equal to the total real charge. 

We shall now examine the distribution of the effective charge. 
Suppose, for the sake of simplicity, that a molecule contains two 
electrons, situated at the points A mA. JS with charges — e and + 
and denote by r the vector AJB There will be as many of these 
vectors, of different directions and lengths, as there are molecules. Now, 
if the length of these vectors is very much greater than the size of 
the electrons, we may neglect the intersections of the bounding sur- 
face of the space S with the electrons themselves, but there wiU be 
a great number of intersections with the lines AB. These may not 

be left out of account, because for any complete molecille 
whereas each of the said intersections coiitrihutes to the effect^e 
charge within or an amount — e or e according as (where n is 
the normal to 6 dr|iwn outwards) is positive or negative Ycf. Nntfi.5.3Y 
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Hence, tlie total charge witlirL 6 may be represented by a surface 
integral. In order to find the part of it corresponding- to an ele- 
ment d6 (infinitely small in a physical sense) we begin by fixing our 
attention on those among the lines AS which have some definite 
direction and some definite length. If the starting points A are ir- 
regularly distributed and if, for the group considered, their number 
per unit of volume is- Vj the number of intersections with d6 wiH be 
vT^d6 when is positive, and — vT^d6 when it is negative. There- 
fore, the part contributed to the charge within 6 is — veV^d6 in 
both cases, and the total part associated with dc is — 2jver^d6j the sum 
being extended to aU the groups of lines AS. But er is the electric 
moment of a particle, ver the moment per unit of volume of the 
chosen group, and SveT the total moment per unit of volume. De- 
noting this by P, we have for the above expression — I^veT^d^ the 
value — P^, and for the effective charge enclosed by the surface 6 

~fpj0. (lOS) 

As the difference between E and the electric force in a cavity 
depends exclusively on the state of the system in the immediate vici- 
nity of the point considered, we may now conceive the polarization P 
to be uniform. In this case the integral (lOS) is zero for any closed 
surface entirely lying within the body, so that the effective charge 
may be said to have its seat on the bounding surface 27. Its surface 
density is found by calculating (105) for the surface of a flat cy- 
linder, the two plane sides of which are on both sides of an element 
dU Si, distance from each other that is infinitely small in compa- 
rison with the dimensions of dU. Calling N the normal to the sur- 
face 27, we have at the outer plane P,j = 0 (if we suppose the body 
to be surrounded by ether), and at the inner one P,^ = — Pjy^. The 
amount of the effective charge contained in the cylinder is therefore 
given by P^d2J, and the charge may be said to be distributed over 
the surface with a density Pj^. 

Now consider a point A of ihe body. By what has been said, 
the electric force E at this point is due to the charge on the 
bounding surface 27. If, however, a spherical cavity is made around 
A as centre, there wiU be at this point an additional electric force 
E', caused by a similar charge on the walls of the cavity, and ob- 
viously having the direction of P. The magnitude of this force is 
found as follows. Let a be the radius of the sphere, dtf sm element 
of its surface, # the angle between the radius drawn towards this 
element and the polarization P. The surface density on d 6 being 
— I P I cos 'O', we have for the force produced at A 


20 * 
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giying 


E'=^iP. 


Our foregoing remarks show that the expression 


E + fP 


may always be used for the electric force at the centre of a sphe- 
rical cayityj even though the polarization of the body change from 
point to point and -from one instant to the next. 


B5 (Page 138). In the case of a cubical arrangement all the 
particles within the sphere may be said to have equal electric mo- 
ments p. Taking the centre A of the sphere as origin of coordinates, 
we have for the force exerted in the direction of cr by a particle si- 
tuated at the point (cc^ y,. z), at a distance r from the centre^ 


But the sums 


4 ^ ^ lit r® ^ 4t% r® 



3a;* — r* 

y6 . > 




are zero, when extended to all the particles within the sphere. For 
the second and the third sum this is immediately clear if we take 
the axes of coordinates parallel to the principal directions of the 
cubical arrangement. Further, for axes of this direction. 


’3a;* — r* 


^3y* — r* 



showing that each of these expressions must be zero, because their 
sum is so. 


66 (Page 139) It must he noticed that this magnetic force H 
produces a force 

acting on an electron. Since, in a beam of light, H ia in general of 
the same order of magnitude as the electric force E' (cf. the equations (7)), 

this force ia of the order of magnitude ^ in comparison with the 

force eE. It may therefore be neglected because the amplitudes of 
the electrons are extremely small with respect to the wave-length, 
so that the velocity of vibration is much smaller than the speed 
of light. V. 
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B6* (Page 141) [1915], When the value of ^ (see form. (202) 
and (199)) corresponding to (206) is substituted in equation (230) 
(§ 134) which determines the index of absorption, one finds exactly 
the result found by Lord Rayleigh^)* for the extijustion of light 
by a gas. This extinction is due to the scattering of the rays by 
the molecules, the electrons contained in these being set vibrating by 
the incident light and becoming therefore centres of radiation. As 
the energy radiated from an electron is intimately connected with 
the force given by (205) (§ 40) it is natural that the amount of 
extinction should be determined by the coefficient (206). 


57 (Page 141). In order to compare the effect of the collisions 
with that of a resistance of the kind represented by (197), we shall 
first consider the vibrations set up in an isolated particle whose 
electron is subjected to a periodic electric force 

Ej, “ p cos nt i^06) 


and to the forces determined by (19G) and (197). 
of motion 


-9 it 


The equation 


is most easily solved if, following the method indicated in § 119, we 
replace {10 (i) by 

E„ •»> 

In this way we find for the forced vibrations 


where 







fi' 


in ^ 




{107) 


< - i 


Let US next suppose that there is no true resistance, but that 
the vibrations of the electrons are over and over again disturbed by 
impacts occurring at irregular intervals. In this case the motion of 
each particle from the last coUision up to the instant t for which we 
wish to calculate is determined by the equation 


m 


dt* 




the general solution of which is 

I 


w(n,*~n*) * 


1) Rayleif h, Phil. Mag. 47 (1899), p 876. 


{ 108 ) 



310 


NOTES. 


57 


where the integration constants 0^ and C 2 will vary from one par- 
ticle to another. These constants are determined by the values of | 

and say and , immediately after the last collision. Now 

among the great number of particles^ we may distinguish a group, 
still very numerous, for which the last collision has taken place at a 
definite instant Supposing that, after the impact, all directions of 
the displacement and the velocity are equally probable, we shall find 
the mean value of | for this group, if in (^108) we determine and 

Cj by the conditions that for t = both | and vanish. The 
resnlt is 


5 — M’Ol sT nj I’ 

or, if we put 


This is the mean value of | taken for a definite instant t and for 
those particles for which a time has elapsed since their last col- 
lision, and we shall obtain an expression that may be compared 
with (107\ if we take the mean of (109) for all the groups of par- 
ticles which differ from each other by the length of the interval 
Let N" be the total number of particles considered, and A the 
number of collisions which they undergo per unit of time, so that 
the time t mentioned in the text is given by 


The collisions succeeding each other quite irregularly, we may reckon 
that the number of the particles for which the interval ^ lies 
between ^ and -f d-ff is 

Aa t dd' ^ ^ a 'e (110) 

this is found by a reasoning similar to that which we used in Note 36. 

We must therefore multiply (109) by (110), integrate from 
to *9- « cx>, and divide by N. In this way we get for the final mean 
value of the displacement 

1 = 
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Neglecting the term ^ in the denominator we see that under the 

influence of the collisions the phenomena will be the same, as if there 
were a resistance determined by 


B 8 (Page 147). In the case of a mixture the electric momeEt 
P is made up of as many parts Pg, . , . as there are constituents. 
Reasoning as in §§116 — 119 we can establish for each component 
formulae like ( 200 ), so that, if we put a = we have for the first 
substance 

'JW = E + y P — /’/Pj , 

for the second 

^ = E4-~P — f'P 

and so on. Hence, if .all the dependent variables vary, as 
p E + jP p . £ + -^P 

^ fi — * fi — ’ 

and, if we put 


4 ' — TOj'w’ f,' — Wj'w® 

P = (o(E4-iP). 

Combining this vith (192) we find 


: + 


' <a , 


and for the index of refraction 

• 


illzzl 


lii^E 




1 

-(■ 

J _ 

. .u 

yej = 

3 1/ 

^ t 

— wj'w’ ‘ 




^ ^ I J 

Now each term sires the value of ^ -5 for of 

^{f — mn*) ® ft- +2 

the constituents taken with the density mQ which it has in the 

mixture, a value that is found when we multiply the constant r for the 

constituent in question by the density This immediately leads 

to equation (218). 

B9 (Page 149). According to the equations (220), if we put 
a — the displacements ii, Is, • • • a^re determined by 

(f^ — n^) li (E^ + i P etc. 
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Consequently 

with similar formulae for Hence, taking the sums, 

from which formula (222) is easily found. 


60 (Page 153), The direct result of the substitution is 
/c® ^ 

w ) 


c® c*/k*\ ^ 1 

. I = 1 H '• 

vn o^ + tfi 


^ “T 


giving 


2 C*Jc^ ^ a . 

2n^-— ^— 


from which the ecjuations (227) and (228) are easily deduced. 


61 (Page 154). The expression 


+ 


considered as a function 


of a has a maximum value ^ for a 

2/3 


it is therefore very small 
when /3 is large. It follows from this that even the greatest values' 
order of magnitude — , so that we may ex- 
pand the square root in (227) and (228) in ascending powers of 
that quantity. Hence, if we neglect terms of the order 


V - 


■*• T J o» •*• T "o' ■ 


««+|3‘ 


2 a»+f> 


1 (2a + l)> 
8' (a* + p*)‘' 


and this may be replaced by 

J 1 2o£+ 1 1 . a* 

2 ' a* + f* 2" ■ (a* + 

because the quantity never has a value greater than one of 

the order i- 

p> 

Finally * 

^ ^ ^ + 4 (a‘+ 

c’fc* _ 1 jS* 

“ r («> 4 - 


{ 111 ) 



62 , 63 , 64 


NOTES. 


313 


We are therefore led to (229) and (230) if in /t we neglect terms of 

the order and in h terms of the order Indeed, if we want 

to know Tc with this degree of approximation, we may omit in A® and 

1 

in quantities of the order -.g, as we have done in {lit). 

02 (Page 156). If Jdn is the intensity of the incident light, 
in so far as it belongs to frequencies between n and n + dn, the 
amount of light that is absorbed by a layer with the thickness 
upon which the rays fall in the direction of the normal is given by 
the integral 

where we have taken into account that the intensity is proportional 
to the square of the amplitude. If the absorption band is rather 
narrow, we may put 

I 

and, in virtue of (231), 


Further, we may extend the integration from a = — oo to a = + (X), 
considering p = ?iQg' and J as constants; The calculation is easily 
performed for a thin layer, for which 

It is found that the part of A that is due to the first term is 
independent of g ' . or g. When, however, the second term is retained, 
A increases with the resistance g. 

63 (Pago 161), This is easily found if the denominator of (239) 
is written m the form 

{ cc{l + + i{l + 2a)^ 

and then multiplied by the conjugate complex expression. 

64 (Page 167). The explanation of magneto-optical phenomena 
becomes much easier if the particles of a luminous or an absorbing 
body are supposed to take a definite orientation under the action of 
a magnetic field. On this assumption, which makes it possible to 
dismiss the condition of isotropy of the particles (§ 93), Voigt^) has 
been able to account for many of the more complicated, forms of 

1) W. Voigt, Magneto- und Elektropptik, Leipzig, 1908. 
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the Zee in an -effect; it was found sufficient to suppose that each par- 
ticle contains two or more mutuaUj connected electrons whose motion 
is determined hy equations similar to our formulae of § 90, the recti- 
linear coordinates of the electrons now taking the place of the general 
coordinates p. The theory thus obtained must undoubtedly he con- 
sidered as the best we possess at present, though the nacure of the 
connexions remains in the dark, and though Voigt does not attempt 
to show in what manner the actions determined by the coefficients c 
are produced by the magnetic field. 

I must also mention the beautiful phenomena that have been 
discovered by J. Becquerel.^) Certain crystals containing the ele- 
ments erbium and didymium show a great number of absorption 
bands, many of which are so sharp, especially at the low tempera- 
tures obtainable by means of liquid air or liquid hydrogen^), that 
they may be compared with the lines of gaseous bodies, and these 
bands show in remarkable diversity the Zeeman- effect and the 
phenomena connected with it. Of course, in the case of these crystals 
the hypothesis of isotropic particles would be wholly .misplaced. Voigt 
and Becquerel found it possible to explain the larger part of the 
observed phenomena on the lines of Voigt's new theory to which 
I have just alluded. 

In § 91 it was stated that a true magnetic division of a spectral 
line is to be expected only when the original line is in reality a 
multiple one, i. e. when, in the absence of a magnetic field, there are 
two or more equal frequencies. Voigt has pointed out that, when 
originally there are two frequencies, not exactly hut only nearly 
equal, similar effects may occur, sometimes with the peculiarity that 
there is a dissymmetry, more or less marked, in the arrangement of the 
components observed under the action of a magnetic field. Oases of 
this kind frequently occour in BecquereFs experiments, and Voigt 
is of opinion that many of the dissymmetries observed with isotropic 
bodies (§ 142), if not all, may be traced to a similar cause. 

It is very interesting that some of BecquereFs lines show the 
Zeeman- effect in *a direction opposite to the ordinary one (i. e. with 
.a reversal of the circular polarization commonly observed in the lon- 
gitudinal effect) and to a degree that is equal or even superior to the 
intensity of the effect in previously observed cases. These phenomena and 
similar ones occurring with certain lines of gaseous bodies^) have led 

1) 3. Becquerel, Comptes xendus 142 (1906); p. 776, 874, 1144; 143 (1906), 
p. 769, 890, 962, 1133; 144 (1907), p. 132, 420, 682, 1032, 1336. 

2) H. Kamerlingh Onnes and J. Becquerel, Amaterdam Proceedings 
10 (1908), p, 692, 

3) J. B^ecquerel, Comptes rendua 146(1908), p. 683; A. Dufour, ibidem, 
p. 118, 229, 634, 810; R. W. Wood. Phil Mao* rR\ 1.^; /^lonax 
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some physicists to admit the existence of vibrating positive electrons, for 
which the value of ^ would be comparable with or even greater than 

the value found for the negative electrons of the cathode rays. They 
may also be explained by the assumption that in some systems of 
molecules, under the influence of an external magnetic field, there are 
motions of electricity such as to produce in the interior of the par- 
ticles a field that is opposite to the external one. To this latter hypothesis 
Becquerel, however, objects that, like aR phenomena of induced 
magnetization, the internal fields in question would in aR probability 
be liable to considerable changes when the body is heated or cooled, 
whereas the magnetic di ision of spectral lines remains constant 
through a wide rauge of temperatures. 

The possibiRty of a third explanation, though one about which I 
am very doubtful, is perhaps suggested by what we found in § 102, 
namely by the reversion of the ordinary direction of the effect caused 
by a particular arrangement of a number of negative electrons. 

65 (Page 171). If rr, j/, z are the coordinates of a particle of 
the medium at the time its coordinates at the time t dt will, 
be equal to 

= a: + y = y + = « + g.rfif. 

Here 9 ^, may be regarded as linear functions of x, y, z 

so that, for instance, 

a + ^x-\- yy + ds, 
or, as we may write as well 

The particles which originaUy Re in the plane 

a 

will have reached the plane 

x' ^ a + (cc ^ X yy + $z)dt 

at the end of the interval considered. The direction constants of the 
normal to this plane are f/roportional to 

—ydtj — 

or to 

-I?"' 

66 (Page 173). Let a sphere of radius B more with the con- 
stant velocity w through an incompressible medium, and let us sup- 
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pose the motion of the latter to be irrotational. Then, if the 
of the sphere is taken as origin of coordinates, and the line of 
tion as axis of x, the velocity potential is given by 




<P- 


2 r® 


giving for the components of the velocity 


dx 

^ — JL p8.„^^y 

dy~ ’ 


dz 2 J?* 


' IT y" ) ^ 

At a point of the intersection of the surface with the plane 
these values become 

— 0 , 0 , 


so that the relative velocity of sliding is 


^w. 


67 (Page 173). Instead of considering a uniform translatiul^ 
the earth through the ether, we may as well conceive the plaJift^t \ 
be at rest, and the ether to flow along it, so that, at infinitt^ 
stance, it has a constant velocity in the direction of OZ, 

Let the ether obey Boyle^s law, and let it he attracted by 
earth with a force inversely proportional to the square of the 
r from the centre. Then, when there is no motion of the medium 
the density and the pressure^ will be functions of determii^®* 
by the equation of equilibrium 

dp ah 

and the relation 

I = ftp, 

where co nnd fi are Constants. 

These conditions are satisfied by 

logft = ^^^ + logJo, 

kQ being the density at infinite distance. 

Now, there can be a state of motion in which there is a 
city potential g?, and in which the density k has the value givejti bj 
the above formula. Indeed, if we put 


5 
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(understanding by a and 6 constants and taking the centre of the 
sphere as origin of coordinates), the components of the Telocity 


u 


d(p 




satisfy the equation of continuity 


d(]cu) d(kv) d(kw) ^ 
dx 


The form of <p has been chosen with a view to the remaining 
conditions of the problem, namely: 


for r 


(X> 


md 


dcp 

dx 


' 0 , 


d(p 

dy 


==o, 


dcp 




for r = JJ (i. e. at the surface of the earth): = 0- 

These conditions lead to the equations 


— a + h — Wq, 



UM 



Along the intersection of the planet^s surface with the rry-plane 
there is a velocity of sliding 


df 

dJ 


jU CO 

T 




flCO 

B ""b. 


This is found to be 0,011 Wq if ^ == 10, and 0,0056 ‘w;o if = 11 . 

[n these cases the ratio between the density near the surface and 
chat at infinite distance would be or b^^ respectively. 


68 (Page 181). Let the relative rays converge towards a point 0, 
(vhich we take as origin of coordinates, and let us determine the form 
)f the waves by the construction explained in § 153. We have to 
iompound a vector in the direction of the relative ray and having 

;he magnitude v with a vector — • Neglecting quantities of the 

jecond order, we may also make the first vector equal to v, the wave 
P'elocity in the medium when at rest, and we may consider this ve- 
.ocity as constant in the immediate neighbourhood of the point 0. 
!8loreover, the second vector may be regarded as having a constant 
nagnitude, say in the direction of OX. 
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Now, at a point (x^ y, z), at a distance r from 0, the compo- 
nents of the first vector are 



z 

— V 

r 


j 


and those of the second 



0 , 


so that the components of the resultant vector, which is at right, 
angles to the wave-front, are 



The equation of the surface normal to the resultant vector is 
therefore 

vr -h -i ^ C. 

li- 


This is the equation of an ellipsoid, the centre of which has 
the coordinates 

0 , 0 , 

^ ' 

if 

i9 


and whose semi-axes have the directions of OX, OY^ OZ and the 
lengths 

vc a 0 

j/|j2 — 

Since the square of a is neglected, we may say that the waves 
are of spherical form. Their centre approaches the point 0 as the 
constant C diminishes. 


69 (Page 191). If is the frequency of the source of Hght, 
the frequency at a fixed point in one of the tubes will also he n, 
because the successive waves take equal times to reach this point. 
Hence, with reference to fixed axes, a beam of light may be repre- 
sented by expressions of the form 

«cosn(<- 

where u is the velocity in question. 

Transforming to axes moving with the fluid — and confining 
ourselves to one of the two cases distinguished in the text — , we 
hare to put 

x = x' + wt, 
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19* 


by which the abore expression becomes 

a cos n t ~ 4 - . 

In this way the relative frequency is seen to be 

for which, denoting by (i the refractive index for the frequency n, 
we may write 


because u differs from ~ only ty a quantity proportional to w. 
The index of refraction corresponding to the frequency n is 

iiw dw 

and the corresponding velocity of propagation 




_c ^ w jidfL 

dfi (X ‘ ft dn fi ft dT 
c dn 


c w j dfi 


if 


A ia the wave-length. 

This is the velocity to which we must add the term w 
In the case of water we have for the spectral line D 



and 


1-1 = 0,438 



fi dX 


^ 0,451 


whereas, if the velocity relative to the fixed parts of the apparatus 
is represented by 

£ = 0,434 (with a possible error of i 0,02) is the value which 
Michelson and Tdorley deduced from their experiments. 


69* (Page 191) [1916]. In a repetition of Fiz^au's experfm^t 
Zeeman has recently found ^) frr different wavelengths diq^lace- 
ments of the interference fringes which agree very satisfactorily wiih 
the formula I gave in § 164. This is shown in the following table, 


1) Zeeman, Proc. Amsterdam Academy, 17 (1914), p. 445'; 18 (1916), p. 39% 
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in wHicH is the observed shift, expressed in terms of the di- 
stance between the fringes, the shift calculated by means of the 
formula, and thfe result of the calculation when the term 

iL d 'T 

is omitted. 


Xva. A-U 

Number of 
observations 


^Fr 


4500 

6 

0,826 ±0,007 

0,786 

0,825 

4580 

6 

0,808 ±0,005 

0,771 

0,808 

5461 

9 

0,656 ±0,005 

0,637 

0,660 

6440 

1 

0,542 

0,534 

0,551 

6870 

10 

0,511 ±0,007 

0,500 

0,513 


Zeeman adds that the calculated values of d may perhaps be 
vitiated to a small extent by inaccuracies in the measurement of the 
velocity of flow and of the length of the column of flowing water. 
These errors disappear from the ratio between the values of z/ for 
two different wave-lengths. Taking for these 4500 and 6870, the 
ratio as deduced from the experiments is found to be 1,616. Accord- 
ing to the formula it is 1,572 when the last term is omitted, and 
1,608 when it is taken into account. 

70 (Page 191). For the case of a mirror the proposition is 
easily proved after the manner indicated in § 154. If, supposing the 
mirror to be made of a metallic substance, we want to deduce the 
same result from the theorem of corresponding states (§§ 162 and 165), 
we must first extend this theorem to absorbing bodies. This can 
really be done.^) 

71 (Page 192). Beams of light consisting of parallel rays, in a 
stationary and in a moving crystal, will correspond to each other 
when their lateral boundary is the same, i. e. when the relative rays 
have the same direction s. In both cases we may consider a defi- 
nite line of this direction, and write down the equations for the 
disturbance of equilibrium at different points of this line, reckoning 


1) See H. B. A. Bockwinkel, Stir les ph^nom^nes du rayonnement dans 
un sjBt^e qni se meut d^xme vitesse unifonne par rapport ^ Tether. Arch. 
n^erL (2) 14 (1908), p. 1. 
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■fche diafcance s from a fixed point of it. For tlie stationary crystal 
tlie vibrations are represented by expressions of the form 

acos«(#--^.+i)), 

^nd the corresponding expressions for the other case have the form 

cf.cosw(f-^ + l)), 
or, since along the line considered 

= (w*«' +-w^y' + = t- ^ w,s, 

a cos M -^ +4)), 


from which it appears that the velocity u' of the ray relative to 
the ponderable matter is determined by 


1 = -1 4- . 

U' . - 2 ^ ’ 



72 (Page 194). Strictly speaking, it must be taken into account 
that in the moving system the relative rays may slightly deviate 
from these lines, the theorem that their course is not altered by a 
translation having been proved only when we neglected terms of the 
second order. Closer examination shows, however, that no error is in- 
troduced by this circumstance.^) 

72 * (Page 197) [1915], If I had to write the last chapter now, 
I should certainly have given a more prominent place to Einstein^s 
theory of relativity (§ 189) by which the theory of electromagnetic 
phenomena in moving systems gains a simplicity that I had not 
been able to attain. The chief cause of my failure was my cliaging 
to the idea that the variable t only can be considered as the true 
time and that my local time f must be regarded as no more than 
an auxiliary mathematical quantity* In Einstein^s theory, on the 
contrary, t' plays the same part as if we want to describe pheno- 
mena in terms of x\ y, t' we must work with these variables 
exactly as we could do with x, y, z, t. If, for instance, a point is 

1) Lorentz, De TmEuence du mouvement de la terre sur les ph^nom^nes 
lumineux, Arch, n^erl (1887), p. 169-172 (AbhaBdlnngen fiber theoretiscbe 
Physik, 1, p. 389—392). 

r orentz, Theory of electrons. Ed. 
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moving, its coordinates Xj j/, ss will undergo certain changes dx^ dy^ 
dz during the increment of time dt and the components of the velo- 
city V will he 

V =.1^ V = V = — . 

** dt'> y dt’ ‘ dt 

Now, the four changes dx, dy, dZj dt will cause corresponding 
changes dx\ dy, dz, dt' of the new variables y\ /, f and in the 
system of these the velocity v' will be defined as a vector having the 
components 


The substitution used by Einstein is the particular case we get 
when* in (287) and (288) we take Z == 1, as we shall soon be led to 
do (Note 75* and § 179). Provisionally, this factor will be left un- 
determinate. 

The real meaning of the substitution (287), (288) lies in the 
relation 

^'2 + y'2 ^ y 2 _ ^ ^ ^2 _ ^2^2) (^^5) 

that can easily be verified, and from which we may infer that we 
shall have 

x^ z^ . {lU) 

when 

x^^y^ \-z^^ cHK {115) 

This may be interpreted as follows. Let a disturbance, which 
"is produced at the time Z = 0 at the point a: = 0, 2 / = 0, z be 
propagated in all directions with the speed of light 0 , so that at the 
time t it reaches the spherical surface determined by {115), Then, 
in the system x, y\ z'j t\ this same disturbance may be said to start 
from the point 0, 0, z ^ 0 at the time Z'** 0 and to reach 

the spherical surface {11^) at the time t'. Since the radius of this 
"sphere is ct'j the disturbance is propagated in the system x, y, /, 
as it was in the system x, y^ Zj t, with the speed c. Hence, the 
velocity of light is not altered by the transformation (cf. § 190). 

The formulae (287) and (288) may even be found, if we seek a 
linear substitution satisfying the condition {113) and such that for 
^ Oj y = 0, = 0, Z = 0 we have x' ^ 0, y = 0, z' = 0, t' = 0. 

The relations being linear the point 0, 0, /== 0 will have, 

in the system x^y^ z, ty a velocity constant in direction and magnitude. 
K the axes of x and x' are chosen in the direction of this velocity, 
one is led to equations of the form (287), (288). 

/ In the theory of relativity we have constantly to attend to the 
relations existing between the corresponding quantities that have to 
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e introduced if we want to describe the same phenomena, first in 
tie system a;, y, e, t and then in the system z, y', t'. Part of 

lese “transformation formulae” present themselves immediately; others 
lUst be properly ohostm and may be considered as defining “corre- 
[londing” (luantitiea, the aim being always to arrive, if possible, at 
juations of the same form in the two modes of description. 

The transformation formulae for the velocities are easily found, 
fe have only to substitute in (llJi) the values 


e result is 


■' kl{d.r 

' dy ^djij ^ ld0 y 



dt' kl[dt ‘‘[dz) 

(lie) 

by dt the 

numerator and the denominator of 

the frac- 

put 

u, -k(l . ”v,), 



(W) 

V,; - k^ 

.v;-’'', v; 

» ' ^ aa ' * w 

(118) 


best* formulae comltimsd with (285) lead to the following relations 
at will be found of uho afterwards 


(e» ■ V'®)^ 


(o’ 


- v»)4 



{119) 

(m) 


In order to conform to the notations that have been used in the 
xt, wo shall now put 


V u 


1 V, 


U . V u . 


By this wo find 


- k 


tty 


» a ’ 


(m) 


owing the relation between the velocity v' and the vector u' used 
the te'xt 

V-;.- m 

finally, we may ihfor from (1^0) and (ISS) 

'e may add that ra is a positive quantity, because the velocities 
and Vj, are always smaller than c. 
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We shall next consider the transformation formula for what ve 
may call a "material’^ element of volume. 

Let there he a very great number of points very close to each 
other and moving in such a way that their velocities are continuous 
functions of the coordinates. Let us fix our attention on a definite 
value of t and let at that moment x, ^ be the. coordinates of one 
of the points P^, and x + x, y + jy ^ 4- z those of a point P im 
finitely near it. If ^ _ 

.X, y, z, t,. • 

are the values of x, y, z', V corresponding io x, y, z, t, may 
write for those which correspond to x -r 'Si, y j , z z, t 

x' + Ux, y' + lj, z'+lz, T^U^x, {124) 


Now, using the system x, y, z^ t, we can fix our attention oii 
all 'the points, lying simultaneously, i. e. at a* given time in a 

certain element d8 of the space x, y, z. We can consider these 
sane points after having passed to the system x) y) z) t\ We shall 
then have to consider as simultaneous the positions belonging to a 
definite value, say f of the time t\ and we can consider the ele- 
ment dS' in the space x) y, z) in which these positions are found. 
What we want to know, is the ratio between d8 and dS' • 

In order to find it, we must remark that in {124b) we have the 

coordinates of the point. P at the instant f —■ hi ^x. From these 
we shdl pass to the coordinates at the instant t' by adding the 
distances travelled over in the time hl^x. We may write for them 


fcifxv;, Hjxv;, 


and since x, y, z are infinitely small, we may here understand by 
velocities of the point Pq at the instant The coor- 
dinate of the different points P (having different values of x, y, z) 
at the definite instant itV are therefore given by 

y'=.7+M*5^x+7y, 

^ =‘sS Tel^^x 4 - Iz. 


Ih^e equaftiona express the relations between the coordinates 
Jy 2 ^ of a point in the element dS and those of the corresponding 
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int in the element dtS'. In virtue of a well known theorem the 
;io between the elemontH in given by 


()x' 


3£K' 

dt ^ 

dy ' 


di/ 

dy‘ 


dx ^ 

dy ’ 

dz 


dz 

ax' 

dx ^ 

dy’ 

dz 


^ determinant being taken with the poeitive sign. Working out 
.H formula, and remembering that x, y, z are infinitely small, we 
d for the determinant 

«(i 

that, on account of {120) 

as. 

m 

We have denotcal the element by in order to distingoish it 
im the dS' giv»m by equation (299). 

We shall now Buppose that the points which we considered 
ve equal electric charges. Then we may say that the same charge 
it lies in rfiSf at the timo t, is found in dS' at the time t', or as 

may now write and this will remain true if, by increasing the 
tnher of points, wc pass to a continuous distribution. The densities 
and p' which, in the two modes of considering the phenomena, 
iKt be attrihuted to thn electric charge, will therefore be inversely 
iportional to the volumes dS and dS'. Hence 

p' “ p. ( 125 ) 

i) have written p' in order to distinguish this density from the 
antity p' defined hy (2901. The two are related to each other in 
I way expressed by 

q‘ -■*> (126) 

which we may add, on account of (122) and (126) 

q'\' mm p'u^ 

The transformation formulae for. the electric wad the nmgnetio 
oe remain as given in (291). 

73 (Page 197) (1916 J. It may be shown that in the theory of 
atirity the fundamental equations (17) — (20) are not changed in 
m when we pass to the system af, s', i'. 
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In virtue of (286) and (288) we have the following general re- 
lations between the differential coefficients with respect to js, t 
and those with respect to x', y\ t' 


dx 




dx. 


U 


w d 
'^dt' 


dy ^dy’ 




dt'^^^dt' 


■ Jclw 


dx' 


The equation (17) therefore assumes the form 


and the first of the three equations contained in (19) becomes 

•1 /dhg d hy\ kl dd^ 

\dy' dz/ c dt' 

ddx 




c dx 


im 

(129) 

(130) 

(131) 


Substituting the value of taken from this formula in (130)^ 
we find 






k 

Hence, multiplying by y and taking into account the values 
of d' etc., and q' 

ddi ddi.ddi ~ 

W + W^d7-^ (^^'2) 

wUch is of the same form as (17). 

If, on the other hand, the value of ^ drawn from (130) is 
substituted in (131), one finds 


(dK 

3hy\ 

1 Iwddy Iwddg /hi klw^ 

Wy' 

dz'j 

e dy c dz' (c c* j 


or, after multiplication by -j^, 

dy dz' e \dt' ^ ’ 

because, oh account of (121) and (125) 

We have thus found the first of the equations contained 


in 


( 133 ) 


®»e remaining formulae are obtained by siniilar transformations. 
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75 

Ab to the equatvoHB (2112) giri'n in the text, we have only to 
mark that in (/.7X') niav be replaced by 

(i ■"I')/, 

Uowing from and (7^.V), and that, with a view to (727), we 

ay in (/.W) replace p'v' by p'u'. 

74 IDH) .Since in the theory of relativity the 

ndameiital etjuaticniB hav<' exactly the same form in the two systems 
y, e, t and x\ y, s', f, we may at once apply to this latter the 
rmulae which we gave in § 13. VVe may therefore determine a 
alar potential <p' and a vector potential a' by the equations 


d wi‘ shall have 


Since 


A'q.' 

1 P*lp' ■, 

c* rl’’ * ^ ’ 

(134.) 

A' a' 

s' dt‘* 

{135) 

d'^ ^ 

1 il&' V ' 

{136) 


h' — rot a'. 

{137) 





B formulate (/5.'i) and {137) agree with the second of (294), and (296). 
Further, if in {134) we replace q by 

(‘ 

! see on compariaon with (294) that a solution is 


fp 


this {13(>) takes the form of (29B). 


7B (Page 208). The first three equations follow at once from 
18), if w« replace m by ^ , a* we may do in virtne of (72<?), 

being very small. The vdues of are found by 

ROW differentiation in which the relation 


dl' 

dt 
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derived from (116)^ is used. We* may here replace by Wy so that 
it becomes 

dt' I 

dt k 


75* (Page 203 and 205) [1915], . An important conclusion may 
be drawn from equations (305) if we start from the fundamental 
assumption that the motion of a particle can be described by means 
of an equation of the form 

F == 6, {138} 


where F means the force acting on the particle and G is a vector^ 
the momentum, having the direction of the velocity Y and whose 
magnitude G is a function of the magnitude v of the velocity. In- 
deed, we may infer from this (cf. § 27) that the longitudinal mass 
m and the transverse one m" are given by 


m' 


da 

dv ' 



(139) 


The formulae (305) show that 
m' - 

f 

and we find therefore 

dG ^ G_ 

dv c® — V ^ 


a differential equation from which the momentum can be found as a 
function of the velocity. 

The solution is as follows 


dlogG 


c'^dv 

(c* — v^)v 


dv dv , dv 
V 2 (c + v) 2 (c — i?) ^ 


log (t « logtJ — -^log (c + I?) — ^log (c — v) log C, 




Cv 

(C*— 


where (7 is a constant of integration. 
Substituting in (139) we find 


m 


Cc^ 


m = 




and, for the case considered in the text 

' 7.S 0 „ , C 
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Now, in passing to the Hmit » = 0, ifc and Z both become equal 
to 1, from whicli we may conclude 

C 

^ ^0 

The coefficient I must therefore hare the value 1 for aU values 
of the velocity (cf. § 179). 

As to the momentum, we may write for it 


and for its components 

1 7 

(C- — v*)^ 


G == 

(c*— v*)-^ 


cm^Sy 




: ^^0 ^^ 
(c*— v=)i 


Having got thus far we can immediately write down the trans- 
formation formulae for the momentum. 

Indeed, using the system x\ y\ z', t' we shall have to put 


it' ft' nr 

«« \ } «j/ T , ~ r 

(c* — v' *)^ (c* — v' *)- (c*— V' Y 

and these quantities can be expressed in terms of G^, G^, G^ if we 
use the formulae (llS) and (119). 

The result is found to be 


6; = Z:G, 


JcCWITIq 


g; = g„ g: = g,. 


(140) 


These formulae may now serve us for finding the relation between 
the force F === G in the system x, y, Zy t and the force in the system 
x\ y, z\ t' for which we may write 

r==G', 


indicating by the dot a differentiation with respect to t'. For this 
purpose we shall fix our attention on the changes of the quantities 
in {140) going on in the element dt. Between these we have the 
relations 

dG;-tfG„, rf6; = d6.. 


If these are divided by 

dt'^wdty 
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which is found from (116) and (117) f we get. 


X 05 * 


Toe wniQi) dv 1 p/ ^P 


Now for the motion of the particle considered in the system x, y, 
« ■ [q the longitudinal mass and the longitudinal accele- 

ration. The product of these is the component of the force F in 
the direction of motion, and multiplying again by v we shall find 
the scalar product (v • F). The last term in the first of the above 
equations may therefore be written 

Ic W ^ 

::^(v • F); 

0 ) c“ ^ 

and the transformation formulae for the forces tahe the forto 

F;-iF„ F'.-iF, ( 111 ) 


We are now in a position to formulate the condition that must 
be satisfied if the principle of relativity shall hold. In trying to do 
so we must keep in mind that a physical theory in which we ex- 
plain phenomena by the motion of small particles consists of two 
parts*, viz. 1. the equation of motion {l^S) of the particles and 2, the 
rules which represent the forces as determined by the relative posi- 
tions of the particles, their velocities, electric charges, etc. The 
principle of relativity requires that the form of the theory shall be 
the same in the systems a;, y, 0 , t and x\ y\ /, t'. For this it will 
be necessary that, if, by means of the rules in question we calculate 
the forces F from the relative positions etc. such as they are in the 
system a;, 0 ^ and similarly the forces F' from the relative po- 

sitions etc. in the system x\ y\ /, t\ the components of F and F' 
satisfy the relations {14:1). We may call this the general law of 
force*, in so far as it is true we may be sure that the description 
of phenomena will be exactly the same in the two systems. 

There is one class of forces of which in the present state of 
science we can say with certainty that they obey the general law, 
viz. the forces exerted by an electromagnetic field. Indeed the rule 
which determines the action of such a field on an electron carrying 
the charge e is expressed by the formula 

F=ed + y[v h] (142) 

in the system sr, t and by 

P = ed' + -^[v'.1i'] (143) 
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a the system x, y, e\ if. If ia the formulae (291) and {118) we 
lut i -> 1 it pan he infernnl from them that {142} and (X48) satisfy 
be conditioiiH (141). 

In proving this wo shall eonfiae onrselvos to the speeial case 
if an electron that is nt rest in the system a*, y, g, t. Putting 
— O we find from (///) and (118) «) — A', «>, 

0 that ( 148 ) becomes 


FI - cd'‘ 






r, if we substitute the values (291) 


f; 




f: 


d.. 


Ve find the same values from ( 14 1), if we put 
V ™ 0, 1,1 ^ A, F cd. 

For other fhiwstrs of natural forces we cannot positively assert 
lat they obey llu* general law, hut we may suppose them to do so 
'ithout coming into eontriulietioa with established facta. 

If wn makts the hypothesis for the molecular forces, we are at 
nee led to the cojirlusion to which we come «t the end in § 174. 
; may l>i' mentioned here that attractive or repulsive forces depend- 
ig finly on the distonce.s are found not to follow the general law. 
harefore the principle of relativity nujuires that the forces between 
iH particles are of n somewhat different kind; their mathematical 
tpression will in general contain small terras depending on the 
late of motion. .Moreover the principle implies that all fonuts are 
ropagatod with the velocity of light. 

This may he aeen as fidhiwa. Irft the acting body have the po- 
tion X — ■ (I, 1 / — (*, M — ft nt the time < 0 and let its velocity or 

s state be mmlifiinl at that instant If t is the instatit at which 
le iuHunncs' of this chnugn makes itself felt at stmic distant point 
y, X, the velocity of propagation s will he determined by 

X* I y* 1 (jf44) 

ocording to the principle of relativity the velocity of propagation 
ust have the same value « in the system r‘, y\ s', i'. The values 
r the place and time of atarling being a:'«"0, y'«»0, /—O, t'*- 0 
e must therefore have 

y'* 4. 

the values corresponding to the x, e, t of 
44), If the two efjuattous are combined with {US), L 0 . wife 
^ 4 yi 4. ^ e»i» « x'* + p'* 4. /* - c*r* 
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These considerations apply f. i. to universal gravitation. In the 
theory of relativity this force is supposed to be propagated with the 
velocity of light and Newton^s law is. modified by the introduction 
of certain accessory terms depending on the state, of motion. They 
are so small, however, that it will be very difficult to observe the 
influence they can have on the motions in the solar system. 

It will be easily seen that the question whether the forces re- 
quire time for their propagation from one particle to another loses 
its importance when there are no relative motions. In this case the 
theoretical considerations are greatly simplified. Let us suppose f. i* 
that all the particles are at rest in the system x ^ t/', so that 

they have the common velocity w in the system y, t. 

Then equation {117) becomes C3 — and the relations {141) take 
the form 

F;=;bF,, 

agreeing with (300). Indeed, in this latter equation So is system 
in which the coordinates are x) y\ so that F(So) corresponds to 
what we have now called F'. 

Equation (300) is thus seen to be a special form of the general 
formulae {14t), Though, strictly speaking, it can only be applied to 
systems in which there are no relative motions of the parts, it may 
be used with a sufficient approximation in the questions discussed 
in §§ 173—176. 

76 (Page 207) [1915]. The somewhat lengthy calculations by 
which these formulae have been obtained and which were added in 
a note to th| first edition may be omitted now after what has been 
said in Note 75*. Even the reasoning set forth in this article and 
the next one might have been considerably simplified. If we sup- 
pose that aU the forces acting on the electrons, f. i. those by which 
they are drawn hack towards their positions of equilibrium, obey the 
general law of force (Note 75*), we may conclude directly that the 
equations which determine the motion of the electrons and the field 
d', h' in the system x, y\ f have the same form as those which 
describe that motion and the field d, h in the system Xj y^ ^, t. Or, 
in the notation used in the text, the motion of the electrons and the 
values of d' and h', expressed in terms of x, y\ t' can be the same 
in. the two systems So S* This is the theorem of corresponding 
states which we wanted to establish. 

As to the considerations which lead up to it step by step in 
§§ 175 and 176, we may make the following remarks. 
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1. In the original system x, y, t the electric moment of a par- 
ticle is defined by the equations 


the y, z of the different electrons being taken for a definite yalne 
of so that we are concerned with simultaneous positions of the 
electrons, I had some trouble with the corresponding definition" of 
Pa;> P/; P/ (P^g^ 206) because I did not consider t' as a real „time^^ 
and clung to the idea that in the system x\ y\ € simultaneity had 
still to be conceived as equality of the values of t In the theory 
of relativity, however, t' is to play exactly the same part as ^; .m 
consequence of this we have simply to understand by Xj y\ z' in the 
formulae 

Pa' == Py' = ^6y', p/ = ^es' 

the coordinates of the electrons for one and the same time f. Pro- 
ceeding in this way, we can immediately write, down the equations 
(308), which correspond exactly to (271) and (272), Indeed we 
have seen (Note 72*) that the fundamental equations are not changed 
hy the substitution used in the theory of relativity. Hence, it is 
clear that if in the two systems x^ y, z, t and x\ y\ z\ t' the density 
of the electric charge (p or p') is the same function , of the coordi- 
nates and the time (the charges moving in the same way), the same 
wiE be true of the components of the electric and the magnetic 
force (d, h or d', h'). 

2. The transformation formulae for the electric moment may be 
obtained as foEows. 

Let Xy y, z be the coordinates of the „centre^' of a particle, ^r + x, 
2/ + !; ^ those of a point P where there is an electron 6, aE 
these coordinates being taken for the same time. Then if x\ y, t' 
are the . values corresponding to Xy j/, Zy t (so that m the second 
system x'y y'y z' is the position of the centre at the time ^'), the values 
corresponding to ii? + x, y + y, + z, i will be 

+ ZjZx, 3 /^ + Zy, ^ + Zz, t itZ-jX 

The first three expressions deter miile the place of P for the value 
of t' indicated by the fourth, and in order to find the coordinates 
of the electron for the time t'y we have to take into accoxmt the 
changes of the coordinates in the interval Z;Z^x. Hence, if x is snp- 
posed to be infinitely smaE, we may write for the relative coordi- 
nates with respect to the centre, such as they are at the time, ^ 


AZx+'iZjxv;, Zy-f*Zj,xv;, Zz + fcZ5^<, 
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where v' is the velocity of the centre, which is 0 in the case con- 
sidered in the text. 

We shall find the values of p/ if, after having multiplied 

by e, we take the sums extended to all the electrons of the particle. Hence 

= P/ = *Py> P/^iP., 

a^eeing with the formulae of p. 206. 


77 (Page 211). Let S Le a moving electrostatic system and 
S(j the corresponding stationary one. We have a'==0, h' = 0, and, 
if cp' is the scalar potential in So; ^Le equations (291) and (295) give 
for every point of S 


0, h. 




and consequently 

. ■‘--'■I?. 

|j ^ Q k 7,72® 


A.^-kP‘ 




From this we find for the first component of the flow of energy in S 

s. = - d. V == j (1^)' + (If.)'), 

and (by (53) and (302)) for the first component of the electro- 
magnetic momentum, with which alone we are concerned. 

We have therefore merely to calculate the last integral for the 
field of a sphere without translation with radius B and charge e. 
This is a very simple problem. We may observe that the three 
integrals 

Mf^^- /(^)’‘*s' 

have equal values, so that they are each equal to one third of their 
sum, i, e. to two thirds of the energy of the system. The latter 

having ihe value we have for each of the integrals ^ ^ , and 




It is clear that = 0 and G, 


0, so that in general 
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78 (PiiKe 213 1. 'I’he eqimtionH { Hri) lead to the following value 
the electromagiielie energy 

Putting I — 1 imd remembering that each of the integrals 
f/y etc. has the value we find 


VinlV 


UnkU 


I i 2A-^(i 


{147) 


ieh htvmurH iu illlfn wfiim the* mlua of k in nubstituted. 


70 iPfigr 214 1 , hid^rtl, iJm ^laetrcm in iit raat^ the elactric 
't*o in iti^ iiiuniHhiiti* niO||libnurhuod k E kn it li at right 

tin* iarfai’o, tlu’ra it« ti ncirmal aquEl to 

(MS) 


80 (Pagi 2lb). Whi‘ii, bv mmw dinturhiag cmuia, the radius of 
» s|jlmro m thr olf^ririe nihm noting on ite autface in 

tiiniwhed, m m mmu fruns I Am tlo^ intf^rnai iitr«si ii euppoeed 

renmui riniiftiiant* it will «lmw tho jnimta of tho aphare toward® 

! itiiitlo* MO that ilia migiiml folamo wdll ba ra«torad. 

Wo MliitU nmi iloiw that th»^ i^cpiilibrium would ba unetebla 
;h raipiH^t to rfmngt^M of filmpt\ ('oiti«id»r a dt3fnrittatic.m by which 
^ ipht'fo in ohangot] to nn rbingutml tdlip^oid of riwolutiou, the 
■gtiituib td ouoli olaiiiont of iurlht*o remaining i4i it wai, and each 
rnimt rrtaining it« clnirgo. Than it can W shown that in the in- 
ior, at ouch poml of ih« mis, there will be m electric force 
acted towards I ho r#nirft if tho charge of the electron ii nagatim- 
t thm force he iHjwal to q at a point juit iiwide the sur^e at 
! eitramity P til the mm. Ilf a wall known thepram the electric 
ea just otifiida the iirrface at the lamti eitremity will be g + <n, 
Wf^ denote by • m iliii uigali^is iurfi^# density of the ellipsoid, 
ieh by mir tuppofolion in etjiial to the iiirfaca density of the ori- 
>i] uplicrc, A aiirteci^ idemciil at P will be iubjaoted to two nor- 
l diciric llg i outwiml, and inward; besides these 

ifw ii the conpiaiit internal ntmm which inuit be iiqual to be- 
wc, in the originnl itete,, it coMfiterhalane^d the electric stress. 
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Since botli q and co are positive, there is a resultant force qco 
directed towards the outside and tending stiH further to elongate 
the ellipsoid. 

In order to prove what has been said about the internal electric 
force, we may proceed as follows. Choose a point A on the semi- 
axis OP, and consider a cone of infinitely small solid angle 
having this point for its vertex and prolonged through it. Let 
at the point and a-t be the elements of the ellipsoidal 
surface determined by the intersection with the cone, 
angles between the line B^B^ and the tangent planes at the ex- 
tremities, and let B^ be the point nearest Ay so that the angle B^AP 
is sharp. Then, since 




sin -O’! 




ABJ-ds 
sin '9’2 ^ 


the attraction exerted by the two elements on a unit of positive elec- 
tricity at A wiU be equal to 


cads mds 

47tBin'9*^ 47csin^2 

It may be shown by geometrical considerations that 


sin > sin , 

from which it follows that, of the two attractions, the second is 
greatest, so that there is a residual force in the direction AB^, A si- 
milar result is found for any other direction of the cone; the total 
resultant electric force, must therefore be directed towards the centre. 


81 (Page 220). The expressions (146) of Note 78 show that, 
if I is different from 1, the value (147) found for the energy must be 
multiplied by 1. According to the hypothesis of Bucherer and 

Langevin, Z = fc which leads to the result mentioned in the text. 


82 (Page 222). If in the equations (200), in which we may 
now omit the terms depending on the resistance and on the external 
magnetic field, we substitute P = D — E, they take the form of a 
linear relation between the vectors 8 and E, containing their diffe- 
rential coefficients with respect to the time. 

83 (Page 224). Let the effective coordinates of P and Q he 0, 0, 0 

; then, by (286), the relative coordinates are 0, 0, 0 and 

y\ z\ Hence, if 0,^^, are the values of t at the instants when 
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5 signal is started from i’, rwtnvud by V and again perceived at 
we have by ( 2 H 4 ) for the iibsidute coordinates of the points 
lere the signal is found at these momejitM, 

0 , li, */'. n'(g- 0 , n, 

d since the distance from the first to the second is travelled over 
an interval and that from the second to t)m third in an inter- 
t ^ 

(t h K'^)% y'* 1 

(■;' f «■(/, y* i ■ f,)». 

By means of thtme efjuations <, and /, can be ealcnlatt^. It is 
npler, however, to consider the cjuantities 

^1 ™* jt - ,(.1 

d 

fg 1 ^ 1 ,. (150) 

deed, the formulae may be transformed to 

■!?/'* t /* 

j's f »/'* } 

ring 

’ VV» . !/’ I y' (Kf) 

id 

I V ? if'*- 

But ifc friim itijimtiaii hr wtnrli w« may mm writ4» 

t’ - ; I • («;/,» 

lat the variahle defined by *Jf 5 o) i* the time meiMuired as loessd 

me of t* that lias elapsed between the starting and the return of the 

gnal. On the other hand, J?/* d- y * I s * t* the length L which 

10 obicrver A Mcrihes to the distanm P(y, and ,* is the value of 

*1 

i« velocity of light whieh he ded«e«« from the experiment Equation 
shows that this value will be equal to r 

84 (Page It is aftfticient to observe that, as is seen from 

t&S) and (J 40 }, a chtck showing the lo^ time of Q wiU mark the 
me 1 / at the moment when ^ is imchixi hy the sifpial, and that, 

wording to ( 15 J), this time f/ »« piwtsaly 
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85 (Page 226). According to what has been said in § 189, the 
mass m which the moving observer ascribes to a body will be the 
mass which this body would actually have, if it were at rest. But, 
the masses being changed by the translation in the manner indicated 
by (306), the real mass will be if the acceleration has the direction 
of OX, and Itm if it is at right angles to that axis. XJaing the in- 
dices ip) and (r) to distinguish observed and real valties, we may 
therefore write 

»»(,) - (A“, \ 

where the factors enclosed in brackets refer to accelerations parallel 
to OX, or or OZ. 

On the other hand it appears from the formulae (803) that for 
the accelerations 

hr) 

so that, if the moving observer measures forces F by the products of 
acceleration and mass, we shall have 

y v) ( 3 . 54 ) 

Now, let two particles with equal real charges n be placed at 
the points of the moving system whose efiPective coordinates are ic,', 0 ^', 

as,', y/, and whose effective distance / is therefore given by the 
first equation of § 171. If these particles had the corresponding po- 
sitions in a stationary system, the components of the force acting on 
the second of them would be 




(155) 


Hence, in virtue of (800), the components of the real force in 
the moving system will be 


1 (ft' 

' I i«r'* » * • 


and by (154) the components of the observed force will again have 
the values (156). The observer A will therefore conclude from hia 
experiments that the particles repel each other with a force 

e* 


and he will ascribe tp each of them a charge e equal to the real one. 

Let us suppose, finally, that a charge e is placed in an electro- 
magnetic field existing in the moving system, at a point whidh shares 
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ihe translation. Then, on account of (293), the components of the 
■orce really acting on it are 


ed 








ind we may infer from (154) that the components of the observed 
:oroe have the values 

ed; ed,'. 

It appears from this that, as has been stated in the text, the 
moving observer will be led to the vector d' if he examines the force 
icting on a charged particle. 


80 (Page 280) [1915], Later experiments by Bucherer^), 
Snpka*), Schaefer and Neumann®) and lastly Quye and La- 
ranohy*) have conlirmod the formula (818) for the transverse electro- 
nagnetio mass, so that, in all probability, the only objection that 
joiild be raised against the hypothesis of the deformable electron and 
ihe principle of relativity has now been removed. 

1) A. H. Hucherer, Phy». Zeitschr. 9 (1908), p.TJSSj Ber, d, deut»ohen Phys. 
3et. 6 (1008), p. flH8, 

2) E, Hupka, Ann. Phy». HI (1010), p. 160 

8) Cl. Schaefer and U. Neumann, PhyB. Zeitaohr. 14,(1918), p. 1117. 

4j Ch. EJ. ftuye and Ch, Lavanohy, Comptes rendas 101 (1918), p. 62. 
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